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PREFACE 


...XQf(o Si ae Jidvta 
fjjnhv ""Akrjd^Eh^g EvxvxUog arge^kg rjiOQ 
fjde jigorcov do^ag, Toig ovh h>i marig ali]dif}g, 

Parmenides. IltQt (proeo)?, Fragm. /, 28-30. 

Now shalt thou hear of all things, of well-rounded Truth's 
unmoved heart and of mortals' opinions, in which there is no 
true assurance. 

The present book originated in an attempt to survey the available 
empirical data on various properties of nuclear systems with a view to 
deriving from it as much unambiguous information as possible on the 
* character of the specific forces acting between nucleons. This enquiry 
had not proceeded very far, however, before it became clear that, in order 
to make it really useful, its scope had to be greatly enlarged. At first, I 
had imagined that it would have been possible to limit myself to a 
theoretical analysis of the experimental data without entering into detail 
about the methods by which such data were obtained. But I was soon 
confronted with the difficulty that no comprehensive and up-to-date 
account of the experiments was or could be expected in the next future to 
become available because of the rapid and unsystematic accumulation of 
material which had taken place during the last decade. Being forced to 
wade through this luxuriant but often swampy growth. I thought it would 
be useful to give the reader the benefit of this harassing experience, by 
incorporating into the account the critical surveys of different aspects of 
nuclear research which I had first attempted to make for my own in¬ 
formation. It was clear that such a plan would not only involve a con¬ 
siderable increase in the size of the book, but would also tend to give it 
a somewhat hybrid character: on tHe one hand, it would retain its original 
purpose of developing a definite line of theoretical argument; on the other, 
by its presentation of a fairly complete summary of the: experimental data, 
it would acquire the ephemeral quality of a reference book. This raised 
a problem of composition, of whose difficulties I was only too well aware; 
but it seemed to me that it had to be faced, as it appeared to correspond 
to the actual needs of the present situation. • 

In accordance, therefore, with the original plan, the arrangement and 
analysis of the material follows an inductive line of approach; but detailed, 
and accordingly lengthy, accounts of both experimental data and theoretical 
methods have been inserted at the appropriate places. This not only makes 
the progress of the discussion much slower, but even threatens to conceal 
the fairly simple thread of the argument running through the whole book; 
the latter defect I have tried to remedy by inserting wherever necessary 
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introductory remarks and summaries. Another drawback of the disposition 
adopted is that certain aspects of the subject have come to be treated in 
successive instalments, separated from each other by other considerations: 
for instance, the theory of the meson field is not presented in all its 
complication at once, but the various refinements are gradually introduced 
in immediate connexion with the features of nuclear forces which render 
them necessary or desirable. This is admittedly unsatisfactory ijpr those 
readers who are looking for a self-contained survey of just one particular 
aspect. I have endeavoured to provide to some extent for this need by 
multiplying cross-references and extending the subject index. But keeping 
in mind the main purpose of the book, it was inevitable that the wish to 
bring out more sharply the relations of the different stages of the theo¬ 
retical analysis to the experimental evidence should have overcome the 
exigencies of ‘'elegance**. 

Although the general set-up is theoretical, and the emphasis laid 
throughout on the theoretical problems, I hope, ^Iso, that the experimental 
physicist — confining himself, if he so wishes, to those sections where the 
density of formulae is least — may find the discussion of some use. The 
theoretical treatment itself does not require more than elementary quantum 
mechanics: even so, it is in most cases fairly complete, except of course 
with regard to meson field theory, and in a few instances where reference 
is made to original papers for a fuller account of secondary points. I have 
always had in mind the advanced student, wishing to obtain a general 
view of the subject with concise introductions to its several parts, before 
engaging in research on some specific question. I have accordingly taken 
pains to unify and harmonize as much as possible the scattered contri¬ 
butions from various authors, the mushroom-like proliferation of which 
offers a bewildering variety in the choice of basic assumptions, numerical 
values of parameters, notations, and even terminology. I have, however, 
renounced unification in some cases where it would have involved an 
amount of numerical work out of proportion to the significance of the 
result. Likewise, it was not practicable to adhere strictly to the golden rule 
of using any letter or symbol in only one sense throughout; nevertheless 
it is hoped that no confusion is likely to arise in this respect. As regards 
terminology, I have been, of course, very sparing in the introduction of 
new terms; I have only to apologise for two neologisms: the one is the 
phrase dichotomic variable, adopted for didactic purposes to denote 
(roughly speaking) quantities with only two eigenvalues; the other is the 
collective name lepton, applied to particles of small mass (electrons and 
neutrinos). The need for such a collective term seems to be widely felt, 
and I hope that the word here proposed will meet with general acceptance; 
it was coined by Prof, Moller in consultation with a hellenist — a most 
happy instance of 'fitful collaboration between science and humanities. 
Finally, it must be mentioned that in the compilation of the tables of 
empirical data, or in quoting results of numerical calculations, 1 was 



PREFACE 


IX 


occasionally confronted with the delicate problem of correcting the 
published values; it has not been found worth while» however, to jnake a 
special note of all cases in which the value appearing in this book differs 
slightly from that given in the original publication: the very distrustful 
reader can always check the figures if he likes. 

It will not be necessary here to explain in more detail the lines along 
which ^he programme outlined above has been carried out; the main 
points are set forth in the Introduction. The most obviously objectionable 
feature of the book is undoubtedly its size, which, considering its limited 
scope, is certainly a bad sign. Referring to the motto borrowed from 
Parmenides' poem, the reader will indeed find that much more space is 
taken by uncertain recounting of "mortals' opinions" than* by proud 
disclosure of "well-rounded truth"; and that our picture of nuclear forces 
is still very far from the ideal attained in atomic theory, where so very 
simple and neat a system of concepts and laws suffices to account, according 
to Dirac’s famous phrase *, for "a large part of physics and the whole of 
chemistry”. However, let this prove an incentive to youthful readers to 
try and give shape to new ideas suited to bring us salvation. In any 
event, I feel no regret that this laborious quest, conducted through so 
many heavy pages, should not end on any clear-cut conclusion. It is 
actually my warmest wish (a wish not shared by my publisher) that Part 
IV especially, which deals with non-central forces, should rapidly become 
still more obsolete than it already is. 

Throughout the various stages of preparation of this work. I have been 
fortunate in enjoying most generous help and constructive criticism from 
many quarters. From the period of the first drafting, which carries us back 
to the chilly and famine-stricken Utrecht of the winter 1944-45, I 
remember, not without emotion, many discussions with my friends 
Opechowski and Lubanski, in which we found such comfort in those 
distressing times. Lubanski’s premature death will long be felt as a great 
loss by those who had the opportunity of witnessing the unfolding of his 
talent and of appreciating his fine personality. Unpublished material of 
fundamental importance for the argument of the book has obligingly been 
provided by Dr. Hulthen, Mr. de jager, Mr. Ramsey and. above all, 
Dr. Frohlich and Dr. Powell; without this help it would not have been 
possible to treat in any reasonably adequate way the problems occupying 
large portions of Chapters VII, VIII and XIV. My thanks are due to 
Prof. Lcprince-Ringuct, Dr. Powell and Dr. Roberts for supplying photo¬ 
graphs for reproduction. The drafts of the figures, with the exception of 
a few prepared by Mr. D. J. Bouman, have been supplied by Mr. A. Wapstra. 
The figures themselves have been very skilfully drawn by the publisher s 
draughtsman, Mr. den Uyl, who took up his task with great devotion and 
industry; he contributed many helpful suggestions in difficult cases. To 


* P. Dirac. Proc. Roy. Soc, A123, 714, 1929. 
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Mr* Wapstra I am also indebted for the compilation of the large table of 
nuclei, embodying the latest available data Part of the manuscript 
was weeded of barbarisms by Miss S. Power and the Rev* O. Walsh, and 
this task was later completed on the proof by Mr* Huby; neither of these 
obliging helpers, however, can be held responsible for any linguistic errors 
which may have been introduced in last minute alterations. A proof has 
also been read with great care by Dr. Frohlich, Prof. Heitler and Prof. 
Mollcr; to all of them I owe many important remarks and corrections. 
I have reserved to the last, however, mention of the collaborator to whom 
I am in the greatest debt: during the long drawn out process of preparing 
the manuscript for the press and proof-reading, Dr. Podolanski has devoted 
his whole time and energy to this tiresome task. It is impossible to assess 
the improvements which every page of the book has derived not only from 
his first-hand experience of typographical work, but also from his pain¬ 
staking scrutiny of the text. His untiring patience and cheerfulness in the 
face of difficulties have been of no little comfort to me under sometimes 
trying circumstances. It is fitting to close this long list of acknowledgments 
with a word of praise for the publishers, who have bravely carried their 
undertaking to a good end in a most unpropitious time. 

* Since this tfeble was prepared only after the completion of the text, no references 
to it could be inserted to replace those to the tables of Mattauch and Fliigge, 

Manchester, December 1947. 
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N*K Mathematical symbols 

NJO^ The following list includes such symbols as are not explained 
in the text, while their use is not universally standardized, 

N*1L Numbers and observables. If A, B are any two numbers or 
(whenever this more general meaning is possible) two observables 
(operators), 

A ,,.B denotes the interval between A and B, or some number in this 
interval; 

A* denotes the complex conjugate of A: 

9RA the real part of the complex quantity A\ 

A^ the adjoint of the operator Ai 
log A the natural logarithm of A; 
tr A the trace of the operator A; 

av A the expectation value (average value, mean value) of the observable 
A in some specified state; 

[A,B]^ , or simply [A, B], the commutator AS—SA; 

[A,S] + the anticommutator AS + SA. 

N*12* Vectors and tensors. When the tensor notation involving 
covariant and contravariant components is used, the usual rule of summation 
over indices occurring twice is adopted; the dummy index then occupies a 
covariant and a contravariant position. 

Ordinary space vectors are denoted by arrows; the vector product of 

the vectors a, b is represented by a A b* 

The symbol (cycl) following a relation which involves vector components 
means that the relations derived from that one by cyclic permutation of 
the vector components also hold. 

N*13* Functions of dynamical variables. The letter Q denotes in a 
general way some set of coordinates pertaining to a particle; if we deal 
with a system of identical particles, distinguished by numbers 1, 2, ..., i,..., 
all quantities pertaining to the i-th particle are distinguished by the upper 
index (i), e.g. Q('). 

If A, S are any functions of dynamical variables, 

Ai^B means A is approximately equal to S, or A is of the same order 
of magnitude as S, 
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means A is proportional to 
means A has asymptotic form B; 

denotes the derivative of A with respect to ct, t being the time 
variable, 

the Laplaclan operator » 

^ 1 d^-A 

the Dalcmbertian operator AA — . 

Volume integration is commonly denoted by ^ dv, the volume element 
dx dy dz being represented by du. If one wishes to specify the volume 
element attached to point P. one writes dvp\ for that pertaining to the 

extremity of the radius vector one writes dv^. According to this system 

of notation, the element of momentum space (the momentum being p) 
will be represented by dvp. The element of solid angle (in any space) is 
denoted by dQ. 

A symbol of integration not accompanied by any symbol for a volume 
element represents an operation involving both summations over certain 
coordinates and integrations over other. 

The Dirac ^-function with a vector as argument is used in the sense 

<5(it-it') = (2«)-»/ dv. 


XII 

A~B 

A 

LA 

aA 


Legendre polynomials and tesseral harmonics, A very con¬ 
venient summary of the most useful facts and formulae of the theory of 
Legendre polynomials and tesseral harmonics is given by Bethe [33]. 
Following his example, we adopt Darwin's proposal of a uniform definition 
of y/” for m-valucs of both signs. We list here for reference the general 
definitions: 


p/(x)= 


1 


2'*// dx 




Yi%9)- 


i2n 




e*'"f i/2/+l (l—m)! 


il+m)! 




and the simplest special cases: 


yo = -7i=; 

K?= |/1 COS^. r/ = sln^ e'r ; 

Yt- (i co8*0-i). Fi= y|=i |/g 8lo*de«f. 
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N.2* System of references 

N«21« Numbering of sections, etc. Each Chapter of the book is 
divided into sections and the latter are generally further subdivided. The 
subsections receive a decimal numbering, in which the first digit on the 
right of the dot refers to the section, and the following digits to the 
successive subdivisions of this section; on the left of the dot appears either 
a number which is that of the Chapter (with 0 for the Introduction), or 
(for the preliminary sections) a letter N (Notations) or II (Units and 
Constants), or a composite sign such as A2, referring to the Appendices, 
Tables and figures occurring in any subsection are designated by the 
number of that subsection, followed if necessary by an ordinal number; 
e,g.: fig. 3*221-2, table 6.22-1, Formulae are numbered through in each 
section separately; within the section they are referred! to simply by their 
ordinal number between brackets. References to formulae of other sections 
include also the number of the subsection in which they occur; e.g.: 
formula {4331-22). (Strictly, the number of the section would be suffi¬ 
cient, but the more precise indication of the subsection facilitates their 
location.) 


N.224 References to literature. Reference to a book or paper is given 
by the name of the author, followed by the last two digits of the year of 
publication between square brackets; the necessary details will then be 
found in the author index at the end of the book, which is alphabetical 
with respect to authors’ names and chronological for each author *, Several 
papers published within the same year are distinguished by letters a, 6, 
c, .... In case of joint authorship, the paper is classified under the first 
name quoted; it has sometimes be found advisable to deviate from the 
order of names adopted by the authors themselves. E.g. the reference 
Breit [37b] concerns a paper by S. Share and G. Breit, which is more 
conveniently listed together with other papers by Breit and his collabora¬ 
tors, relating to similar subjects. 

The abbreviations used to designate the scientific journals are the 
traditional ones, except in a few cases, which are explained at the be¬ 
ginning of the author index. Besides, some repeatedly quoted books or 
articles will be denoted in the text by the following signs: 

BSB, H. Bethe and R. Bacher, Rev. Mod. Phys. 8, 82. 1936. 

M&F, J. Mattauch and S. FlOgoe, Kernphysikalische Tabelten 
(1941). This work is supplemented by a later article: 

M & F*, S. FlOoge and J. Mattauch, Physik. Z. 44, 181, 1943 (with a 
correction ibid., p. 391). 

W&W, E. Whittaker and G. Watson, A course of modern analysis 
(4th Ed., 1935). 


« 


Some incidental references are directly given in full in footnotes. 



UNITS AND CONSTANTS 
U^l* Units 

U*ll* Relativistic correlation of units. According to the conceptions 
of relativity theory, a correlation can be established between the units of 
length and time on the one hand, momentum and energy, and mass and 
energy on the other, simply by taking the velocity of light as unit of 
velocity. The current practice of nuclear physics coincides only in part 
with this rational choice. While it is customary to measure masses and 
momenta in energy units, one keeps, e.g., to the second as the unit of time. 
In order to conform as far as possible to such usage, the following com¬ 
promise has been resorted to: 

(a) Mass and momentum are given, the dimension of an energy and 
measured in energy units; i.e. the mass of a particle is identified with its 
rest-energy, while we call momentum the usual quantity of that name 
multiplied by the velocity of light. 

(b) This convention involves similar modifications of derived quantities; 
an angular momentum will likewise be multiplied by c, a moment of inertia 
by c2; in particular, we take as fundamental constant of “action” Dirac’s 
constant fi multiplied by c, which we denote by b* In order to uphold an 
expression of the form for a quantum of energy, wc characterize periodic 
changes (whose velocity of propagation is c) by their circular wave-num¬ 
ber i.e, the quotient of their circular frequency by c, 

(c) On the other hand, we maintain the second as unit of time and 
(unless explicitly stated otherwise) the cm/sec as unit of velocity, so that 
the velocity of light will still appear explicitly in formulae involving times 
or velocities, 

U,12« Mass and energy units. In most cases, the mega-electronvolt, 
MeV, is a convenient unit in which to express masses as well as energies 
and momenta. However, it may sometimes be advantageous to compare 
energies to the electron mass m, or masses to the phy^sical mass unit, MU, 
defined as of the mass of the oxygen atom The conversion factors 
are as follows (mMU denoting the milli-mass-unit): 

1 mMU = 0,93 MeV 
1 MeV = 1,075 mMU 

m = 0,51 MeV = 0,548 mMU. 

U«2* Constants 

11*21* Fundamental constants. We collect in the following table the 
values of the fundamental constants establishing the correlation between 
atomic^ and nuclear dimensions, and between these dimensions and the 
macroscopic standards, together with some useful 'derived constants. The 
accuracy is limited to the present requiremei\ts of nuclear physics. 
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U.21« Fundamental constants 

Constant 

Symbol 

Value 

lielaiions to c.g.s^ standards 



Velocity of light 

c 

3-10^0 cm sec"*^ 

Quantum of action 

h 

1.97-lO-SeVcm 

Compton wave-length * 

him 

0,386-lO-iO cm 

Boltzmann’s constant 

k 

0,8&MeV/10W degrees 

Dimensionless constants 



Fine structure constant 


1/137 

Mass ratio proton-electron 

Mp/m 

1836 

Derived constants 



Electron radius 

d = e^/m 

2,82 •10-13 cm 

Relativistic proton wave-length * 


0,21-10-13 cm 

Inverse thereof * 

Mpl^i 

4,76-1013 cm-i 

Inverse Compton wave-length * 

mlh 

2,59-1010 cm-i 

Nuclear Bohr magneton 

l‘0-ehl2Mp 

3,1-10-11 cV/gauss 

* Wave-length divided by 2jt. 


ll«22« ' Nuclear constants. It will be convenient to collect here the 
values of the parameters characterizing the main properties of nucleons 
and of the deuteron, which are among the best established nuclear constants. 


U.22. Nuclear constants 

Constant 

Symbol 

Value 

Reference 

Nucleons 




Mass difference neutron-proton 

Mn-Mp 

2,47 m 

(L22-5) 

Magnetic moment of proton 


2,7896 

(1.21-3) 

neutron 


-1,9103 

(/.22-6) 

proton + neutron 


0,8793 

(6.72-10) 

Deuteron 




Magnetic moment 


0,8565 

(6.72-9) 

Admixture of D state to ground state 

sin^o) 

0,04 

(6.72-12) 

Electric quadrupole moment 

Q 

2,73-10-27cm2 

(6.72-7) 

Binding energy of ground state 

l*o| 

2,185 MeV 

(6.77-1) 

Energy of ‘^S virtual level 

MO) 

0,065 MeV 

6A31 

Proton-neutron scattering radii ^ 


0,437-10-12^ 

6.431 

(for zero range) ^ 

‘“0 

— 2,47-10~i2cm 

6.431 
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0*L An atomic nucleus is characterized by two integers, the charge 
number Z, expressing that its total electric charge is a multiple of the 
electronic charge, and the mass number A, according to which its total mass 
is approximately equal to A times the proton mass. 

The interpretation of these properties which first presented itself, was 
to assume the nucleus to consist of A protons and A — Z electrons. The 
phenomenon of /S'-disintegration, i.e. spontaneous emission of electrons, 
exhibited by some nuclei, seemed to support this view, although it appeared 
very difficult to account for the fact that the emitted electrons present a 
continuous energy distribution, while both the original and the product 
nucleus are in states of well-defined energy. In fact, the only way to save 
the principle of energy conservation in this case is to assume that the 
amount of energy necessary to restore the energy balance of the process is 
carried away, simultaneously with the emission of the electron, by some 
agent not reacting in any appreciable way with the environment; for this 
elusory function a particle of zero charge and zero (or very small) mass 
has been proposed, and given the name neutrino. 

However, the simple conception of a proton-electron structure of nuclei 
proved insufficient in other respects. When a nucleus possesses a suffi¬ 
ciently stable fundamental state, ifk which it will subsist in atomic or 
molecular systems, it is possible to determine its total angular momentum ^ 
in this state, as well as its so-called statistics, i.e. the symmetry properties 
of the wave-function of any system of such nuclei with respect to the sets 
of coordinates pertaining to each of them. As is well-known, contradictions 
arose between the observed angular momentum and statistics of several 
nuclei and those predicted on the proton-electron structure theory. A 
consistent picture of nuclear constitution, embodying besides charge and 
mass number also the angular momentum and statistics, could only be 
obtained after the discovery of the neutron, an electrically neutral particle 
of about the same mass as the proton: assuming the neutron to have the 
same spin and statistics as the proton, it then became possible, in full 
agreement with the empirical data on angular momenta and statistics of 
nuclei, to conceive the nucleus {A, Z) as built up of Z protons and A — Z 
neutrons. It will often be convenient, on this picture, to treat proton and 
neutron as two states — differing in charge and to ^ small extent in mass 

of the nuclear constituent particle, which will be called a nucleon. 

* The older denomination '^nuclear spin*' for the total angular momentum of a nucleus 
is liable to cause confusion and should be discarded. We shall reserve the name spin lor 
th^ intrinsic angular momentum of an elanentary particle. 
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In order, now, to account for the )8-disintegration phenomena, a 
mechanism has to be devised, by which a nucleus, with adequate change 
of its charge number, would emit a (positive or negative) electron together 
with a neutrino. This can be achieved, in analogy with electromagnetic 
theory, by postulating a special kind of interaction between a nucleon and 
a pair of light particles, or leptons consisting of an electron and a 
neutrino. Just as the existence of an interaction between charged particles 
and the electromagnetic field provides for the emission of photons by the 
charged particles, the interaction between nucleons and **lepton field'' 
will give rise to the emission processes observed as jS-decay. 

If we now try to get a more quantitative account of the general picture 
of nuclear constitution just outlined, we arc here — in contrast to the case 
of atomic constitution — left without any theoretical guidance comparable 
in reliability with the correspondence argument of quantum theory. The 
law of the forces acting between nucleons (apart from the ordinary 
Coulomb interaction of protons) cannot be inferred from any unambiguous 
theoretical reasoning and must ultimately result from the analysis of 
empirical data. For instance, the difference between the mass of a nucleus 
and the sum of the masses of the constituting nucleons, its so-called mass- 
defect, gives us directly (owing to the relativistic relation between mass 
and energy) the total binding energy of these constituents. On the other 
hand, the study of the scattering of nucleons yields valuable information 
on the law of interaction. With the help of this and other similar experi¬ 
mental evidence it already proves possible to restrict to a considerable 
extent the arbitrariness in the choice of a suitable law of nuclear force. 

But in order to be really fruitful, such an analysis of the empirical 
material must clearly be combined with a discussion of the diverse possi¬ 
bilities which present themselves from more theoretical points of view. In 
particular, a theoretical approach to the problem of nuclear forces can be 
made on the line of the general field concept, well-known from the theory 
of electromagnetic forces. There is a great variety of a priori admissible 
“nuclear fields"; the field equations are conveniently assumed to be of such 
a form that, according to the fundamental relation between field (wave) 
and particle of quantum theory, the field may be associated with some kind 
of particle characterized by a given mass and spin, or with a pair of such 
particles appearing or disappearing together (like the "lepton field" 
discussed above in connexion with the theory of /5-decay). Among these, 
a type of field introduced by Yukawa offers^ a special interest, since the 
associated particles (when charged) unexpectedly appear to be identical 

* Following a suggestion of Prof. C. Mollcr, I adopt — as a pendant to “nucleon" — 
the denomination "lepton" (from amall, thin, delicate) to denote a particle of small 

mass, irrespective of its charge; i.e. a lepton would be susceptible to two kinds of states, 
in which it appears as an electron and a neutrino, respectively. The word "electron" 
retains its original meaning of a particle of small mass with an elementary charge of either 
sign. When it is necessary to indicate the sign of the charge, the words "positon" and 
"negaton" may be used. 
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with the mesons which constitute the penetrating component of cosmic 
radiation* 

0*2 When attempting to set up a general expression for the inter¬ 
action energy between nucleons, one is faced with a number of questions 
concerning the dependence of this energy on the various parameters which 
characterize the state of the interacting particles. 

(1) In the first place, one has to consider the dependence on the 
number of interacting nucleons: besides the usual interactions between 
pairs of particles, there may arise direct interactions between groups 
of more than two nucleons. In fact, such many'^body forces are a 
direct consequence of any field theory; but on account of the unsatis¬ 
factory state of the quantum theory of fields, little can be said at present 
on the relative importance of the different many-body interactions. It seems, 
however, that the main features of nuclear constitution can be accounted 
for on the assumption that all but pair interactions play only a secondary 
part. 

(2) The next question is, whether the nuclear forces may be regarded 
as predominantly static. In this respect, one has to examine their depen¬ 
dence not only on the translational velocities or momenta of the nucleons, 
but also on the motions of their spins and on the rate of exchange of 
electric charge between them (as expressed by the time variations of the 
coordinates characterizing their proton or neutron states). While the eHect 
of the translational velocities can generally be assumed to be small, this is 
by no means so certain as regards the spin motions and charge variations, 
which very much depend on the form of field theory adopted. We shall 
in the following mostly deal with mainly static interactions. 

(3) On this last assumption, the dependence of the static potential 
between two nucleons on the space, spin and charge coordinates has still 
to be investigated. Besides the distance between the two nucleons, one may 
expect also that the orientation of the spins with respect to the line joining 
the nucleons will enter into the expression for the nuclear potential, and it 
is a vexed question whether this potential is essentially central (only 
distance-dependent) or non-central. 

Although we shall in the present work endeavour to follow as far as 
possible an inductive course of argument, inevitably part of the analysis 
of experimental evidence will be based on some definite hypothesis on 
nuclear interaction. We shall then treat most extensively the cast of central 
interaction, which, on account of its greater simplicity, is especially suited 
to bring out the essential features of the argument. Afterwards, it will be 
possible to give a xhore cursory discussion of non-central and non-static 
interactions. 

In this way, the book naturally divides itself into four parts. In the first 
one is attempted a general survey, of a more qualitative character, of the 
bearing of the empirical data regarding atomic nuclei on the problem of 
the nature of nuclear forces. This will immediately yield such features of 
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universal validity as the limited range and limited binding power of these 
forces (the latter property being quite analogous to the wclWqiown 
saturation of the chemical valency bonds)* Further, important indications 
can be obtained on the charge dependence of the nuclear interactions: the 
existence of forces between like nucleons * besides a proton-neutron inter¬ 
action is disclosed and strong evidence is adduced of the general symmetry 
of nuclear force (exclusive of Coulomb repulsion between protons) with 
respect to the charges of the interacting nucleons. 

Parts II and III are concerned with a more detailed analysis from the 
standpoint of central interaction. In Part II it is shown how the evidence 
of the deuteron and of proton-neutron and proton-proton scattering leads 
to a partial determination of the central potential. The chief result is the 
derivation of the so-called charge independence property of this potential: 
to a certain approximation, the proper nuclear interaction turns out to be 
the same for any pair of nucleons in the same configuration, irrespective 
of their charges. This fixes the analytical form of the potential as regards 
the dependence on spin and charge coordinates. The detailed distance 
dependence cannot be ascertained; but for any given law of force, the 
range and strength of the potential are more or less accurately fixed in 
magnitude. The numerical values of two constant parameters, entering 
into the dependence on spin and charge variables, remain as yet un¬ 
determined. They can only be fixed by the consideration of more complex 
nuclei, to which the following Part is devoted. 

Part III, in fact, treats of the more or less adequate pictures of nuclear 
structure which can be outlined on the basis of central interactions. We 
have here especially to do with the calculation of the energies of the 
stationary states of nuclei, together with the discussion of other properties 
of these states needed for that purpose. It is found that'the requirement 
that the nuclear potential exhibit the right saturation properties serves, as 
already mentioned, to complete the determination of the numerical values 
of the interaction parameters. To arrive at this result, a rough model of 
the nucleus suffices; it is then shown on what lines a more refined treat¬ 
ment can be attempted. In particular, properties of systems of three 
nucleons can be discussed to such extent as to afford an important corro¬ 
boration of the conclusions drawn from the study of the saturation pro¬ 
perties of the nuclear forces. 

Finally, we discuss in Part IV the possible contribution of non^central 
and non^statk couplings to the nuclear interaction. After a survey of the 
various possible types of such couplings which might be expected to occur, 
an analysis of the relevant empirical evidence, chiefly on the proton-neutron 
system, is carried out with a view to ascertaining in how far the effects 
concerned might either be attributable to relatively small deviations from 
central interaction or, on the contrary, reveal the essential inadequacy of 
the latter. Different theoretical possibilities are tested, but no definitive 
conclusion is reached. 

By like nucleons we always mean nucleons of like charge (prbtons or neutrqns). 




PART I 

GENERAL FEATURES OF NUCLEAR FORCES 




CHAPTER I 


PROPERTIES OF ELEMENTARY PARTICLES 

1*0* This preliminary chapter reviews in a general way the main pro¬ 
perties of the elementary particles of different kinds, which will play a 
role in the following discussion. 


LL Leptons 

LIL Exclusion principle and anti^particles. Electrons and neutrinos 
are elementary particles with a spin of half a unit, described by Dirac's 
well-known wave-equation. It is a consequence of very general features 
of quantum theory (Pauli [40]) that such particles obey the exclusion 
principle. This principle states that no two particles may be in the 
same state, i.e. have the same values for all their coordinates. It follows 
from this that the wave function of a system of such particles must be 
antisymmetric in all the sets of coordinates of the single particles; this 
symmetry property is expressed by the phrase 'Termi statistics". The 
formulation of the exclusion principle is logically possible only for particles 
of half-integral spin (but not for particles of integral spin); and it must 
be assumed to hold in order to prevent the occurrence of transitions of such 
particles to states of negative energy: this is achieved by introducing an 
infinite number of particles filling up all the states of negative energy, 
one in each such state. The particles in question are assumed not to 
produce any field as long as they are in the negative energy states, 
but to behave normally when they go over to a state of positive 
energy. When such a transition occurs, a "hole", i.e. an unoccupied state, 
is left in the distribution of particles of negative energy: such a hole will 
also give rise to observable effects, which can be attributed to an an^i- 
particle of positive energy. Thus a hole in the distribution of negative 
electrons of negative energy will behave just like a positive electron. The 
transition of a particle from a state of negative to a state of positive 
energy is therefore to be interpreted as the creation of a pair consisting 
of a particle and an anti-particle of the kind considered: the inverse 
transition into an unoccupied state of negative energy corresponds to the 
annihilation of such a pair. 

tA2* Types of fi^processes. While electrons and anti-electrons are 
easily distinguished by the sign of their charge, there is no practical means 
of distinguishing neutrinos from anti-neutrinos. Since the expression for the 
interaction energy between a nucleon and a pair of leptons takes a simpler 
form when one of the leptons is associated with an anti-lepton of 
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the other kind, the process o f )8-^^decay is usually described as the emission 
of a negative electron and an ^ti-neutrino 7 while tlie ^^-activity consists 
of the emission of a positon and a neutrino. The emission of an anti¬ 
lepton is here formally treated as the absorption of a lepton of negative 
energy. Besides the )S+-decay, there is thus another competing process 
leading to the same kind of product nucleus: it is the absorption 
of a negaton, accompanied by the emission of a neutrino; as the negaton 
absorbed will usually be one in the i^-shell of the atom, nearest to the 
nucleus, this phenomenon is called *'K^capture\ 

LI3* Energy balances of fi^processes. The energy balance of these 
different types of ^-transitions is easily established in terms of the masses 
of the nuclei involved. The difference of these masses is equal, in the case 
of a or /3+-transition, to the sum of the masses of the emitted leptons, 
plus their total kinetic energy, which is given by the maximum energy 
of the electron spectrum. From the study of the intensity distribution of 
this spectrum near the maximum energy, it can be concluded that the mass 
of the neutrino is very probably zero. Denoting by At(A,Z) the mass of 
the nucleus of mass number A and charge number Z, by m the rest mass 
of the electron and by Kp the limiting kinetic energy of the /5-spectrum, 
the energy balance may thus be written 

M(A.Z)-M{A.Z±l) = m + K,,. (1) 

Likewise, the balance of the /^-capture process takes the form 

M(A, Z)-M{A. Z- \) = -m + K.. (2) 

Kv denoting the energy of the emitted neutrino; strictly speaking, one 
should add to this the binding energy (in absolute value) of the electron 
in the /C-shcll, but in comparison with the orders of magnitude involved in 
nuclear processes, such atomic binding energies are (except for very high 
atomic numbers) quite negligible quantities. 

L13L Stability with respect to p^transitions. It must be observed that 
except in the region of the heaviest nuclei, where the possibility of emission 
of a-particles has also to be envisaged, it is just the /3-decay that conditions 
the distribuHon of stable nuclei along the whole range of mass numbers. 
Hence the importance of the above energy balances in allowing us to 
formulate the condition of stability of any nucleus with respect to /3- 
transitions. This condition takes an especially simple form if the energy 
balances are written in terms of the atomic weights, i.e. the masses of the 
neutral atoms, instead of the masses of the nuclei. If the atomic weights are 
denoted by W(A,Z), we have: 


(AZ)-C(A Z+1) : 

W(A.Z)-W{A.Z+l)=:K^ 

(3) 

(AZ)-^(A.Z-l) : 

W{A, Z)- WiA. Z-l) = 2m+K? 

W 

(A.Z)-^(A.Z-l) : 

W(A. Z)- Z- l)~Kr. 

(5) 
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Wc thus see that the most stringent stability condition is derived from 
the consideration of ^--decay and iC-capture and can be enunciated as 
follows: For a nucleus to be stable against /^-transitions, its atomic weight 
must be lower than those of the neighbouring nuclei of the same mass 
number, but with charge numbers larger or smaller by one. 

1«132« Existence of the neutrino. Interesting evidence in support of 
the existence of the neutrino has recently arisen from various sides. CRANE 

and Halpern [38, 39] observed the ^-decay of tfCl in the cloud chamber 
by photographing the tracks a short time after the end of the expansion: 
the (diffuse) /?-ray track yielded, by magnetic deflection, the momentum 
of the emitted electron, while a measure for that of the recoiling nucleus 
was obtained by counting the condensation droplets clustering around the 
spot where the disintegration had taken place. It appears that the con¬ 
servation laws are not satisfied for the system consisting of /?-ray and 
product nucleus only, the momentum taken up by the nucleus being in all 
cases too large. 

Another method of detecting recoil atoms (or rather ions) consists in 
accelerating them by a controllable electrostatic potential towards some 
suitable collecting device* This method thus allows in principle of a 
determination of the energy distribution of the recoil atoms, but it is beset 
with considerable experimental difficulties. It has been tried for the first 
time by Leipunski [36a], who investigated the positon emitter nC; in other 
forms, it has more recently been used by JACOBSEN and KoFOED Hansen 
[45] with ^^Kr originating from Uranium fission, and by Allen [42] with 
^Be, This last instance is interesting inasmuch as one has to do with a 
A'-capture transmutation, so that there is no complication due to emitted 
electrons and the evidence from the recoil nuclei is very direct indeed. The 
results of the last two experiments, although far from perfect, are in quite 
satisfactory agreement with the neutrino hypothesis. 

Evidence on the emission of a neutrino in meson decay, which will be 
mentioned later {1,332), has also — when combined with the meson theory 
of /S-activity {0,1, 1,322) — a bearing on the question and should accor¬ 
dingly be put on record here. 


NuclcoiivS 

1.21* The proton. The proton being easily available as a hydrogen 
nucleus, its properties can be determined experimentally by the same 
methods as apply to the general investigation of nuclei. Thus it can be 
derived from the alternation of intensities in the band spectrum of the 
hydrogen molecule * that protons, like electrons, have a spin and obey 
the exclusion principle. The conclusion as regards the value of the spin 
has been confirmed by the method of magnetic deflection of atomic and 
molecular rays, developed by Rabi and his collaborators — a method 
which at the same time yields the value of the magnetic moment. 


See, for instance, Kopfekmann [39], Chapt. IV. 

** First determinations by RABI ct at, [36], more refined measurements by Rabi ct al, 
[39], MillmAN and KUSCH [41]. A general account of the method has been given, by 
Kellogg and Millman [46]. 
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In view of these results, it is certainly tempting to assume for the proton 
a wave-equation of the same type as that established by Dirac for the 
electron, the only differences being the sign of the charge and the numerical 
value of the mass. Still, it must be admitted that such a procedure is not 
free from uncertainties. In fact, as has been pointed out by BoHR [34], 
Dirac s theory, being based on the idealisation of a point electron, may 
only be safely applied, for the treatment of proper relativistic effects (such 
as the spin properties), to particles of dimensions much smaller than the 
critical radius f)/M (M being the mass of the particle) of the domain within 
which relativity features become preponderant. Now, the electron radius, 
defined by the condition that outside a region of such dimensions the 
electromagnetic field created by the electron approximates to that of a 
point charge, is of the order 



c denoting the elementary charge; the condition just enunciated is then 
fulfilled owing to the smallness of the fine structure constant e-/b. But 
the proton tadius, determined by its proper nuclear field, turns out to be 
again of the order of magnitude rf, which due to the smallness of the mass- 
ratio m/Mp (where Mp denotes the proton mass) is actually larger than 
b/Mp. 

From this point of view, it might be taken as an indication of the 
insufficiency of Dirac’s theory for the proton that the value of the 
magnetic moment of the free proton (at rest) which follows from Rabi’s 
measurements, mentioned above, is not that of a nuclear magneton 


_ be 


( 2 ) 


predicted by the theory, but /Lip • //o with 


fXp —- 2,7896 0,0008. 


( 3 ) 


It is tru^ that this anomalous value of the magnetic moment can in 
principle be understood when it is realised that any nucleon, as the ultimate 
source of the lepton field responsible for the phenomena of /S-decay, must 
be surrounded by a certain distribution of electricity. For instance, if we 
assume the lepton field to be directly produced by the nucleon, this 
field itself will obviously carry electric charge; we may, on the other 
hand, be led to assume the nucleon to be the source of some intermediate 
field, which in its turn gives rise to the lepton field — the meson field, 
as we shall see, affords an example of such an intermediate agent —; 
then, the intermediate field will also have to be Charged. Provided the 
production of the field is assumed to depend on the spin of the nucleon, 
its distribution of electric current will be liable to give rise, on the average, 
to a magnetic moment in the direction of the spin. Such a magnetic moment 
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will be inseparably connected with the nucleon and will thus be attributed 
to it. On this picture, the total magnetic moment of the proton, directed 
along the spin axis, will in fact turn out to be larger than the normal value 
of one nuclear magneton by the amount yip —1. But this explanation of 
the magnetic anomaly makes it clear that a treatment based on Dirac’s 
equation must at any rate be completed by the consideration of the effects 
of the proper (lepton or meson) field; and it may well be that this 
modification is nothing more than some convenient approximation to a 
more adequate description. 

L22* The neutron. The properties of neutrons are much more 
difficult of access than those of protons. Thus no direct determination of 
neutron spin or statistics can be obtained; but the indirect evidence on 
these points, resulting from the neutron-proton picture of nuclear consti¬ 
tution and well-established principles of quantum theory, is very strong 
indeed. In fact, if we assume the neutron also having a spin i and obeying 
the exclusion principle, it follows from general theorems of quantum 
mechanics that any system of an odd number of nucleons must have a 
half-integral angular momentum and obey Fermi statistics, while any 
system of an even number of nucleons has an integral angular momentum 
and obeys Bose statistics (meaning that the wave function of such a system 
is symmetrical in the sets of coordinates pertaining to the constituent nucle¬ 
ons); and this rule actually holds good without exception for the numerous 
nuclei which have been investigated *. In particular, the deuteron, a nucleus 
consisting of a proton and a neutron, has been found (MuRPHY and 
Johnston [34]) to have an angular momentum 1 and to follow Bose 
statistics. 

A precise value of the neutron mass M« can be derived ** from a mass- 
spectrographic comparison (Mattauch [38]) of the hydrogen molecule 
with the deuterium atom, combined with the accurate determination of 
the binding energy of the deuteron ( 6 . 11 - 1 ). The previously mentioned 
mass difference is found to correspond to an energy of 1,434 ±: 0,002 MeV, 
while the deuteron binding energy amounts to 2,185 ±: 0,006 MeV. If the 
deuteron mass is denoted by Mrf, we therefore have 

2Mp~M</ + m= 1.434 
Mn +Mp-Ma = 2A&5. 
whence (since m = 0,51 MeV) 

M„-Mp= 1.26 MeV (4) 

or 

Mn — Mp = 2A7m. (5) 


* For the spins, see A2.21. For the statistics, sec KOPFERMANN {391, p. 226. 

** A critical survey of the complete evidence available on this point is given by 
Stephens [47], 
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In consequence of this large value of its mass, the neutron must be 
expected to be ^-active. In fact. Its spontaneous /^-decay is energetically 
possible even if the mass of the neutrino should be as large as that of the 
electron. Applying to this case the general theory of /J-disintegration of 
light nuclei, the life-time of the neutron can be estimated (AL211) at 
about half an hour. This suffices to make it clear that the )3-dccay of the 
free neutron cannot be observed under the ordinary experimental conditions 
of production and detection of these particles 

The fact that the neutron possesses a magnetic moment is perhaps even 
stranger, in view of the absence of electric charge, than the anomalous value 
of the proton magnetic moment. It can, however, be accounted for exactly 
in the same way, at least in principle. It may even be seen that the simplest 
assumptions as regards the interaction between a nucleon and its charged 
field lead, in a first approximation, to magnetic moments of the same 
absolute value, but opposite signs, for a proton and a neutron state not 
differing in other respects. The neutron will therefore be expected to 
exhibit a magnetic moment in the direction opposite to that of the spin, 
and approximately equal in absolute value to ftp —1 nuclear magnetons. 
The first direct measurement, performed by Alvarez and Bloch [40aJ, 
gave for the neutron magnetic moment fin = —1,935 ±0,02 nuclear 
magnetons, the minus sign indicating that its direction is opposite to that 
of the spin. This value is now superseded by the much more accurate one, 

1.9103 ± 0,0012, (6) 

obtained in the Argonne laboratory (ARNOLD and Roberts [46j), 
Comparing with (3), we find so far a satisfactory agreement with the 
theoretical predictions; the remaining small asymmetry can be ascribed to 
higher order effects. Unfortunately, in the present state of quantum field 
theory, it is impossible to give a more quantitative treatment of the whole 
effect, leading to a determination of the numerical values of f.ip anct /^«, 
without making use of some hazardous procedure to secure a convergent 
result. 


1,23, The anti-proton. If we are to take the application of Dirac’s 
theory to^nucleons seriously, we have to accept the existence of anti¬ 
nucleons, in particular of anti-protons, i.e protons of negative charge. Of 
course, anti-protons cannot co-exist with ordinary protons in stable con¬ 
figurations, owing to the tendency of proton pairs to annihilation, e.g. with 
emission of light quanta (like electrons). But they might penetrate the 
earth's atmosphere as a part of cosmic radiation or be produced in the 
atmosphere by other energetic particles of this radiation. 

The production of a pair of protons in any process involving electro¬ 
magnetic interactions will have a probability roughly (m/Mp)2 3 • 10~'^ 

* Negative experimental evidence on this point is afforded by GILBERT, SMITH and 
FREMLIN [37]. 
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times smaller than the analogous production of an electron pair (of the 
same velocities); but there are other possibilities of proton pair production 
due to the nuclear field, especially if the latter is identified with the meson 
field observed in cosmic radiation {OJ), From a careful discussion by 
McConnell [45] * ** it results that the cross-section for proton pair pro¬ 
duction by fast mesons, although of a larger order of magnitude than 
those of electromagnetic processes, always remains very small indeed. On 
the other hand, the annihilation in matter of anti-protons with emission 
of mesons or photons has also a quite small probability, unless the annihi¬ 
lating protons are very slow; so that more prolonged observations than 
hitherto performed of the proton component of cosmic radiation at low 
altitude should at length reveal the existence of anti-protons produced at 
higher levels. However, the difficulty of detecting these anti-protons is 
considerably increased by the occurrence of another process of relatively 
large probability, viz. that by which a proton, — negative as well as 
positive —, in traversing matter, loses its charge by emitting a meson. 
It is interesting to note that for very slow protons and anti-protons, the 
annihilation to the form of photons will become predominant; the resulting 
life-time of an anti-proton at rest being estimated at about sec. 

As to the occurrence of anti-protons in the primary cosmic radiation, a 
case has been presented by Arley [45, 46a, 466] in favour of this 
eventuality. By annihilation in the atmosphere, the anti-protons would 
ultimately give rise to the soft component of the cosmic radiation, while 
the ordinary protons are the origin of the hard component. Again, it should 
be possible to observe at sea level some of the primary anti-protons. 
However, Arlhy does not pay sufficient attention to the process of meson 
production by the negative protons, the consideration of which would seem 
to upset his argument 

The primary cosmic radiation itself has recently been the subject of an 
interesting hypothesis, put forward by Klein [45] ***. He observes that part 
of the galaxies may well consist of '^reversed matter'’, i.e. of atoms built 
up of anti-nucleons and anti-electrons; such atoms could in any case not 
be distinguished from ordinary ones by spectroscopic properties. In the 
intergalactic regions, collisions may then occur between ordinary and 
reversed atoms, strayed from their respective galaxies. If the two atoms 
have the same number of constituent particles, their complete annihilation 
will result in a radiation composed of mesons, photons and leptons; if they 
have different constitutions, part of the annihilation energy will also 
liberate nucleons and anti-nucleons (the neutrons and anti-neutrons soon 
transforming, owing to their ^-radioactivity, into protons and anti-protons). 
In this way, the composition of the primary cosmic radiation would at least 


* See further McCONNELL and JANOSSY [47]. 

** This has kindly been pointed out to me by Prof. HeitleR. 

See also Arley’s [45] criticism. 
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qualitatively (also as regards the order of magnitude of the energies of the 
' different kinds of particles) be accounted for. 

However this may be, we have, in the treatment of nuclear systems, only 
to do with an approximation involving at most effects of the first order 
in the nucleon velocities in these cases, the uncertainties connected with 
the use of Dirac's equation in the proper relativistic domain do not occur. 

1231^ The anti-neutron. At first sight, it might be thought that the 
anti-neutron is undistinguishable from the ordinary neutron. But it must 
not be forgotten that its proper nuclear field manifests itself by a magnetic 
moment, which (for the simple forms of nuclear fields usually adopted) 
turns out to have opposite signs for neutron and anti-neutron. The theory 
thus provides for the creation and annihilation of pairs of neutrons of 
opposite magnetic moments through the interaction with the nuclear 
(meson) field. 


13* Mesons 

1314 The field concept. The use of the field concept to account for 
the interaction between particles will most conveniently be explained with 
the help of the classical example of electrodynamics. It is well-known how, 
according to Faraday s and Maxwell’s ideas, forces acting between 
electric charges or the Ampere force between elements of current, are 
derived from a process of transmission of force by means of an electro¬ 
magnetic field, produced by the charges or elements of current and acting 
on them. A convenient formal representation of this process is afforded by 
the electromagnetic potential. This is a four-vector Ai, the components of 
which satisfy the differential equations 

□ A, — 4acS/, (1) 

where $i denotes the four-vector density of current and charge. Lim 4 ting 
ourselves to the stationary case, we have to do with a set of Poisson 
equations 


AA/r= — 4jrs/, (2) 

and we can express the solutions we want with the help of the corresponding 
Green s function. This function is a solution 7^0 of the homogeneous 
equation 


A?-o = 0 (3) 

with a point singularity, i.e. representing physically the potential of a 
point source. In our case (boundary condition: potential vanishing at 

* By this abbreviated expression we mean; here and in the fdilowing, the order of 
magnitude of the ratio between the mean value of the velocities of nucleons in the system 
c6nsldered and the velocity of light. 
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infinity) we have simply 

yo(P':P) = y, (4) 

if r denotes the distance between the point P and the point P' where the 
singularity is situated. The solutions of the Poisson equations (2) are 
then given by 

A,{P) = /s,(P09>o(P':P)cfpp,. (5) 

expressing how each volume-element in which a source of strength 
Si(P^)dvp, is located yields an additive contribution to the potential at 
point P, 

Now, the interaction energy between the sources and the field defined 
by the potential is given by 

( 6 ) 

Eliminating the potential, we get 

Va. .agn. ^ - i / 5/ (P') c/Pp, (T, (P'; P) dt^^ (P). (7) 

i.e. just the usual expression of the potential energy of the above-mentioned 
forces acting directly between distant sources. The field has served as an 
intermediary to connect the sources at different points P, P' and has then 
disappeared from the final result. 

132, The meson field. As we shall see presently, a fundamental 
property of the nuclear forces, contrasting with those of electromagnetic 
interactions, is their limited range. The representation of short range forces 
by means of a field can of course be achieved in many ways, but one of 
the Simplest is the following. Instead of the Laplace equation (3) for the 
determination of Green’s function, let us consider the equation 

/\(p — H^(p:=zO; ( 8 ) 

the corresponding Green's function is 

9 J = ye-'^ (9) 

which is just suited to represent a force not extending appreciably beyond 
distances of the order Now, the differential equations for the potential 
components of the most general field of this type are easily set up: they 
will clearly be of the form 

Qxp — = ( 10 ) 

Here the covariance properties of the potential yj and the source density s 
arc left entirely open; an equation of the type (10) must be understood to 
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hold separately for each component of xp and the corresponding component 
of s. 

The remarkable property of this particular form of field of finite range 
is that the homogeneous field equations 


Qrp =z0. 


( 11 ) 


which describe the pure field in absence of any source, are formally 
identical with the wave-equations of a particle of mass Mm, this last 
quantity being connected with the range constant x by the relation 



( 12 ) 


In other words, the field of limited range here considered is associated, 
according to the principles of quantum mechanics, with a certain kind of 
particle, whose mass is related to the range of the field by equation (12). 
This is the essential point stressed by Yukawa [35]. 

The range of the nuclear forces being of the same order of magnitude 
as the fundamental length d, defined by (1,21-1 ), the mass of the particles 
associated with the nuclear field should, by (12), be of the order of 
b/c^ 137 times that of the electron, thus intermediate between the masses 
of electron and nucleon: hence the name meson proposed for such particles, 
and the corresponding denomination of “meson field" for the wave aspect 
defined by equations (11). The covariance properties of the meson field 
determine the intrinsic angular momentum, or spin, of the meson; apart 
from a spinor field (like that of the electron), corresponding to a spin 
the simplest possibilities arc the scalar and pseudoscalar * fields of spin 0 
and the vector and pseudovector fields of spin 1. 


L32L The mass^range relation. In consideration of its importance, it 
will be worth while discussing Yukawa's relation (12) between particle 
mass and field range from a less formal point of view. It will appear that 
this universal relation is deeply rooted in the fundamental principles of 
quantum theory. For this purpose it will be convenient to introduce the 
concept qf virtual transition. This we can again do by starting from the 
cas^ oi electrodynamics. 

The particles associated with the electromagnetic field arc the photons. 
We can try to describe the mechanism of transmission of force by the 
electromagnetic field in corpuscular language, by making use of the photon 
concept. We should then like to say that the sources located in one 
definite volume-element emit photons, which are subsequently absorbed by 
the charges and currents contained in another volume-element and in this 


* The prefix pseudo indicates a difference of behaviour of the quantity considered 
under symmetry transformations (reflexions) with respect to a point (or plane). While a 
scalar remains invariant under such transformations, a pseudoscalar changes sign; more 
generally, a pscudotensor transforms like the product of a tensor and a pseudoscalar. 
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way transport momentum and energy from the first volume-element to the 
second. But we must be very careful with such a picture. There can be no 
question of actual emission and absorption processes, because such pro¬ 
cesses are in this case not permitted by the precision with which the 
energies and times involved can be defined. Indeed, in order to disclose 
an actual transition of a photon between two volume-elements at a distance 
r from each other, we should need to be able to capture such a photon on its 
way and to identify it as such, i.e. to attribute to it a definite frequency. 
However, this is impossible: since the time at our disposal for the capture 
and identification of the photon is at most r/c, we cannot define its energy 
better than with a latitude AE given, on account of the uncertainty relation 
AE • A (ct) ^ b. by 

d£;:::b/r, 

which means for the (circular) wave-number v an uncertainty 

Av ^ 1/r. 

If, nevertheless, we wish to use the corpuscular language, we must there¬ 
fore not lose sight of the symbolical character of the imagined transport 
of energy by photons; and of this we are reminded by the phrase **virtual 
photon transition'*. Such virtual transitions are to be sharply distinguished 
from the actual ones; the latter must always, in contrast to the former, be 
compatible with the law of energy conservation. 

Let us now consider the transmission of force by a field associated with 
particles of mass Mm. We can describe this transmission process, in the 
corpuscular language, as a sequence of virtual emissions and absorptions 
of particles by the sources. But there is a condition to be fulfilled for the 
consistency of this picture. We have to express the fact that it must be 
impossible to identify the particle on its way in the time between the 
emission and the absorption. This time is here rju (v being the velocity of 
the particle) and the corresponding uncertainty in the definition of the 
particle energy, l}ujrc, must be larger than Mmi 

bWrc>Mm. 

or, since u ^ c, 

r< -jrJT- 

Mm 

The meaning of this inequality is that our transmission mechanism cannot 
extend beyond a distance b/Mm. The relation between range of the force 
and mass of the particle is thus seen to be a rather direct consequence of 
the fundamental uncertainty relation for energy and time 

We here meet — as emphasized by the concept of virtual transition — 
with a ‘‘non-visualizable" feature of quantum theory of exactly the same 


This argument is due to WlCK [38]. 
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kind as the fact that no mechanical orbit can be attributed to an electron 
in a stationary state of an atom* And this particular instance just affords 
a striking confirmation of the contention that the limitation of applicability 
of classical concepts, expressed by the uncertainty relations, in reality gives 
us a greater freedom to introduce new conceptions, which would not be 
possible from the classical point of view. We see, in particular, what a 
considerable extension the field idea gets in quantum theory, where every 
kind of particle is automatically associated with a field and thereby provides 
new possibilities of transmission of force, i.e. of interaction 

\322* Interaction o[ meson field with leptons. The description of 
nuclear interaction provided by the meson field can, as pointed out by 
Yukawa [35], be completed so as to include the various kinds of /^-pro- 
cesses. The meson field will in fact transmit an interaction also between 
nucleons and leptons, provided a direct coupling of this field with the 
leptons is introduced. The latter coupling can be chosen in such a way 
that the interaction between nucleons and lentons to which it gives rise 
will imply the occurrence of the /^-transitions. The emission of a lepton 
pair by a nucleon, for instance, is on this view conceived as a virtual 
emission of a charged meson by the nucleon, followed by the virtual trans¬ 
mutation of the meson into a lepton pair. 

It must now be observed that besides the virtual processes involved in 
the interpretation of nuclear forces and /J-decay, the meson field theory 
predicts the occurrence of the corresponding actual processes as soon as 
the energy eventually required is available. If this theory has any physical 
reality, we should e.g, expect mesons to be emitted by nuclei in states of 
sufficient excitation. The interaction between mesons and leptons further 
implies that such mesons should spontaneously disintegrate into a pair of 
leptons, consisting of an electron and a neutrino. 

133* The mesons of cosmic radiation. It was therefore a triumph of 
Yukawa's theory when charged particles of intermediate mass were actu¬ 
ally discovered in cosmic radiation. The remarkable agreement between 
the general properties of these particles and those required in meson theory 
was further enhanced by conclusive evidence as to the spontaneous decay 
of the cosmic particles. It is true that as soon as we try to go into a more 
detailed specification of meson properties, especially as regards their 
charge and spin, in order to account for a larger number of peculiarities 
of nuclear structure, the apparent simplicity of the meson field conception 

• The application of the extended field conception of quantum theory to types of 
quantum interactions already known, such as the chemical valency forces and the peculiar 
interactions connected with creation and annihilation of electron pairs, has been discussed 
by Hund [39, 40) (see also BlASS 144]); In this connexion it must be observed that in 
contrast with the case of stationary fields, discussed here, non-stationary fields will have 
longer ranges than It is easy to see that a field of angular frequency cv has a range 
(9 (^—an example is given by the chemical forces (HUND [39]). 
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disappears and it becomes increasingly difficult to secure complete harmony 
with the empirical data derived from cosmic radiation. Still, from the point 
of view of field theory, as outlined above, we may state that the new cosmic 
particles must at least partly be responsible, through their field properties, 
for the nuclear interactions and /^-processes, and in this sense we are fully 
entitled to identify them with the mesons theoretically introduced by 
Yukawa. We must of course be prepared for the eventuality that other 
kinds of mesons, which for some reason escape observation under present 
conditions, may also play a part, perhaps even the main part, in bringing 
about the interactions which govern the behaviour of nucleons and 
leptons. 

Leaving such matters for later discussion, we shall now, from the rather 
scanty evidence on cosmic ray mesons, only discuss the most firmly 
established features. We shall be concerned exclusively with charged 
mesons; charges of both signs being about equally represented * ** . 

L33L The meson mass. The determination of the meson mass from 
cloud chamber photographs of meson tracks curved in a magnetic field is a 
precarious affair, owing both to the errors of difficult estimation to which 
the measurement of the curvature of the track is subject and to the large 
uncertainties affecting the different methods of determination of the velo¬ 
city of the particle. The latter quantity may be derived from an estimate 
of the ion density in the track, from a measurement of the range of the 
meson or of its velocity loss on traversing a dense screen in the cloud 
chamber, or finally from the analysis of an elastic collision of a meson 
with an atom, resulting in the expulsion of an electron from the atom, A 
critical discussion of these various methods (GORODETZKY [42, 46], 
Richard-Foy [45], Hughes [46]) reveals that the best precision to be 
hoped for without spending an undue amount of time in waiting for a 
larger number of suitable photographs to accumulate would not exceed 
10 % and that the error of the mass determination is in most cases far 
greater. 

It is therefore not surprising that the results so far obtained exhibit a 
very wide spread. In fact, critical surveys of older measurements, carried 
out by Wheeler and Ladenburg [41c] and by Bethe [46], as well as 
the latest measurements by Hughes [46] and Fretter [46], all lend 
strong support to the conclusion that this spread is not due to an actual 
spectrum of meson masses, but can be wholly ascribed to experimental 
uncertainties. As regards the probable value of the unique meson mass, 
estimates differ somewhat: Bethe favours a value of 200 m; for 26 
determinations spread between 142 m and 264 m, Fretter indicates a 

* The evidence establishing that cosmic ray mesons carry one elementary charge is 
discussed by GORODETZKY [45]. 

** Bethe [46] has especially emphasized the large influence of multiple scattering on 
the curvature of the track. 
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weighted average of 202 m, while 10 tracks obtained by Hughes yield an 
average of 229 m, with a spread extending from HO to 340 m. One of 
the most reliable determinations seems to be that based on a remarkable 
photograph obtained by Leprince-Ringuet and his collaborators (plate I), 
and showing both an elastic collision with an atom and the energy loss on 
traversing a lead plate; the discussion of this case leads to a value 

Mm = {240^^0)m. (13) 

which, as long as no definite evidence to the contrary is forthcoming, we 
may assume as the unique mass value of all charged mesons observed at 
sea level, 

Leprince-Ringuet and Lheritier [46a] have obtained an elastic 
collision photograph, taken at 1000 m altitude, from which a particle mass 
of (990±:120)m is deduced** They later [46b] found some indirect 
confirmation of this result in four cloud chamber tracks of abnormal 
ionizing power, indicating a mass intermediate between those of the proton 
and the “ordinary’* meson. Such “heavy mesons”, if they exist, would give 
rise to nuclear interactions of correspondingly short range, which would 
probably not be disclosed by the evidence at present available. 

L332« The meson decay. Owing to their finite life-time, the mesons 
observed at sea level cannot be part of the primary cosmic radiation. But 
the minimum energy, of about 120 MeV, required for the creation of 
such a meson, is of the order of magnitude met with in the primary 
radiation, and there is no difficulty in accounting for the production of 
the observed mesons in the atmosphere. The life-time of the mesons 
reaching sea-level can be accurately measured by a remarkable method, 
utilizing to the extreme limit of their efficiency the present resources of 
experimental technique. 

By a system of coincidence and anti-coincidence registrations of counters 
placed above and below a block of light material, the behaviour of slow 
mesons, penetrating into this “absorber” but not traversing it entirely, can 
be studied. A scries of counters disposed along the sides of the absorber 
can record any electron emitted in the course of an eventual decay of the 
meson, following its entry into the absorber. It is now possible to connect 
the side counters with the top- and bottom counters in such a way that 
“retarded coincidences” between the arrival of the slow meson and the 
emission of the decay electron are recorded; i.e.. in order to be recorded, 
the two events mentioned must be separated by a time interval -not larger 
than a certain time, which can be fixed with great accuracy. From measu¬ 
rements performed for different values of this retardation time (of the 
order of the microsecond), a decay curve can clearly be derived, giving 
the’* mean life-time of the slow mesons. This method has been developed 
independently by Rasetti [41] and by Maze, Chaminade and Fr^on 
[45]; it has also been applied by CoNVERSi and PlCClONi [44, 46a]. A still 


BeTHE [46] argues, however, that this particle could be a proton. 










Fig. 1.332. Cloud chamber photograph of a meson decaying with emission of an 
electron (WILLIAMS and ROBERTS [40a]). 
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more refined variant of it is due to Nereson and Rossi [42, 43]; in their 
apparatus, a special device permits measuring in each case the time-interval 
separating the recorded events. In this way, a large number of points on 
the decay curve is obtained and the accuracy of the life-time determination 
accordingly increased. The results of these difficult measurements are 
remarkably concordant; the mean hfe-time of a charged meson at rest (of 
the kind observed at sea level) is (2,15 rfc 0,07) • lO-^^ sec. 

An interesting feature of these experiments is that only cibout one half of 
the mesons stopped in the absorber are found to decay with emission of an 
electron (see especially CoNVERSi and PiCCiONi [46b]).. This result is 
interpreted by noting that negatively charged mesons have a larger pro¬ 
bability of being captured by nuclei in the absorber. However, further 
investigation of this aspect of the question has quite recently brought to 
light a very puzzling phenomenon. Studying the behaviour of slow mesons 
of both signs, separated by passage through magnetized iron plates, 
CoNVERSi, Pancini and PicciONi [47] could detect no decay of the negative 
mesons when they were stopped in an iron absorber, but did record a 
production of a number of electrons nearly equal to that of the mesons 
slowed down, when the absorbing material was carbon. Preliminary experi¬ 
ments of SiGURGEiRSSON and Yamakawa [47] seem to disclose a similar 
anomaly for Be in contrast to a “normal” behaviour of S. According to a 
suggestion of Bohr, this effect would be due to a quite unusual mechanism 
of capture of the slow negative meson by atoms of small charge number: 
there would in fact be a large probability of its being retained on an 
“orbit” of large angular momentum (and consequently with small chance 
of capture by the nucleus) during a time sufficiently long to permit its 
decay into leptons. 

An immediate consequence of the finite life of the meson is the 
dependence of the rate of absorption in the atmosphere of the hard 
component of cosmic radiation on the actual distance of air traversed. On 
this property, from which the first experimental evidence of meson decay 
was derived, various methods of estimating the order of magnitude of 
the meson life-time are based. Since we deal here with mesons of given 
momentum, the quantity which can be inferred from all such measurements 
is not the life-time to i^be meson at rest, but th^ quotient of this constant 
by the meson mass. Critical discussions of the relevant evidence have been 
given by PRISON [45] and Opechowski [43a,b]; they must be supple¬ 
mented by the recent work of CoccONi and TONGIORGI [44, 46], which 
would seem to dispell any doubt as to the constancy of tojlMlm when 
the distance traversed by the mesons varies. This means that so far as this 
evidence goes, it is concerned with only one kind of mesons, for which, 
according to the last named authors, 

tJMm = (2,6 dz 0,3) • 10-6 scc/100 MeV. 

Such a result is in fair agreement with the direct measurements of to 
and Mm. It is interesting to note that the indirect life-time determinations 
have furnished the first direct verification of the relativistic law of time 
dilatation. 


2 
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Cloud chamber photographs of decaying mesons, first obtained by 
Williams et aL [40a,b] * Jplate I), afford very strong evidence for the 
emission of a neutrino together with the electron. It should be emphasized, 
however, that this evidence is as yet only of a qualitative character; it has 
not been proved that the energy and momentum balance can always be 
restored by the assumption of the emission of a particle with specified 
properties. For this purpose, a more systematic study is required. 

1,333* The meson spin. It has been possible to derive the value of the 
spin of the mesons observed at sea level from the study of the cascade 
showers produced by such mesons in a layer of lead. Mesons can initiate 
showers either by accelerating an electron in a collision or by emitting 
photons C^Bremsstrahlung”) in passing near a nucleus. The yield of thes^ 
processes turns out (Christy and Kusaka [41], Kusaka [43]) to be quite 
sensitive to the value of the meson spin. Mesons of spin 1 would, according 
to the theory, produce many more soft secondaries than actually found in 
experiment. The evidence (Lapp [43,46], George [46]) definitely points 
to the value 0 for the spin of sea-level mesons. 

It must, however, be mentioned that neither the measurements nor the 
theoretical calculations have as yet attained such a degree of accuracy as 
to exclude completely the possibility of a spin If the mesons had spin 
they could transmit interactions between nucleons without violating con¬ 
servation of angular momentum only if they were emitted and absorbed in 
pairs. Pair field theories, however, have not been successful in accounting 
for detailed features of nuclear forces; they will not be considered in this 
book. 


134* Many-body forces. It is clear that the mechanism of transmission 
of forces provided by the meson field will not only lead, as explained 
above, to an action at a distance between a pair of particles, but also to 
such direct interactions between groups of more than two particles. Take, 
for example, a system of three nucleons. In first approximation the inter¬ 
action energy will be the sum of the interactions between the nucleon pairs 
(l)-(2), (2)-(3), (3)-r(l). These interactions involve virtual processes 
of the type: nucleon (1) emits (virtually) a meson, which is absorbed by 
nucleon (2). The next approximation will first of all bring corrections to 
these pair interactions, arising from virtual processes such as: nucleon (1) 
emits two mesons which are both absorbed by nucleon (2). But in addition, 
it will also involve terms corresponding to the following kinds of virtual 
processes: 

(a) nucleon (1) emits two mesons, the one of which is absorbed by nucleon 
(2), the other by nucleon (3); 

(b) nucleon (2) and nucleon (3) each emit one meson; both mesons arc 
absorbed by nucleon (1). 


Another example has been published by ShuI'T et al, [42]. 
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Such terms will be typical three-body interactions, depending on the mutual 
distances (l)-(2) and (l)-(3), 

A detailed discussion of these many-body interactions unfortunately lies 
outside the range of well-established validity of present field theory: like 
other effects of higher approximation they cannot be unambiguously 
separated from the divergencies occurring in these higher approximations. 
Nevertheless, if one disregards this fundamental objection, it is possible, 
on meson theory, to set up the analytical expression of the three-body 
interactions and to estimate their order of magnitude in stationary states 
of nuclear systems (Primakoff and Holstein [39], Janossy [39]); 
compared with the static pair interactions they are found to be at most of 
the first order in the nucleon velocities. While showing that the many- 
body forces are in general of secondary importance, this result at the 
same time warns us that we should not lose sight of them when discussing 
finer details of nuclear systems of more than two nucleons. 

1.35. Excited states of nucleons. As already explained, a nucleon is 
always inseparably bound with its proper meson field, which may carry a 
certain quantized amount of angular momentum or electric charge, with a 
correspondingly large amount of energy. This means that the nucleon is 
in principle susceptible of a whole set of stationary states of different 
excitation, in which it exhibits values of spin and charge differing from 
those of its normal or ground state. The possibility of spontaneous emission 
of mesons from such a state sets an upper limit to the possible number of 
stable excited states. Naturally, the minimum excitation energy, or, more 
generally, the energy difference between successive excited states will be 
the smaller, the more strongly the meson field is coupled with the nucleon. 
In the case of very strong coupling, therefore, the excitation energies being 
much smaller than the rest energy of the nucleon, the excited states of 
this nucleon will appear as isobars of the ground state, with anomalous 
values of the spin and charge. In the opposite limit of very weak coupling, 
the minimum excitation energy will eventually be so large that the occur¬ 
rence of excited states of the nucleons could only make itself felt in pro¬ 
cesses involving much higher energies than those hitherto studied. The 
nucleons may then for all practical purposes be treated as particles with 
just the normal, invariable values of spin and charge. 

From the magnitude of the nuclear forces, it is immediately apparent 
that the nuclear field is at any rate much more strongly coupled to its 
sources than the electromagnetic field, so that the perturbation method 
developed in connexion with the latter cannot be applied to this case with 
the same confidence. Accordingly, special procedures have been developed 
to attack the problem from the strong coupling side; a rigorous treatment 
based on this assumption is, however, just as impossible as the ordinary 
one using pcrturbatioil theory, on account of the difficulties arising from 
the idealization of point sources. One is therefore obliged to introduce a 
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model of extended nucleon, which is necessarily unrelativistic and to a 
large extent arbitrary. In the same way as, in the theory of the extended 
electron, the field energy contributes to the inertia of the particle, the 
proper nuclear field gives rise to '‘moments of inertia" governing the rate 
of change of spin and charge. In fact, the excitation energy of the nucleon 
has just the form of a kinetic energy of rotation; the spin and charge 
variations can be compared to a "gyroscopic motion", the exact type of 
which depends on the specific assumptions made on the kinds of meson 
fields created by the nucleon. 

Let us choose some arbitrary function D(P), with j D(P)dv z:=: 1, to 
denote the spatial distribution of the sources of meson fields of the nucleon, 
and define by 



D(P')dvdv^ 


(H) 


the "radius" a of the nucleon; it must, of course, be assumed to be much 
smaller than the range of the meson field: 


a«<l. (15) 

If g represents the constant (pr some average of the different constants), 
analogous to the elementary electric charge, which determines the inten¬ 
sity of the coupling of the meson field with the nucleons, the moment of 
inertia of spin and charge is of the order of magnitude 



corresponding to a "radius of gyration" of the order of the range and a 
"mass" defined by the average self-energy of the proper meson field; with 
the expression (9) for the potential energy and the definition (H), this 
self-energy is indeed g-ja on account of (15). The minimum excitation 
energy will be of the order and there will be isobars stable against 
emission of mesons as long as this quantity is smaller than Mm; using (12) 
and (16),‘.^this gives for the dimensionless constant g^jhp analogous to the 
fine structure constant of electrodynamics, the critical value ax, such that 
the condition for strong coupling is 

(17) 

Now, the roughest comparison of orders of magnitude of binding ener¬ 
gies in atomic and nuclear systems suffices to show that g^fh must be 
expected to be rather more than 10 times larger than the corresponding 
e^/b. Since the parameter a is not restricted otherwise than by the inequality 
(15), it is therefore not clear from condition (17) whether with such a 
value of g^l\) we have actually to do with a case of strong coupling, or 
whether we should rather describe it as one of "intermediate coupling". In 
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other words, it is not certain from general considerations which one of the 
two opposite lines of approach, characterized by the assumption of strong 
or weak coupling, will prove better adapted to the actual situation. Ulti¬ 
mately, of course, a decision as to the existence of (stable or unstable) 
excited states of nucleons might be reached by direct experiments in the 
energy region in which these states may be expected to have a marked 
effect on various phenomena. But even at the present stage, quite definite 
indications in this respect can be derived from certain consequences of the 
strong coupling theory concerning properties of nucleons or nuclear systems. 
It must be emphasized that even in its ground state, in which its angular 
momentum is | and its charge 0 or 1, the nucleon has very different pro¬ 
perties according as the coupling with its proper field is treated as strong 
or weak. For in the first case the degrees of freedom corresponding to spin 
and charge, which on weak coupling are quite independent from each 
other, can no longer be separated, so that we cannot associate a definite 
spin orientation with a definite value of the charge. The result is that the 
magnetic moment of the “bare” proton or neutron (i.e. without the contri¬ 
bution due to the current distribution of the proper meson field) no longer 
has the “normal” value /yq or 0: instead, its expectation value becomes 
entirely symmetrical with respect to the proton and neutron states. Since 
the same is true of the contribution from the proper nuclear field to the 
total magnetic moment, the latter quantity turns out to have exactly equal 
and opposite values^ for proton and neutron. 

This is not the only prediction of the strong coupling theory which is 
flatly contradicted by experiment. In particular, the properties of the 
deuteron prove irreconcilable with the assumption of a large spin inertia of 
the nucleon. We are therefore amply justified in consistently adopting for 
all theoretical considerations in this book the point of view of weak coupling 
theory. This implies above all that we completely disregard the possible 
existence of excited states of the nucleons or of any coupling between spin 
and charge in the normal state, but keep to the usual conception as 
summarized in the preceding section (12), However, in view of the 
numerous and far-reaching modifications which would be necessitated by 
any departure from these assumptions, a brief account of the main lines of 
argument of strong coupling theory will be given by Appendix Ai, 
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2,0. The general character of the law of nuclear force can be inferred 
from the remarkable regularities exhibited by the nuclear radii on the one 
hand, and the mass^defects of the stable nuclei on the other. Of course, 
we are dealing here with strongly schematized features intended only to 
represent a kind of average behaviour, from which individual nuclei will 
deviate to some extent. The resulting information on nuclear interactions 
will accordingly be of qualitative, or at most roughly quantitative character. 

2«L Nuclear radius and range of nuclear forces 

Already in 1911 Rutherford's celebrated experiments on the scattering 
of «-rays by matter revealed in a striking manner that nuclear forces, 
in contrast to the electrostatic ones, are of very limited range. It was in 
fact observed that the scattering followed the law derived from the 
assumption of simple Coulomb repulsion between a-ray and nucleus up to 
closest distances of approach of the order of 10-^-' cm (for heavy nuclei). 
The nuclear radius could be defined as the critical distance from the centre 
at which the law of interaction with the a-particle ceases to be the electro¬ 
static repulsion, but begins to vary rapidly with distance, the structure of 
the nucleus coming into play (see Rutherford et ai [30], § 45). 

More generally, any process involving a close interaction between a 
nucleus and a charged particle, such as a proton or an a-particlc, will 
essentially depend on the nuclear radius. For in all such processes, the 
charged particle, in order to penetrate into the nucleus or to escape from 
it, must traverse the barrier of potential formed by the Coulomb repulsion 
acting at large distances and the average attraction exerted by ,the 
nuclear foJPccs on the particle at distances smaller than the nuclear radius. 
The proLabilities of occurrence of the processes in question will involve 
as a factor the transmission coefficient or penetrability of the barrier, which 
will depend, not only on the energy and charge of the particle considered, 
but also on the nuclear radius. 

From a study of such interactions of nuclei with charged particles 
numerous estimates of nuclear tadii can therefore be obtained. For nuclei 
of the radioactive families, we dispose of the data of the natural a-decay; 
for lighter nuclei, wc can use not only the experiments on scattering of 
protons or a-particles of high energy, but also those on the disintegration 
of such nuclei by charged particles. All the evidence (see M 6 F, p. 58 sq., 
p. 72 sq., and also Present [41]) is found to be compatible with the 
simple assumption of an approximately constant density of ** nuclear matter* 
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for all nuclei In other words, the nuclear radius is approximately propor¬ 
tional to the cubic root of the mass number: 

R = roAK ( 1 ) 

the nucleon radius tq being numerically given by 

ro=:1.42* 10~'^cm. (2) 

The significance of this remarkable result will presently (2.22) appear 
when it will be combined with the limited binding power of the nuclear 
forces. 

Another possibility of estimating nuclear radii of light nuclei, which leads 
to results entirely in accordance with the above, is based on the con¬ 
sideration of /l+-active nuclei with neutron excess —1. It will be discussed 
later {33) in another connexion. 


2*2* Mass-defects and saturation of nuclear forces 


2«2L Mass-defects. If we except the lightest and the heaviest nuclei, 
we may say that, disregarding small individual fluctuations, the mass- 
defects of stable nuclei vary linearly with the mass number, i.e. with the 
total number of constituent nucleons *. The average binding energy per 
nucleon amounts to about 8 MeV. 

The deviation from linearity for heavy nuclei is completely accounted 
for by the Coulomb repulsion of the protons. Assuming a homogeneous 
distribution of the charge Zc within a sphere of radius i?, the Coulomb 

energy is given by ^ v; - ; a somewhat more accurate estimate for small Z 


5 R 


would be 


G=|^Z(Z-l). 


( 1 ) 


The Coulomb energy has a marked effect on the relative proportion of 
neutrons in stable nuclei. There is in fact a general tendency for such 
nuclei to contain equal numbers of protons and neutrons; but owing to the 
Coulomb repulsion, the equilibrium, for heavier nuclei, is displaced towards 
a larger proportion of neutrons. This means that the average binding 
energy of a given assembly of Z protons and N = A — Z neutrons will 
depend on the neutron excess 

n=N-Z=A-2Z (2) 

in such a way that, for given A, a minimum of the atomic weight (1.131) 
will occur tor a certain value of n. The corresponding value Z^ of Z will in 
general not be an integer; stable nuclei may then exist with the nearest 
integral numbers of protons (322), 

* See the graphical representation on fig. 2.21 (at the end of the book), based on the 
numerical data collected by M 6 F, M 6 F*. 
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Besides a “volume"’ contribution to the proper nuclear energy, pro¬ 
portional to A, a “surface” effect, comparable to the influence of a surface 
tension, must also be taken into account. This effect will be most important 
for lighter nuclei and the considerable irregularities presented by very light 
nuclei may be attributed to its preponderance. 

Summing up, the average binding energy per nucleon can be put into 
the form 





AnR^O 

"A "^5 AR * 


(3) 


in which the second and third terms express the surface energy (with a 
surface tension O) and the Coulomb repulsion, respectively. The first 
term, representing the volume effect, exhibits a parabolic dependence on 
the relative neutron excess. Inserting in this formula the law (2J-1) of 
nuclear radii, we get 


n /A-2ZV 


D To 


Numerical values of the parameters y, O and to can be found to fit 
the empirical mass-defect curve (M & F, p. 91—92): 


Cl = 14,66 MeV, y = 1,40, 

4 nrlO-15,4 MeV, ro = 1,42-cm. <5) 

the value of Tq being in excellent agreement with the independent evidence 
from nuclear reactions {2,1-2), It is useful also to note the value 

=r0.602McV. (6) 

J To 

Equation (4) thus gives a semi-empirical representation of remarkable 
accuracy of the nuclear binding energies. 

An idea of the relative importance of the different terms of (4), as well 
as of thevaccuary to be expected, is afforded by the following examples: 


Element 

Z 

A 

Volume 

energy 

Surface 

energy 

Coulomb 

energy 

Total bind 

calculated 

ing energy 
experimental 
(M6F^ 

A1 

13 

27 

- 14,63 

5,13 

1,25 

-8,25 

— 8,32 

Ag 

47 

109 

— 14,26 

3,23 

2,55 

-8.48 

-8,47 

Pb 

82 

208 

- 13,74 

2,60 

3,28 

-7,86 

-7,83 


Energies expressed in MeV 


2 «22* Saturation properties of nuclear forces. The linear variation 
with mass number of that part of the binding energy due to the proper 
nuclear forces brings out the fundamental saturation property of these 
forces: it implies in fact that each nucleon is only capable of binding a 
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fixed number of other nucleons. Considering the short range of the forces, 
this property throws full light on the law of constant density of nuclear 
matter (2A), Indeed, as every nucleon interacts only with its nearest 
neighbours, the structure of a nucleus will be comparable (apart from the 
scale) with that of ordinary matter in a state (solid or liquid) of high 
density. The constituent nucleons will on an average be kept apart at a 
fixed distance, of the order of the range of the force. This is just the law 
of constant density, which thus yields a value of about 2ro for the order 
of magnitude of the range. 

This last inference, as we shall see, is fully confirmed by the detailed 
analysis of the most direct exploration of the nuclear field which can be 
carried out, viz. by studying the scattering of protons and neutrons by 
protons. It is a remarkable fact that the distance 2r(), according to (2./~2)^ 
nearly coincides with the fundamental length d {121-1) of electron theory. 
The significance of this coincidence cannot be understood as long as we 
have no theory of the ratio of the masses of electron and nucleon. But it is 
at any rate convenient to make use of it, especially in rapid estimations of 
orders of magnitude; we shall often avail ourselves of the numerical relation 

(7) 

When we now come to ask which kinds of interaction operators are 
liable to give rise to binding energies exhibiting the saturation property, 
i.e. increasing — at least in a rough approximation, for a great number 
of interacting particles — proportionally to this number, we have the 
choice between two essentially distinct possibilities. In analogy with the 
case of a liquid, in which the saturation of the atomic binding forces is 
brought about by the occurrence of a very strong repulsion between two 
atoms at some critical distance of approach, we might imagine the 
attractive force between two nucleons at distances of the order of the 
range to go over, at some smaller distance, into a practically infinite 
repulsion * (fig. 2.22). 

• The analogy with a liquid might be deemed imperfect inasmuch as in the case of 
atoms the complicated distance dependence of the interaction is a consequence of the 
interplay of simpler forces between the atomic constituents, while in the nuclear case we 
would have to do with a fundamental law of interaction of complicated form, It must not 
be overlooked, however, that a relatively simple law of field interaction can give rise to a 
superposition of attractive and repulsive potentials of different ranges: an example of 
such a meson field theory will be mentioned on a later occasion (17,1), 

In particular, it has been pointed out by SVARTUOLM [45]. Chapter VI, that the 
many-body interactions occurring in any field theory (1,34) might, under suitable conditions, 
bring about the observed saturation of the nuclear bonds. Although Svartholms 
assumptions are admittedly quite arbitrary and over-simplified, his argument may 
appropriately serve to illustrate the point under discussion. While the two-body attractions 

will give a nuclear binding proportional to , he assumes that the n-body forces will 

alternatively produce a repulsion or an attraction proportional to —(—The 
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The well-known quantum theory of chemical valency suggests, on the 
other hand, a mechanism of interaction, the so-called exchange interaction, 
capable of giving saturation effects without involving any explicit assumption 
of a change of sign of the interaction operator with distance. As a 
consequence of the exclusion principle, the expectation value of any inter- 



Fig. 2.22. Schematic representation of 
ordinary potential giving rise to 
saturation. Interaction energy P {r) 
between two nucleons in terms of mutual 
distance r. 


action operator in a stationary state of a system of identical particles, 
besides “ordinary'' terms corresponding to classical effects, involves 
additional “exchange" terms without classical analogy. It may be seen, 
quite generally, that for systems of a large number of particles, the ex¬ 
change terms, in contrast to the ordinary ones, possess the property of 
saturation. 

Let us consider a system of two particles obeying the exclusion principle 
and suppose that the coupling between them is so weak that it is possible 
to define individual stationary states v^n(Q) for each particle. The eigen¬ 
functions of the stationary states of the system will then be of the 
approximate form 

The expectation value V of the interaction operator V in this 

state becomes, when account is taken of the symmetry of the function IP 
with respect to and 

(Q>") K(Q®) 

_______ - 9? ItI (Q">) <Pn, (Q®) V (Q"’. Q*'') (Q<") 9’n. (Q"'). 

resulting binding energy per nucleon is 

Ay^ 

if y is not too small and A is large, the term (1— y)^ may be neglected, and 



This expression exhibits both saturation for large A and increase with A for small A] 
with Si = 4,35 MeV, y = 0,484, it shows a remarkable (though doubtless fortuitous) 
agreement with the figures derived from the observed mass-defects. 
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dearly showing the occurrence of an ordinary and an exchange energy. 
The saturation properties of the exchange interactions will be extensively 
discussed in Chapter XL 

For the moment, it will be sufficient to mention the two possibilities of 
accounting for saturation effects. Later (17A) we shall see how the 
decision between them is related to the question of the relative importance 
of non-central couplings in the total nuclear interaction. 


23* Kinetic effects 

The limited range of the nuclear forces implies the occurrence of quite 
considerable kinetic energies of the constituent particles of a nucleus. In 
fact, under the influence of the short-range interaction with its neighbours, 
any nucleon will on the average remain confined to a region, the radius 
of which will be of the order of the range, or somewhat larger; in other 
words, it will be represented by a wave-packet of linear dimensions I > 2c/. 
It will then acquire a kinetic energy of the order of magnitude * 


_ (2nW 

rj 


( 1 ) 


(this being the smallest eigenvalue of the wave-equation of a particle of 
mass M with an eigenfunction vanishing on the surface of a sphere of 
diameter /); for / = 2d, we get 


e 


kin 


I f) 

2 \ 


~m~25 MeV, 
M 


( 2 ) 


and the actual value will perhaps be of the order of 20 McV. 

In spite of this high value of the kinetic energy, the mean velocity of a 
nucleon, owing to its large mass, is relatively small; in fact, we have, on 
account of (2), 

i vV 2fiki„ ^ 1 

Vc'/ ~ M “M“m ~"23* 

It thus appears that relativistic effects should in general not amount to 
more than a few percent, and that we are justified in basing the discussion 
of nuclear structure on a non-relativistic treatment of the constituent 
nucleons. On the other hand, the motions of the nucleons are sufficiently 
large to suggest that a nucleus should resemble a liquid droplet rather 
than a piece of crystal; as a matter of fact, the liquid phase of Helium at 
the lowest temperatures (the so-called He II) offers an example of a 
condensed state of ordinary matter, which is prevented from solidifying 
(at not too high pressures) by the ''zero-point” motion of the atoms. 

From another point of view, the kinetic energies of the nucleons are 
of importance in helping us to picture the interplay of the nuclear energies. 


Here M denotes the mass of a nucleon, disregarding the small difference —M j. 
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Comparing the average value of 20 MeV of the kinetic energy with 
that of the mean binding energy of a nucleon, viz. (discounting the 
Coulomb repulsion) about 10 MeV, we see that the potential energy of 
the proper nuclear forces must average about 30 MeV per nucleon (a 
quantity 60 times larger than the Coulomb energy between two protons 
at distance d). The binding energy is therefore the outcome of a balance 
between much larger kinetic and potential energies. 

This is especially apparent, as pointed out by WlONER [33a], in the 
case of the deuteron. In order to keep the kinetic energy lower than the 
attractive potential, the system, according to (1), has to expand; but, owing 
to the rapid decrease of the potential for distances larger than the range, 
this means that the resulting binding energy is very much lowered. It is 
actually only about 2 MeV, thus really quite small compared to either 
kinetic or potential energy. As soon, however, as the number of constituent 
nucleons increases, the situation is considerably altered in favour of the 
potential energy. Already for the a-particle, the latter energy becomes 
roughly four or six times * that occurring in the deuteron, while the kinetic 
energy is only doubled. The particles are then able to settle nearer to each 
other, letting the nuclear potential, so to speak, display its full strength. 
The average binding energy per nucleon accordingly rises to a constant 
value of about 10 MeV. 

* According as we assume no forces between nucleons of the same charge, or equal 
forces between all pairs of nucleons. 



CHAPTER III 


CHARGE DEPENDENCE OF NUCLEAR FORCES 

After the general survey of the preceding Chapter* we go a step 
further in the analysis of nuclear properties by looking more closely into 
the distribution of the stable nuclei according to mass and charge number, 
and their relation to the neighbouring ^-active nuclei. This, combined with 
the general stability condition 1.131, will give us important information on 
the charge dependence of the nuclear forces. 

3*L Proton and neutron pairing 

3*1 L Classification of nuclei. If we classify the stable nuclei according 
to their mass and charge numbers, we are at once struck by the difference 
in behaviour between those of even and odd mass number. While the 
latter are about equally distributed as regards even or odd charge number, 
the former are divided into two classes of very unequal population: most 
of them are euen, i.e, have even numbers both of protons and neutrons; 
the only odd nuclei (i.e. nuclei with odd numbers of protons and neutrons) 
which are stable are the four lightest of that type, JH* ^Li. 

A nucleus of mass number A and charge number Z, which therefore 
contains N ±z A — Z neutrons, will be denoted either by (A, Z) or by 
[N, Z]. The following table presents the classification just discussed, with 
the numbers of nuclei of each class, including the a-active ones, according 
to recent data (M6F): 


Class of nuclei 

Z 

N 

Total 
number * 

( even nuclei 

Even mass nuclei ^ 

even 

odd 

even 

odd 

177 (15) 

4 

Odd mass nuclei 

even 

odd 

odd 

even 

60 (8) 

52 (1) 






* This number includes both stable and a-activc nuclei, the number of the 


latter being indicated between brackets. 

3*12. Proton and neutron pairing. Apart from the exceptional case of 
the light odd nuclei, it therefore appears that the successive binding of 
two nucleons of the same kind (protons or neutrons) sets free a greater 
amount of energy than that of a proton and a neutron: in other words, 
there is a tendency for the building up of stable nuclei by successive 
addition of nucleons to proceed by completion of pairs of protons or 
neutrons. The further empirical fact that all even nuclei have zero angular 
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momentum receives a simple interpretation by assuming that the two 
nucleons forming a pair have opposite spins. On this view, the ‘'pairing'* 
of like nucleons is thus related to a ^‘saturation' of their spins. 

If we supposed that individual stationary states could be attributed to 
the constituent nucleons (921), we should actually expect a grouping of 
these states into pairs corresponding to the same specification of all 
"quantum numbers" (including charge) but to different spin orientations. 
The structure of a stable nucleus in its ground state would then be 
vizualized by filling up the successive pairs of individual states with 
saturated spins by the available protons and neutrons. In general, the 
"last" pair of neutron states occupied would, on account of the neutron 
excess, be very different from the last pair of proton states. 

3.2. Stability of isobars 

3.21. Stable isobars. There is another important difference between 
nuclei of odd and even mass number: while for any odd value of the mass 
number there is just one stable nucleus, we meet among the even nuclei 
with a large number of pairs of stable isobars (i.e. nuclei of the same mass 
number). There are in fact 56 pairs and 4 trebles of such isobaric nuclei. In 
every case, the charge numbers of neighbouring stable isobars differ by 
two units. 

Now, the existence of. such isobars cannot be understood solely on the 
basis of nucleon pairing *. For if two paired nucleons were subject to 
exactly the same forces (apart from the Coulomb interaction), there could 
only be one stable nucleus for any even value of the mass number. In fact, 
if we start from the even nucleus (2a, 2z) and suppose that the stable 
nucleus of mass 2a + 1 is obtained by adding a neutron, the next stable 
nucleus would necessarily be obtained by completing the neutron pair, 
which gives the nucleus (2a + 2, 2z): the odd isobar (2a + 2, 2z 4- 1) 
would have a higher atomic weight, but the even isobar (2a + 2, 2z + 2) 
a still higher one (fig. 321), In order to reconcile the pairing conception 
with the empirical evidence, we must therefore, in the first place, assume 
that two nucleons forming a pair attract each other, so that the atomic 
weight of the unstable even isobar (2a + 2, 2z + 2) can eventually be 
sufficiency depressed to reverse the stability relation of this nucleus to the 
intermediate odd isobar (2a + 2. 2z 1). This result will only be achieved, 
however, if it is further assumed that, in the latter isobar, the odd proton 
and the odd neutron have a much smaller interaction (fig. 321), 

The last assumption appears to be generally fulfilled, with the notable 
exception of the four lightest nuclei of the odd type, which have exactly 
as many neutrons as protons. In the latter case, the odd proton and the 
odd neutron are in much the same situation with respect to the other 
constituent nucleons and may consequently be thought to form a pair 
entirely comparable to the spin-saturated pairs of nucleons of like charge 


* The following argument is taken from B G B, § 10. 
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discussed above. The roles of spin and charge variables would simply be 
interchanged. (The angular momenta of the odd nuclei in question* have 



Fig. 3.21. Atomic weight of isobaric 

nuclei, before (-) and after (—) 

taking account of the interaction between 
the two last nucleons added in the 
successive building up of the nuclei. 


indeed the value 1, in conformity with the idea that the odd nucleons would 
have the same spin orientation). We are thus led to assume that such 
pairs of nucleons also-exert a strong attraction on each other, so that the 
odd isobar then becomes more stable than the neighbouring even nuclei. 

Using the more definite picture of 3.72, based on the conception of 
individual states of the constituent nucleons, we may express the difference 
between the light and the heavier odd nuclei by stating that the odd 
nucleons experience a strong mutual attraction when they belong to states 
of identical specification except for the charge variable, whereas they do 
not interact appreciably when, owing to the neutron excess, they occupy 
different states. 

On the whole, we thus arrive, at least qualitatively, at a complete 
account of the main features of the distribution of stable nuclei; and the 
analysis has disclosed that besides the proton-neutron forces, there are also 
forces between like particles, which are attractive for ''paired ^ nucleons. 


3*22* Atomic weights of isobars. To get some idea of the order of 
magnitude of the energies involved in the preceding considerations on 
isobar stability, we first observe that our general formula (2.27-4) must 
be made more precise in order to take account of the differences between 
odd and even mass and charge numbers. Consider an even nucleus {A, Z); 
according to formula {2.21-4), its atomic weight may be written in the form 

W{A.Z)=W^ + wJZ-Z,r. (1) 

with 


2w 


■Mp — m) 


4 e, y 3 , , 


( 2 ) 


the points representing stable isobars of mass number A and even 2^ in a 
graph like fig. 3.27 with coordinates Z, W lie on a parabola defined by 


The angular momentum of 'jB is not known. 
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equation (1). The odd isobars of the same mass number, however, cor¬ 
respond to another parabola, given by 

W(A.Z+l)=W^ + d^ + w^(Z+l ^Z^y (3) 

with a suitably chosen additive constant The difference 

C = Z+1^Z^ (4) 

between the charge number of the odd isobar and the abcissa of the 
apices of the parabolas is obviously comprised between + 1 and — 1; with 
this notation, we have 


w(A.z) =w^ + tv^(c-\y 

W(A.Z+l)=W^ + d^ + w^i:^ ( 5 ) 

W(A,Z+2):=:^W^+tVj,(C+l y. 

Now, if there were no like-particle forces, W(A.Z + 1) would be just 
midway between W{A,Z) and W{A,Z + 2), i.e. would be equal to 
The effect of the like-particle forces is therefore expressed by 
conditions for the odd isobar to be unstable with respect 
to both even isobars can be put into the form 

<5^ —“'4 > |f|. (6) 

This inequality defines a critical value 




2wj, 


(7)- 


such that there is more than one stable isobar of mass number A if and 
only if 

KKfcrit. (8) 

If we assume that the values of f arc distributed at random along the 
whole range of even mass numbers, the statistics of isobaric pairs (or 

trebles) \nll immediately give us an estimate of some average value Ccrit* 
Since we encounter 60 isobaric pairs or trebles among the 97 even mass 
numbers between 16 and 208, we may take 


U~ 0 . 6 . 

(9) 

With the numerical values (2.21-5,6), giving 


/82.1 , 0 , 6 \.. ,, 

“'. = (-- 4 '+ 4 :)MeV. 

( 10 ) 

■we accordingly find 


^4 —~ 2 a >4 1.2 Wj^. 

(11) 



PLATE II 



Addition of 

first second 

neutron-proton pair 


Fig. 3.221-3. Mas.s-spcctrograms showing the suc- 
cc.ssivc addition of two neutron-proton pairs to the 
nucleus (MattAUCII [37]). 



Fig. 3.221-4. Mass-spectrogram, pertaining to 
mass-number 20, .showing binding energies of 
various aggregates of protons and neutrons 
(MATTALICH [39]). 
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This gives, e.g.: 


A 





MeV 

MeV 

MeV 

64 

1.4 

’ 1.7 

! 3.1 

125 

0.8 

0.9 

1.7 

216 

0.5 

0.6 

1.1 


Comparison with measurements of mass-^defects. Our know¬ 
ledge of accurate atomic weights is still so fragmentary that there is as yet 
only one instance of isobaric nuclei for which the relations between atomic 
weights embodied in fig. 321 can be checked with reasonable accuracy. 
It concerns the mass-number A ~ 64, for which we have (M 6 table I): 


Z 

W-A 


! 10 '‘MU 

28 

Ni (stable) j —525.6 ±5.6 

29 

Cu (unstable) *j — 507,4 ± 5,6 

30 

Zn (stable) j —513,6 ±5,6 


(The relative accuracy of these three figures is better than the indicated 
absolute uncertainty). 

As to the atomic weights of lighter nuclei (up to isA). which have 
been determined with high accuracy for almost all unstable as well as stable 
isotopes, they exhibit such large individual fluctuations that it is not 
possible at this stage to draw from them other than qualitative conclusions. 
The mass-defects of the stable nuclei strikingly bring out the successive 
completion of neutron and proton pairs, with the resulting periodic 
occurrence of nuclei of maximum binding energy, composed of equal even 
numbers of protons and neutrons, 

Wc may further consider sequences of (stable and unstable) isotopes 
(i.e. nuclei with the same number of protons) or isotones (i.e. nuclei with 
the same number of neutrons) and derive from the comparison of their 
mass-defects the binding energy of the “last"' nucleon serving to build up 
any one of these nuclei from the preceding one of the sequence. The result 
is given (at the end of the book) in fig. 3.22/--1, taken from M6F*, and 
further illustrated by a diagram (fig. 5.227-2). Both directly show how in 
all-cases the second nucleon of a given pair is more tightly bound than 
the first 


33* Charge symmetry of nuclear forces 

A further feature of nuclear interaction which can be established with 
fair accuracy is the following: the proper nuclear forces are symmetrical 
with respect to the charges of the interacting nucleons. This property can 

* ®'*Cu transmutes as well into (with positon emission) as into 64 Zn (with 

negaton emission). 

Plate 11 reproduces some beautiful mass-spectrograms, obtained by MattAUCH 
(37, 391, to the same effect. A more detailed discussion of this and other general evidence 
is given by JENSEN (39}. 
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be inferred, in the first place, from the tendency of stable nuclei toward 
equality of proton and neutron numbers, especially apparent in the light 
nuclei from ^He to where it is not yet disturbed by the influence of 
the Coulomb force* The nuclei in question are formed by alternate addition 
of a neutron and a proton, which corresponds to an alternation of the two 
types of nucleon pairing discussed above (3,21). The only effect of the 
Coulomb repulsion is here to give the binding of a neutron to an even 
nucleus a slight preference over that of a proton. 

Still more definite evidence for the symmetry property under consideration 
is provided by the light nuclei with a neutron excess — 1, which transmute 
with positon emission into isobaric nuclei of neutron excess + 1 ; there 
is a long sequence of known instances of this type of /J-transitions, begin¬ 
ning with *^C ^ 56 . -► ^^C, etc. and extending up to ^jSc 20 ^^' 

In fact (Fowler, Delsasso and Lauritsen [36]), if we assume the 
symmetry of the nuclear forces with respect to the charges of the nucleons, 
the binding energies of isobaric nuclei such that the number of protons of 
the one is the number of neutrons of the other will differ only by the 
electrostatic contributions, which may easily be estimated; and in the special 
case of the above mentioned isobaric pairs with neutron excesses dr 1 , this 
energy difference can directly be deduced from the maximum kinetic 
energy Kf^ of the emitted positons. If we take, for the Coulomb energy the 
expression ( 2 . 22 - 1 ), equation (1,13~\) for the mass difference of the 
isobaric pair takes the form 

Y^{A-\)^K, + (Mn-Mp + m). ( 1 ) 

We can use this equation either in connexion with the expression ( 2 ./--J, 2 ) 
for the nuclear radius to predict the limiting energy /O of the positon 
spectrum, or conversely to calculate the nuclear radius with the help of 
the observed values. In any case, the remarkable consistency of the 
results * affords strong support to the underlying assumption about the 
symmetry of the nuclear forces. 

The same argument also applies to the pairs 

?H. jBe 

in which the unstable partner is not a positon emitter; the mass differences 
can in these cases be determined by other methods. However, a more 
precise calculation of the Coulomb energy is required in these cases to 
account for fluctuations in the observed mass differences with the parity 
of Z: these may be due, partly to a contribution from the exchange term 

* The available evidence, including the comparison with formula (1) is collected in 
table A 1,21, Systematic investigations on this point are due, above all. to WHITE c^ aL 
[39, 41); sec also ELLIOT and KING [41], 

** The nucleus 5B disintegrates into two «-particIes and a proton. 
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(2*22) of Coulomb energy, which, according to the parity of Z, enhances 
or counteracts the ordinary term (Phillips and Feenberg [41]) partly 
to variations of nuclear dimensions according to the more or less loose 
binding of the ‘"last" nucleon (Bethe [38a], Elliot and King [41]). 
When account is taken of these corrections, a further confirmation of the 
above conclusion is obtained. It is interesting to note that apart from the 
mentioned fluctuations, the nuclear radius is assumed to satisfy the law 
(2.7-1) of constant nuclear density, implying that there is no '‘blowing 
up'* of the nucleus by Coulomb repulsion. 

We must finally mention the pair of unstable isobars loC-i^Be 
(which both go over by or /?+-decay into the stable odd nucleus i^B) 
as the one known example of a pair of isobars with neutron excesses — 2 
and + 2, for which it could be verified that the energy difference is entirely 
accounted for by electrostatic interactions (White et aU [40]). In this 
case, the mass of ^^C is deduced from that of i^B and the maximum 
energy of the positon spectrum, while that of is brought back to that 
of ‘‘^Be by the study of the reaction *^Be (d, p) ^^Be. 

Summing up, we are led to a precise formulation of the symmetry of 
proper nuclear forces with respect to charge: the neutron^neutron inter-- 
action operator is the same as that [or two protons (exclusive o[ the Cou¬ 
lomb force). This conclusion is important inasmuch as there is as yet no 
more direct approach to the force between two neutrons (14,0), 

3.4* Building up of stable nuclei 

3A0, It is a remarkable fact, especially stressed by FuCHS [39], that 
the mainly qualitative considerations developed in this first Part are 
already sufficient to convey a general understanding of the apparently 
capricious order in which stable nuclei of the different classes — even 
nuclei, odd nuclei, odd mass nuclei — successively appear when the 
numbers of constituent protons and neutrons are increased. In this section, 
we shall analyse the distribution of the known stable nuclei from the point 
of view put forward in Fuchs’ paper. 

3*414 The energy surface. As already pointed out in the case of even 
and odd nuclei (3.22), the atomic weights, and therefore also the binding 
energies 8[N,Z) (< 0^ of the nuclei of the three classes are quite distinct 
functions of the numbers iV, Z of neutrons and protons. In a graphical 
representation of the binding energy in terms of N and Z, the points 
pertaining to nuclei of these various classes accordingly lie on three distinct 
surfaces, which may be regarded as three sheets of the energy surface 
8(N,Z), The sheet corresponding to odd nuclei lies above that for even 
nuclei, except in the region of the lightest nuclei, where a crossing over 
of the two sheets occurs. The sheet pertaining to odd mass nuclei lies 
somewhere in between the other two. 

A more general discussion of this effect will be given in 10,34. 
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We shall restrict the following discussion to the region in which the 
neutron excess of the stable nuclei is larger than 2 , thus excluding the 
region of the lightest nuclei, for the treatment of which we refer the reader 
to Fuchs* paper. In the region of heavier nuclei, all three sheets of the 
energy surface (see fig. 3.41 at the end of the book) have similar pro¬ 
perties: each one is moulded into a * Valley”, sloping down from the high 
mass number values, and in or near the bottom of which lie the stable 
nuclei. The projection of the bottom of the valley on the (N, Z)-planc 
— the line of maximum binding — is (as first noted by Gamow [34]) a 
rather winding line. An explanation of such irregularities would necessitate 
a much closer investigation of nuclear structure than is at present possible. 
Here, however, we shall only be concerned with the general orientation 
of this line, defined by an angular coefficient 


dN 

dZ 


1.5 


( 1 ) 


(dN, dZ denoting the increments of N and Z along the line). 

Cross-sections of the energy surface by planes N Z = const, i.e. loci 
of isobaric nuclei, are curves turning their concavity upward; their lowest 
parts are approximated by parabolas similar to those of 3.22 (which 
referred to atomic weights instead of binding energies). At the lowest 
point, projecting on the line of maximum binding, one has 


dS _dS ^ _ d^8 6^8 

dZ dN * dN^ ^ dZ dN dZ2 


0 . 


( 2 ) 


Now, the saturation character of the nuclear bonds conditions further 
general features of the sheets of the energy surface. First, the slope of the 
valley will be nearly uniform along the whole line of maximum binding (in 
the region of heavy nuclei we are considering), so that 

d'S 


WAJ-L. W7 —n 


... , d^S 


: 0 . 


(3) 


Combined with the inequality ( 2 ), this shows, in particular, that 


d'<S 


>0 




>0 


d^S 

dNdZ 


<0 


(4) 


along the line of maximum binding. Secondly, since the relative increase 
of the binding of a neutron (say) when another nucleon is added to the 
nucleus is very small. 


d^S ^ 

as 


d^S 


dS 


dN 

* 

dNdZl 

< 

dN 


As a matter of fact, the rough estimate allowed by the experimental data 
yields 


d^S 

Sn^ 


0,5... 1 MeV, 


( 6 » 
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while according to (3), (1), 


\ m _ a^<g 

^ IdZdNl^ 

these values are to be compared with \dS/dN\ ^ 8 MeV. 


(7) 


3*42 Stability conditions. We now go over, following Fuchs, to a 
closer discussion of the stability condition 1,131. Fuchs’ argument is 
essentially based on the consideration of the amounts of energy released 
when a specified nucleon is added to the nucleus. We have to distinguish 
four such energy quantities, according as the added nucleon is a neutron 
or a proton and according as it is the first or the second of the pair which 
is being formed; for an initial nucleus [N, Z] containing N neutrons and 

Z protons, we use the self-explanatory notations (N/Z), dj? (N, Z), 

dz {N, Z), dz (N,Z), with the convention that the d;j’s do not include the 
change in Coulomb energy. Just as we did with 8>(N,Z), wc regard 
the d's as continuous functions defined for all real values of their argu¬ 
ments. We list here some general properties of the d’s: 

(1) On account of (5), is not very different from —dSjdN and 
consequently, by (4), decreases with increasing N when Z remains un¬ 
changed. Similarly, is found to vary in the opposite direction; summing 
up: 


for fixed 


^ d^(N,Z) decreases 
d^(N,Z) increases 


with increasing N (or n). 


( 8 ) 


(2) The attraction between paired nucleons implies 

(9) 

(3) Considering that the attraction just mentioned will mainly depend 

on the distance of the two interacting nucleons and that this distance will 
on the average remain constant whatever the total number of constituent 
nucleons, the differences dz—dz will have the same property: 


practically independent of N, Z. (10) 

(4) On account of the symmetry of nuclear forces with respect to 
charge, one has moreover 


( 11 ) 

For the order of magnitude, we may roughly take 

( 12 ) 

With the help of the d’s, the stability condition 1.131 is readily brought 
into the following form: the former or the latter of the nuclei [iV, Z], 
[N-UZ + 1 ] is stable against /^-transitions according as the difference 
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— 1, Z) —— 1, Z) is smaller than a critical value defined by 
the equation 

{N-1, Z)-d^ (N-l.Z) = ^ (13) 

If we regard the charge number Z as given, this equation defines a cor¬ 
responding critical value (generally not integral) of N, or of the neutron 
excess n. Choosing now even values for TV and Z. and grouping together 
the nuclei of charge numbers Z, Z + 1 and mass numbers N + Z—1, 
N + Z, we thus get for each group * four critical values of the neutron 
excess, viz. 


[TV-1,Z+1] 

separating the domains [jJV — 1, Z ] 

^3 of Stability of the nuclei [iV — 2,Z-|- 1] 

n, [iV.Z] 


[N-2.Z + 2] 
[_N-2.Z+ 1] 
[N-3,Z+2] 
[iV-l,Z+l]. 


left 

Because of (8), the nuclei in the column are stable when the actual 

neutron excess is than the corresponding critical m, and we shall 

presently see that 


ni < Hz < n, < n^. 


(H) 


With increasing neutron excess, we therefore successively meet, for the 
charge numbers Z, Z + 1, Z + 2, the following types of stable nuclei: 


n 

1 

"i 


n2 


nj 


n* 


[N~hZ] 

[N.Z] 

[N-l.Z] 

[N.Z] 


[NZ] 


[N,Z] 


[N-2.Z+2] 


[N-2.Z+1] - 

- [N-2,Z+2] 


[iV-3,Z+2] 

[N-2,Z+2] 

[N-3.ZH-2] 

[N-2.Z+2] 


(Vertical columns contain isotopes, horizontal rows isobars.) A repre¬ 
sentation of all known stable (and a-active) nuclei, according to this 
scheme, will be found at the end of the book (fig. 3.42). 


* Equation (13) gives rise to positive critical values of n only when the Coulomb 
energy variation on the right becomes sufficiently large, i.e. when Z exceeds a certain 
limit. For this point, and the treatment of lighter nuclei, see Fuchs’ paper. Our discussitm 
remains restricted to the heavier nuclei. 
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3*4:3^ Properties of the critical values of the neutron excess. With a 
view to establishing the inequalities (H), we observe that the critical 
n-value resulting from an equation of the type (13) is larger, the smaller 
the left-hand side; on the other hand, the right-hand side is quite insensible 
to changes of Z or N + Z by one or two units: it will therefore suffice to 
order the left-hand side quantities 

^3 ~ U-3,Z4 I • 

corresponding to the various n/'s. Comparing (11), (12) with (6), (7), 
we conclude that the sign of any difference d/ — dj involving a difference 

dz—dz or dlv—div will be fixed by the sign of this last difference, accor¬ 
ding to (9), irrespective of other small differences of or with 

different arguments. This yields immediately 

> ^2 > » di>di>d^. (16) 

In order to compare do and d;^, we first observe that 

d2^dAN + 2). (17) 

where the notation d 3 (N+ 2 ) is used to represent the value jdz—c)jv jiv-i,z+i 
of the function d^^{N) for the value Af + 2 of its argument. Relation (17) 
follows from (10), (11) with the help of the identity 


dT(N-2.Z) + d^f}(N-2.Z+l) d5!^’{iV-2.Z) + d‘i’(N-l.Z). (18) 


expressing that the energy change due to the addition of a proton and a 
neutron to the nucleus is independent of the order in which the particles 
are added. In virtue of (8), one gets from (17) the inequality 

a2>d„ ^ (19) 

which, together with (16), leads to the inequalities (H). 

Moreover, using (10) and (11), one readily finds ' 


5, — dj ~ da — 


d>-d,^2 



d'(g 

dZdN _ 


( 20 ) 


From (17) and (20) estimates of the differences m — nj can readily be 
obtained, if one again disregards possible differences between the Coulomb 
energy changes occurring on the right-hand side of (13). One finds 


n3 — n2 


rti — n, 


n, —fij 

2 


dZdN 


dN^ 


+ 


hZdN 


( 21 ) 
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with the help of (7), (6), the last approximate equality yields 


^ I 

dZdNl 
— Hi 3 .. * 7; 
then, from the first two relations (21) and (23), 

— Hi ^ — til 0,5 ... 2,5. 




( 22 ) 

* 

(23) 

(24) 


The difference — no characterizes the “isotopic breadth” (number of 
stable isotopes of given Z) of nuclei of odd charge: indicates, 

for any given Z, how many pairs of stable isobars of charge numbers Z, 
Z + 2 can exist. 

The relations (21), (23). (24) are on the whole in good agreement with 
the empirical n/’s, which can be determined from the table of known nuclei, 
for the different (even) values of Z, with a margin of 2 (or in some cases 
only 1) *, In particular, the number of stable isotopes of any odd charge 
number is always 1 or 2, corresponding to 2 < < 4, The difference 

riji — is found to increase with Z up to Z ^ 60, and then to decreawse; 
the first trend may be understood from (22), while the explanation of the 
decrease at higher Z is not clear (cf. Fuchs' paper). 


The d/'s can then be deduced in terms of Z from the equations (13). Owing to the 
slowness of the variation of the right-hand sides of these equations with n, all four d/’s 
come to lie practically on the same smooth curve, slowly rising with increasing Z. The 
orders of magnitude range from ~ 3 MeV (Z ^10) to ^11 MeV (Z 80). 



PART II 


TWO-NUCLEON SYSTEMS ON THE HYPOTHESIS OF 
CENTRAL INTERACTION 




CHAPTER IV 


DYNAMICAL VARIABLES AND FUNDAMENTAL EQUATIONS 
4*1 • Dichotomic variables 

4 *1L Definition and main properties. When we have to distinguish 
between two possible states of some system, such as, e.g., the two states 
of different charge (proton and neutron) of a nucleon, we may conveniently 
characterize them by the eigenvalues, say -h 1 and — 1, of some quantal 
variable r. A discrimination between the two states in question then 
corresponds to a '‘measurement” of the variable r, such a measurement 
yielding the answer +1 or —1. In a matrix representation, such a 
dichotomic variable will appear as a Hermitian matrix with 2 rows and 
2 columns, and will satisfy the equation 

( 1 ) 

From these conditions, it is easily deduced that the most general form 
for T is * 


Vl 


fl 


•a^ • e“ 
— a 


( 2 ) 


where a is a real number with |a | 1, and e^^'t represents an arbitrary 

phase factor. Putting a ~ cos we may also write 


T 


cos sin 
sin d' • — cos ?9 


(3) 


This form discloses a remarkable connexion between our dichotomic 
variables and the directions in ordinary space. In fact, we may interpret 
as the polar coordinates ^with respect to an arbitrarily chosen 

system of reference) of a unit vector n, the cartesian components of which 
will thus be 


nx — sin cos (p 
ny — sin sin (p 
Uz = cos 

Instead of (3) we may then write 


/ riz 
\nx + iriy 


Ux — i ny 
— nz 


(4) 


( 5 ) 


We exclude, of course, the unit matrix, which is also a solution of (1). 
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Introducing now the matrices 



we see from (5) that the special dichotomic variables which correspond to 
the directions of the jc-, z/- and z-axis, respectively, and which we will 
denote by tx, Tj, are represented just by these matrices: 

Tx = r,. Tj,=Tj, T2 = T3: (7) 

« 

further the relation 


^ Ox + Ty rty 4 Tx nz (8) 

holds between the variable t and the unit vector n. 

If we choose another system of reference to represent the unit vector n, 
the matrices Tx. t.v, Xz will no longer be given by (7); in fact, as is 
immediately apparent from the relation ( 8 ). they will transform like the 
components of a vector. The variable r. as expressed by ( 8 ). may thus be 

regarded as the projection of the fundamental vector t with components 

Tx, T>>. T> on the direction n; as such, it will be denoted as T(n). For the 
—► —► 

product x{n)x{n^) we derive from ( 5 ), by a straightforward calculation, 
the invariant relation 


T (n) X (n') = n • n' -j- IT (n A n')» 
from which it follows that 


(9) 


[r(n), X (n')]+= 2n * n' (10) 

[r(n). T(n')]^ = 2zT(n A n'), (11) 

Applied to the cartesian (orthogonal) components of the vector r, these 
relations become 

TzTy — iTz (cycl.) (12) 

[* 3 c.Ty]+ = 0 (cycl.) (13) 

[rx, Ty]- = 2iTz (cycl.). (14) 


On account of the special representation ( 6 ), analogous formulae may be 
written down for the matrices T|, t^. T 3 ; they may of course, be directly 
verified with the help of the definitions ( 6 ). 


4*111* Spin, The correspondence here discussed between dichotomic 
variables and spatial directions is, in the general case, purely symbolical. 
But it acquires a real significance in the theory of the spin, or intrinsic 
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angular momentum, of the electron or nucleon. For the establishment of 
this concept the existence of a set of dichotomic variables forming a vector, 
together with the relations (14) between them, is of essential importance. 
As is well-known, spectroscopic evidence showed the necessity of attri¬ 
buting to the electron an intrinsic angular momentum, such that its 
component in any direction can only have two values of equal magnitudes 
and opposite signs. This spin component must thus clearly be proportional 

to a dichotomic variable like r(n), which we shall call o{n). The co¬ 
efficient expressing its magnitude can further be determined by the con¬ 
dition that the commutation rules 

[S„Sy]^:^ihS^ (cycL), (15) 

characteristic for the components of any angular momentum, be satisfied. 
Comparing (15) with (14), we see that this is just the case for the 

components of any dichotomic vector t, apart from the factor Jb* The spin 

angular momentum S may thus be expressed as 


( 16 ) 

4,12, Transformation of eigenfunctions. When the description of a 
system involves a dichotomic variable r, the wave-functions depend 

on the eigenvalue / of t; since t' is susceptible of the two values + 1 and 
— 1 , we may conceive the wave-function as consisting of two “components” 

w"“ v^(4 1) , u : ?/;(—!), 

which, in connexion with the matrix representation of the dichotomic 
variables, are conveniently arranged as a matrix 



with two rows and one column. When operators involving dichotomic 
variables are written as matrices, the result of their operating on ?/; is then 
obtained by applying the usual rule for matrix multiplication. The quantities 
j u | 2 , I p |2 give the relative probabilities for finding the state corresponding 
to t' :=r f- 1 or t' = — 1 , respectively (all other conditions being the same). 
The eigenfunctions of these states are therefore of the form 



respectively; the matrix r itself has the diagonal form denoted, according 
to ( 6 ), by T 3 . The functions a and v depend, of course, on the other 
variables of the system; in particular, there are many different eigen¬ 
functions of the type e/;+ or 
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Since r has the form the operator which, applied to any wave-function 
transforms it into an eigenfunction y)j^ is 

T-. = i(l+T3); (19) 

similarly. 


T... = T 3 ) 


( 20 ) 


transforms ?/; into an eigenfunction Especially, we have, by (18), 

T+yf^=z0 , ( 21 ) 

and conversely, these relations characterize the eigenfunctions of the states 
t' ::= + 1 and / — 1, respectively. Let now Tj^ be the dichotomic variable 

corresponding to an arbitrary direction perpendicular to that relating to 
the variable t; in our representation, in which r m ig, this will be, according 
to (7), 


z=z Tj COS <7^ + 72 sin <f, 


( 22 ) 


with arbitrary q:>. Since, by (10), anticommutes with t, we have 


Tx T+ = T_ 


(23) 


Observing that T+T_ ~ 0, we get from this 


which means, according to (21), that if we apply the operator to 

any eigenfunction the result will be an eigenfunction v- (while the 
application of to an eigenfunction gives zero). In other word?, 

the operator Tj^T+ effects the transition from the state t' “■ + 1 to the 
state t' — 1, Denoting it by H, we have by (22) 

n =r: Tj. T+ =r ^ (t, — iTj) 

or more simply, if w^e choose cp 0, 

rirr: J (t, —IT 2 ). / (24) 

Similarly, the operator transforming an eigenfunction into one of the 
type y)^ is Tj^T» or Ht. 


4,13, Exchange operators [or two identical particles. Let us now 
consider two identical systems (1), (2), such as, for instance, two electrons 
or two nucleons; if a dichotomic variable t, and consequently the dichotomic 

vector T, is attached to the system, let be the vector pertaining to 

system (1) and the analogous vector pertaining to system (2), Opera- 

tors involving both rCt) and t(-) may be written as, matrices with 4 rows 
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and 4 columns, the elements of which are numbered by the eigenvalues 
± I of and t®; thus, for instance. 



- 1 


+ 1 +1 -1 -1 
xW 4-1 _] 4-1 _i 

+ 1/0 0 0 1 \ 

-i 0 0 1 o\ 

+ 1 1 0 1 0 0 1 

-1 \l 0 0 0/ 


(25) 


The wavC'-functions of the total system (1) + (2) will then consist of 4 
'‘components"', numbered in the same way and forming a 1-column matrix. 

Especially interesting are the operators and 


Pnz-Kl (26) 

Using (1) and (12), we readily find 

( r 0 )'? 2))2 :=: 3^2 ( 27 ) 

from which it follows that 

P^=:L (28) 

The operator P is thus unitary (since it is Hermitian and its own inverse) 

and it effects a canonical transformation of the td), The result of this 
transformation is, as a simple calculation shows, 


PTn)P-T(2) 


PT(2)p = r<^), 


(29) 


i,e. an interchange of the dichotomic variables of the two systems (1), (2); 
P is often called the exchange operator for the variables r. 

According to (28), P has two distinct eigenvalues +1, —1. Eigen¬ 
functions of the eigenvalues + 1 are symmetrical in eigen¬ 

functions of — 1 antisymmetrical in these arguments; further, they may, of 
course, be taken as bilinear combinations of the eigenfunctions i/J;} of 
and of The three distinct symmetrical combinations 

^ ip^J) , yjO) yj(^) -|- (30) 

imply a threefold degeneracy of the eigenvalue + 1; the eigenvalue — 1 is 
simple, with the antisymmetrical eigenfunction 

^ (31) 

Equivalent formulations of the exclusion principle. When the 
specification of a particle involves a dichotomic variable, we are at liberty 
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to treat a system of such particles as a mixture of two distinct kinds of 
particles, characterized by the two eigenvalues of the dichotomic variables. 
Thus a system of particles of spin i can be regarded as composed of 
particles of '‘left’' spin and particles of “right” spin; a system of nucleons 
as a system of protons and neutrons. In the original conception, each 
particle is defined by an eigenvalue of the dichotomic variable and a 
set Q of other coordinates; in the new conception, we have two distinct 
sets of coordinates Q. 

The exclusion principle can accordingly be formulated in two equivalent 
ways, by stating either that any wave-function of the arguments 
must be antisymmetrical in all coordinates, or that any wave-function of 
the arguments pertaining to the two different kinds of particles 

must be antisymmetrical separately with respect to the and the 
The equivalence of these two formulations may readily be seen if one 
observes that the most general wave-function of a system of A particles, 
satisfying the exclusion principle as first enunciated, may be expanded in 
terms of a complete orthogonal system of “Slater-determinants” *, con¬ 
structed in the following way. Take any operator (such as the total 
kinetic energy of the system) which depends additively on the individual 
particles and does not involve any coupling between the dichotomic variable 
and the other coordinates; the eigenfunctions of the corresponding operator 
for a single nucleon will then be of the form ^fn{Q)ti±{T), where r is put 
for the eigenvalue tj of the dichotomic variable and u-^{r) are the eigen¬ 
functions of 

and the eigenfunctions of the total operator, satisfying the exclusion 
principle, may be written as determinants of the type 


Vn, (Q"’) U+ (r“’) • ■ 






(Q"’) U- • • 



the upper indices pertaining to the different particles, while . rij^ 

represent a permutation of the sequence 1.2, ..., A. The Slater-determinant 
(33) refers to N particles in ”4' 1” states and Z =:= A —N particles in 
‘ — I” states; on account of (32), it is immediately apparent that it is 
different from zero only when N of the r’s take the value + 1 and the Z 


See, e.g., KramkrS [38], }71. 
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other the value — 1, in which case it reduces to the form 


(Q**"'')-V'n, 




Vn/v+l (Q''"Ar+l)) .... V'nyv+I (Q*'"^') 


WnA . WnA (Q''”''*) 


. (34) 


where denotes some permutation of 1,2, ...,^4. This, now, is 

just the type of products of Slater-determinants which would have been 
obtained for the eigenfunctions of a system of N “+ T' particles and 
Z —1” particles, considered as two distinct kinds of particles, each 
obeying the exclusion principle. 


4441* An alternative proof, due to Klein [38], will be given here for 
the sake of its elegance. We would even have given it in preference, were 
it not that it is based on the so-called '‘second quantization” method, the 
knowledge of which we do not wish to require from the reader. The 
quantized amplitudes of a system of particles satisfying the exclusion 
principle in the form stated above are functions of the Q's and r, say 
a(Q, r), a+(Q. t), which obey the commutation rules 

[a (Qi, 7 -,), a (Qz. 72 )]+ = [a+(Q,, t,), a+(Q 2 , 72 )]+ - ■ 0 
[a (Q„ r,), a+(Q 2 . 72 )]^ (Q,. Q,) <5,.,,. 

where Q 2 ) the ordinary or the Dirac function, according as the 

Q's have a discrete or continuous range of values. We recall that the pro¬ 
duct a+ (Q,r)a(Q, t)~:_ N(Q,t) represents the number (1 or 0) of particles 
in the state (Q, t); as may readily be deduced from (35), the TV's commute 
v/ith all as and a**''s, except that 

a (Q, r) iV(Q. r) := [1 -7V(Q, r)] a (Q, r). (36) 


Now, we intend to show the equivalence of this mode of description of 
the system with another, characterized by two sets of amplitudes a+(Q), 
a--(Q) satisfying the following requirements: 

(1) the expressions a| a.|, al a. represent the numbers of ”+ 1” particles 
and ”—1” particles in the state Q, respectively; 

(2) the (a+,a|), (a._,a^) satisfy separately commutation rules of the 
same type as (35); 

(3) any of the (af,a+) commutes with any of the (a_,al). 

The two first conditions are obviously satisfied by identifying a+, a _ with 
:dba(rz=: + l), it;a(rz:" — 1), respectively; the third condition can then 
be fulfilled by suitably fixing the double sign. It suffices to put 


a,{Q)^a(Q.+ l) 

1 ) 

a_(Q)-.(~l)^ •a(Q,-l). 


(37) 


From (36), it follows, in fact, that 

[a(Q, + 1). 


(38) 


whence, taking account of (35), 

[a{Q,+ 1), 


(39) 

,4 
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from (39) and (35), tlje relations 

[a+ (Q,). a- (Q^)]- = [a+ (Q,), al (Q^)]- = 0 (40) 

are immediately deduced, on account of the definition (37). 

^ 2 . Wave-equation of the nucleon 

4*21 ♦ Linearization of wavc'^equation, A very remarkable use of dicho¬ 
tomic variables has, as is well-known, been made by DlRAC [35] in order 
to ^‘linearize” the fundamental equation 

E^=::M^ + p^ ( 1 ) 

between the energy E, rest mass M and momentum p (multiplied by c) of 
a free particle of spin i.e. to find a rational function of M and of the 
components of p, the square of which would be equal to the right-hand side 
of (1). From (4.77-1) and (4.77-8) we first deduce, for any vector p with 

—► 

commutable components, and commuting with r, the identity 


p2 = (rp)2, (2) 

whence the expression t p is seen to yield the desired result as regards 

p^\ We may also decompose the vector p into two perpendicular compo¬ 
nents p,|,Pj^ »* with the help of the dichotomic variables ^ associated 
wuth the directions of these components, w^e may then write, on account of 
the invariant form of (2), 

p^=pf,+ pi~(^iP,i + Tj^pj.)^- (3) 

This gives us a purely algebraical identity, expressing that the square of 
the rational function t , p,, + which are any two commutable 

quantities, while refer to two perpendicular directions, is just 

pl+pl- 

Turning now to equation (1), we can effect its linearization by means 
of two dichotomic variables a, q; the first of these will allow us, according 
to (2), to replace p- by {o p)^, while the second will be used, according to 


(3), to express the right-hand side of (1) as the square of (op). 

This last expression Dirac then assumes as the Hamiltonian of the free 
particle: 

E — + (4) 

On closer discussion, it turns out that the vector a can be interpreted as 
the spin vector of the particle. For this point, as well as for the further 
development of the theory, we must refer the reader to Dirac's book. Here 
we shall only mention that the other dichotomic variables and also 
receive simple and important interpretations. 
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We may first enumerate the four components of the wave-function by 
the eigenvalues of and of which thus takes the diagonal form * ^3; for 
we may then conveniently choose the form The variable divides 
these components into two pairs, which we shall denote by 1) 

and =—1), respectively. We now write down the wave- 

equation for separately. To find this, first multiply (4) on the right 
by P._=::r4(l —q ^); remembering the property of the operator 
discussed above (4.12), of transforming into we then get 

(E + M)h^ —(op) (5) 

whence, for a state of given momentum p and positive energy E, we find 
for the order of magnitude of the ratio of the amplitudes of and 1/’+ 

V^- P ^ ^ 

V-, ^E + M^c^ 

V being the velocity of the electron in the state considered. In view of the 
limiting case of slow velocities, the pairs of components </’+, arc there¬ 
fore usually called the “large” and the “small” components, respectively. 
We thus see that discriminates between large and small components 
of the wave-function. 

If, on the other hand, we choose as dichotomic variable to enumerate 
the components of the wave-function instead of (so that now — ^>3 
and = say), we get another separation into two pairs, called 
“spinors”, each of which transforms according to a two-dimensional irre¬ 
ducible representation of the Lorentz group (excluding reflections). We 
shall, however, not further discuss this aspect of the theory, of which no 
use is made in the book. 

4*22» Isotopic variable. In conformity with the conception of proton 
and neutron as states of different charge of the nucleon, we introduce a 
dichotomic variable to distinguish these states. It will be called the isotopic 
variable we make the convention that its eigenvalues +1, — 1 denote 
neutron and proton states, respectively. To the isotopic variable corresponds, 
according to the general theory, a fundamental vector in a symbolical space, 
which will be denoted (to distinguish it from vectors in ordinary space) 
by a clarendon type r, while its components ti, 13, as defined by (4.11-6), 
will be distinguished by clarendon type indices. The corresponding sym¬ 
bolical space will be called the isotopic space. The wave-function of the 
nucleon will then be considered as depending also on the eigenvalues 
of the isotopic variable 13. With the help of the operators 

T+=i(l+T3) . (7) 

Dirac takes e,, = —e 3 » = —i?i» which only amounts to a permutation of the 

respective roles of the eigenvalues +1 and —1 of 
** The usual name is "isotopic spin". 



52 


IV. DYNAMICAL VARIABLES 


4221 


the mass M of the nucleon is expressed as an operator 

M = (8) 

If we adopt (121) for the nucleon the linearization procedure (421) of 
Dirac, the Hamiltonian of a free nucleon takes the form (4), in which M 
has to be replaced, strictly speaking, by its expression (8); it will, however, 
mostly be permissible to neglect the effects of the mass difference between 
proton and neutron and treat M as a constant *. 


4*2214 Interaction with electromagnetic field. In order to account for 
the interaction of a nucleon with an external electromagnetic field, we must 
add to the Hamiltonian not only the usua! terms connected with the charge 
of the proton, but also other terms arising from the anomalous magnetic 
moment (1.2/, 122), The Hamiltonian representing this interaction cor¬ 
rectly to the first order of approximation in the nucleon velocity is the 
following: 


H = Qxo{p — eA) -\-T-.eV ~\- q^M 

— [/'n T+ 4 {fip — I) T_] fi^ rr H. 


( 9 ) 


A, V denoting the electromagnetic (vector and scalar) potential, and H 

the magnetic field, taken at the point x occupied by the nucleon. From this 
Hamiltonian the wave-equation is derived by interpreting the operators 

H, p as 


^ I b d 
c dt 



( 10 ) 


More rigorously, we should include into the Hamiltonian the interaction 
of the nucleon with the nuclear field (121), which should automatically 
give rise, in first approximation, to the supplementary terms of equation 
(9). In this way, the magnetic anomalies are related to the property of 
nuckons of going over from neutron to proton states, and conversely, 
with emission of mesons or leptons; this may certainly be regarded as 
an attractive feature of the field conception. From a formal point of view, 
considered as a method for correcting Dirac's equation, when applied to 
nucleons, without upsetting its main properties, such a procedure, however, 
is admittedly wrong in so far as it partakes of all the evils of quantum field 
theory, and it remains to be seen whether a much more radical departure 
from the present formalism will not prove unavoidable. 

* .From the point of view of a fundamental theory of elementary particles, one lias to 
keep in mind the possibility that the mass parameter occurring in the wave equation of a 
nucleon should actually be a constant M, irrespective of the charge of the nucleon, while 
the difference between the observed masses of proton and neutron should be attributed 
to the energy of the proper electromagnetic and nuclear fields created by these particles. 
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4 Reduction of the wave-equation of the two-nucicon system 

431* ** The fundamental wave^equation. The wave-equation of the two- 
nucleon system can be derived, to the first order in the nucleon velocities, 
from the Hamiltonian 


H' == p<2) ^ (^0) 4. ^,(2)) M+V. (1) 

in which the nucleon mass M is considered as a constant and the inter¬ 
action operator \P includes the Coulomb energy 

J(l) J(2)^ 

r - _ • 

Strictly speaking, a Hamiltonian of the form (1) is Lorentz invariant only 
when the potential energy IP corresponds to a ‘"contact" interaction, i.e. is 

proportional to b(x)~ '^{x)()(ij)b(z). In fact, this mode of interaction is 
the only one allowed by relativity requirements as long as one has to do 
with a direct interaction, without any intermediary field. For the only 
admissible expressions of the interaction energy, from this point of view, 
are of the type 

J SiJk.,. (x)s^j^-' (x)dv, 

involving products of source densities taken at the same point of 

space (and the same time); this just corresponds to an interaction potential 
*-> 

of the form b(x). Still, the Hamiltonian (1) may be used with any other 
form of distance dependence of V up to the first order of approximation 
in the nucleon velocities. This will be shown in a later section (75.22), 
in which second order corrections will also be summarily discussed. 

The operator \P, which is symmetrical in the sets of coordinates of the 
two interacting nucleons, has to satisfy the following general requirements 
of invariance: 

(a) conservation of energy demands that it be Hermitian; 

(b) conservation of momentum and Galilean relativity, that it depend on 
the position and momentum variables of the nucleon pair only through 
the relative coordinates and momenta *; 

(c) conservation of angular momentum, that it be invariant under spatial 
rotations: 

{d) V must also be invariant under spatial reflections (this property does 
not correspond to any classical conservation law’*"*): 


* Conservation of momentum means invariance with respect to translations, the 
infinitesimal transformation operators of which arc proportional to the components of the 
total momentum. The operators of infinitesimal Galilei transformations are proportional 
to the coordinates of the centre of gravity. 

** One might speak of “conservation of parity" (in a statistical sense); cf. E. WiGNiER, 
Gotf. Nachr, 1927, p. 375. The concept of parity is defined in 4,SSL ' 
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(e) invariance under a change of sign of the time variable implies that V 
remains invariant when the momenta and spin variables change sign, 
while at the same time any operator fl iin ^ (ti — effecting a 
neutron-proton transition (4,12-24), is replaced by the corresponding 
n+, which effects the reverse transition, and vice versa: 

(f) conservation of charge, that V commute with in other 

words that it be invariant under rotations about the 3-axis in symbolical 
isotopic space. 

In addition, we shall now assume that 

—>■ —>■ 

(g) V does not contain either the momenta pd), p(‘^^ or the variables 

^(2) (f^ 1, 2,3): 

this means that we have to do with a static interaction. This is the essential 
restriction underlying the following developments. Combining it with the 
invariance requirements (b), (c) and (d) above, we conclude that 

(h) V is symmetric with respect to the spin variables a(-). 


431 !♦ Reduction to the barycentric system of reference. Let us intro¬ 
duce the coordinates 


Xb' 


xii) + 

2~~' 




i(2) 


( 2 ) 


of the centre of gravity of the system and the relative coordinates 

, pz=->.(P»)^pi2)). (3) 

Applying to the Hamiltonian (1) the canonical transformation (2), (3), we 
get, on account of assumption (b) about V, 

+ Qf ^2)) p, + U, (4) 

with 


u =: ^2)) p ^ (^,0) ^ ^(2)) M + V, (5) 

From this it appears that pt, commuting with H', is a constant of the 
motion. We may therefore restrict ourselves to such states of the system 
for which 

pb —.0, (6) 

i.e. the centre of gravity is at rest. In this barycentric system of reference, 
the Hamiltonian, expressed in the relative coordinates, is simply given by Ht 
as defined by (5). The total angular momentum (multiplied by c) is, in 
this system, 

b/=xAp + 4(o<»> + a<2)); 


( 7 ) 
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by assumption (c) about V, its three components are constants of the 
motion. 

432* Classification of eigenstates by angular momentum. In the usual 
way, let us consider the commutable operators /- and Jz (z denoting any 
fixed direction in space): the eigenfunctions of the Hamiltonian H will be 
linear combinations of the simultaneous eigenfunctions of these two 
operators. The latter may be obtained as follows. For the square of the 
spin angular momentum (in units b)» we get in the first place 

I (ad) + a(2))2 = 4 (3 + ad) a(2)) = P.+ \. (8) 

Pa being the exchange operator (4,13) for the spin variables. The spin 
eigenstates therefore consist of two systems, corresponding to the eigen¬ 
values 0 and 2 of the quantity (8): a non-degenerate or singlet system and 
a trebly degenerate or triplet system. Their respective eigenfunctions may 
be written, if i’- denote in the usual way the eigenfunctions of Oz with 


respective eigenvalues 

+ 1 , 

— 1: 



Singlet: 

'(«)o 


(2)-^_(l)t;+(2)] 


Triplet: 


= p-j K (1) l'- 

(2) + «;-(l)u+(2)] 

(9) 


Ho), 

= y+(l)t>+ (2) 




^{a).i = v (\)v-{2); 

these are at the same time eigenfunctions of the z-component of the spin 
Y (^^z corresponding to the eigenvalues given by the lower indices 

of the symbols (a). It is easy to see that for the singlet states, we actually 
get 

i(^^) + a(2)) *(0)0 = 0 (10) 

for all spin components. 

On the other hand, the square and the z-component of the orbital 
angular momentum (in units b) 

L = X A p (11) 

have as eigenfunctions the tesseral harmonics* Yf(^,(p), corresponding 
to the eigenvalues /(/+!) of U and m of Lz, Since, by (7), (8), 

P^U + P,+ \+ (aO) + a<2)) L (12) 

and 

/z = L. + i(a»)H-aW). (13) 

* The definitions and notations adopted for the functions are explained in N. 14, 
Here, r, 1 ^, q> are the polar coordinates of particle (1) with respect to particle (2), the 
polar axis being in the z-direction. 
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wc sec directly that for the singlet system, the eigenvalues of P and ]z 
are, on account of ( 10 ), just the same as those of U and Lz, so that the 
eigenfunctions are simply 

'z</>'"=>(o)oyr. 

For the triplet system, wc may, according to (13), write the eigenfunctions 
corresponding to a given value / of the orbital angular momentum and to a 
given eigenvalue m of ]z in the form 

aj • 3(a)o vr+bj ■ \o), rr’ + cj ■ 3(o)_, vr'. (is) 

The eigenvalues of p as well as the coefficients a,, bj, cj result, by 
( 12 ), from the eigenvalue-problem 

[/(/ + 1) + 2-Ay] • 'Zj'"” + • 'zy'" 0. (16) 

—► 

Using the well-known formulae for the matrix-elements of L, this is readily 
reduced to a set of three homogeneous linear equations in ay, hj, cy* Putting 
A, m j(j +1), the zeros of the secular determinant are 


j r::: / and J =: I ±: 1 ; 

the normalized eigenfunctions of the form (15) are found to be 




1 

i 2 /(/+!) 




+ 3(«), • YT -~r(/-m)(/+m+])- 5(a)_, • 


^t-il 


1 

] 2 (Z+ 1 )( 2 /+ 1 ) 


[12 1 {/+/n+l)(Z—m + ij-V)o' Y" 


(17) 


3 ^(/) m 


— ] (Z+m){Z+/n+l) • ’(o). • Y, 

1 


- l'(7-m)'(Z-m+l) • ^(a)-, • Y^'] 

[ f 2 \(l-\-m)(l—m) ■ *(<7)0 • Yf 


[ 2 /( 2 /+l) 

+ i(l—m)(l—m+\)' ^(a)^ ■ YT~' + i(l+m)(i+m+\) ■ ^(a)_, • 


Reduction to *'large' components. The distribution between 
'"large’' and “small” components of the wave-functions (4.21) is effected 
by the operator ^ (t>y^ + the eigenfunctions of which form a set 

'( 0 ) 0 : ^(!?)o- %)i- ^{e)-i 

built up in a way entirely analogous to (9) with the eigenfunctions w^, 
of the dichotomic variable ^ 3 . Any wave-function of our problem may be 
written as 

yj zr -j- 

v<" = Yo-^(e)o + Yo’He)o 


( 18 ) 
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is then the '"large” component, is of the first order in the nucleon 
velocities, of the second, order in these velocities. In the following we 
shall, in conformity with our initial assumptions {431), perform the 
reduction of the wave-equation only to the first order of approximation in 
the nucleon velocities; the extension of the method to a higher degree of 
accuracy would, however, be quite straightforward *. 

Inserting (18) into the equation — Ey\ taking account of assump¬ 
tion {g) about V, and observing that the "non-relativistic” energy 

e^E-2M (19) 

and V are also negligible in comparison with 2M, we get 

- ow) p • Yo - “ P" + P • Yo + ^ • Y. = * • Y> 

( 20 ) 

_J_ (>4>))p.3^,^2M-Yo. 

whence, by eliminating and ^fo and using {4J1-9), the wave-equation 
for the large component 

(^ +( 21 ) 

follows in the form of the ordinary Schrodinger equation with the reduced 
mass J M. Once ^fi is determined, the small components may 

be calculated from the last two relations (20), 

4331* Properties of the large components. Owing to the property 
(h) of V and to formula (8), the potential commutes with the square of 
the total spin and thus conserves the multiplicity of the large components 

: these eigenfunctions separate into two distinct groups, the singlet and 
the triplet systems. Likewise, on account of the rotation invariance (c) 
of Vf the functions correspond to definite values of the quantum 
numbers j and m. In the singlet system, the orbital momentum is hereby 
also fixed {I = j). But in the triplet system, it will in general not have a 
definite eigenvalue: the functions will be linear combinations of the 
with I /•— 1 I </</•+ 1. 

The character of this "mixture” of states of different orbital momenta 
can be more closely determined by taking into consideration the parity of 
the eigenstates. When a spatial symmetry transformation with respect to 
the origin is performed, the eigenfunction may either resume its original 
value or change sign: in the former case, we have to do with an even 

* A rigorous treatment, involving the use of group theory, is due to Kemmer [37a]. 
The discussion given here is quite elementary. 
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State; in the latter, with an odd state. This transformation property is 
called the parity of the state; it can be designated either by the words 
"'even”, "‘odd'' or by the corresponding eigenvalues +1, —1 of the 
spatial symmetry operator. Any state of orbital momentum I has the 
parity (— 1 Now, by property (d) of the potential, the large components 
s/*] must also have a definite parity; they can therefore only involve states 
with either even or odd values of /. Of the three possible /-values for a 
given /, viz. | /— 1 |, /, j + 1, the two extreme ones are of the same parity, 
while the middle one is of opposite parity. For every value of j, there are 
thus two distinct triplet states, the one of which has a definite orbital 
momentum / 31:1 /, while the other is a mixture of states of orbital momenta 

/:=: / it 1. Using the well-known spectroscxopic notation ^Lj for states of 
definite orbital momentum, we may express the result of this discussion by 
the following table: 


0 

1 

2 

3 


Even states 1 

1 

Oda states 

! 

! 

^Po 

-j- ^D\ i 

'P. 

^D2 

sPi+SF, 

^Di -1- ’G, 

3F, 


etc. 


( 22 ) 


The coefficients of the Z s in the may further be decomposed into a 
radial factor and an eigenfunction of the total isotopic variable ), 

characterizing the given total charge of the system. In a notation entirely 
analogous to (9), the latter eigenfunctions form.a set 

^(rW. 'Wo : . ’(4 . 

in which the i>’s occurring in (9) are replaced by the eigenfunctions 
of T 3 . The eigenvalue mt of the total isotopic variable is also a quantum 
number of the eigenstate; the values mt ~ — 1 , 0 , +1 refer to the two- 
proton, proton-neutron and two-neutron system, respectively. 

The symmetry of the charge eigenfunction is indicated by i I or 3 
("‘charge singlet"’, “charge triplet”). The particular eigenfunction 
occurring in the coefficient of a given Z is uniquely fixed by the exclusion 
principle in the following way. When space and spin coordinates of the 
two particles are interchanged, the functions are multiplied 

by (— and (— 1 )^ respectively. In order that the total eigenfunction 
be antisymmetrical when we also interchange the isotopic variables, we 
must therefore take: 



Even states 

Odd states 

Singlet 


MO 

Triplet 

MO ! 

! 1 

MO 
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For a system of two protons or two neutrons, the eigenfunction ^(r)mf 
has necessarily the form 3(T)ii and the possible eigenstates are accordingly 
restricted to the '‘charge symmetrical" states. The proton-neutron system, 
on the other hand, possesses the full set of possible eigenstates, with the 
isotopic eigenfunctions and i(t)o* 

Summing up, the "large" eigenfunctions may thus be written in the 
general form 



r 


RTn,t(r) 




(nm 




'TTlf f 


(24) 


the summation over /' reducing to a single term /' j or extending over 
I' zzz j ±:A according to the above rules; the value of t' is fixed in terms 
of a and the parity of the state by (23). Inserting this in equation (21), 
it is easily deduced that the radial functions R(r) satisfy the set of differen¬ 
tial equations * 


ML*2 ^ 


f (f + 1) 




m . 


(25) 


in which the matrix-elements of V are defined by 

(/1 I n = 2\ / dQ ’zy : (26) 


^ 2 . -3 


the summations are to be performed over the isotopic and spin variables 
^ 3 ^ » the integration over the angle variables i), y-; due to the 

rotation invariance of y, the quantities (26) are independent of the 
quantum number m; the charge multiplicity r is the same for / and /', since 
these numbers have the same parity. 


4.34. Central potential, A considerable simplification occurs if the 
interaction operator V does not depend on the angle variables. In this case, 
it has only diagonal matrix elements of the type (26) and the differential 
system (25) always reduces to separate differential equations for the 
This means that the large eigenfunctions all belong to definite 
orbital quantum numbers. The diagonal matrix element of the central 
potential V is, of course, independent of j; in fact, it depends only on 
the parity of the state, not on the value of L It is therefore a function 
which may be regarded as the effective central potential in the 
states of the system with given charge, multiplicity and parity. On account 
of (23), there are, for the proton-neutron system, four independent 
effective potentials, pertaining to even or odd states of the singlet or triplet 
system; wc may denote these types of states by the symbols ^5, ^P, 

The system of two like nucleons, on the other hand, has only eigenstates 


* Indices /, mt affecting the symbols R,V,e have been omitted from formula (25). 
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of the types ’5- and and accordingly two distinct effective potentials. 
The radial equation, of which ’/?*** is a proper solution, has the form * 

l M [_dP 

and the large component of the eigenfunction may be written 


V^'^ir)rR' 


o('). 






i(0 


(27) 




Yr 






mf. 


(28) 


T being determined by (23). 

The calculation of the small components ^ fo by the last two of formulae 
(20) can be shortened by the observation thaf the operators on the left-hand 
side, being rotation invariant, transform any^^y^^into a linear combination 
of other Z’s with the same / and mi in order to determine the coefficients 
of these linear expressions, it is therefore sufficient to consider only one 
term of the as given by (15), e.g. ay - *^ 0)0 • . Further the operator 

(o(^) + o(-)) p in the equation for ^fo does not alter the multiplicity 0 . while 
that in ^fo exchanges triplet and singlet states: and according to well- 

known formulae, the effect of the operator p is to transform a into 
a combination -f- K For the singlet system, we thus get 


"z }'-’""+fi ■ ’z; 


(7fl)m 


and, by (10), 


Jfo 0; 

for the triplet system, we may write 

3r 1 iTi 
10 

and 


for f=l: ‘fo ~ «' • ^Z}'~'"" + p' ■ 

fory = /±l: 


The remanung explicit calculation is very short and finally yields, with 
(18), the following results; 

Singlet system: 


( 0 ) 

•=’(?), •’Z}'"”-'<(r)/r 

5 = []/ 27^^ 


(29a) 


The index nif should be added to the symbols V, R, e in (27). 
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Triplet system: 
( 0 ) 


l = i: 


v = ^(r)mr^Q)r"zT'"-'R%{r)lf 

l/ ^ 3or(y+i);n ^ 


0) 

V' = Wm, 


3o(/» 


( 1 ) 


/=;■—1: V> = \t) 


m, 


'{q)o 


1 l/-^ ^ 37(/ln< 

° F 2/+1 


2j 

+ ’(c). l4y + I 


D/s; 


3dO-') 


( 1 ) 


l=j+l-. y>= (T)nn 


+ ^(e)o |/ 


(J) m 


j + 1 \ yU) m I 

2y+ i 


mt 


3^0+1) 


-U+i) rinif 

In these formulae, the symbol D; denotes the radial operator 




ib_, 1 

' 2 'm' 'r 


_ i 

dr r 


(29b) 


(30) 


4341 ♦ Exchange potentials. Besides ordinary central forces, described 
by a potential operator J(r), other types of central interactions, known as 
exchange interactions, have played a considerable part in the historical 
development of the study of nuclear forces. Although they are now super¬ 
seded by more general kinds of nuclear potentials, it will not be super¬ 
fluous to mention them here for future reference. 

Let us first consider a potential operator involving the product of a 
general central interaction operator and the exchange operator Px of the 
position coordinates of the two interacting particles: 

V' = V(r;o.T)P,. (31) 

the function V depending in an arbitrary way on the spin and charge 

coordinates Although the operator Px affects the angular 

variables, as it transforms ?>, (p into n — {}» (p -f- tx, the potential V' can still 
be regarded as a central potential, because the interchange of position coor¬ 
dinates, on account of the exclusion principle, is equivalent to the inter¬ 
change of spin and charge coordinates and change of sign of the wave- 
function; in other words, we may write 

(32) 

provided the operators are only applied to completely antisymmetrical 
functions. 

As regards the corresponding effective potentials (4.34), the effect of 
the factor Px, which is obviously the same as the operator of spatial sym¬ 
metry transformation, is simply to change the sign of the effective potential 
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for odd states, while it has no effect on the effective potential for even 
states: 


(33) 

Other possibilities are clearly the introduction, as a factor, of one the 
exchange operators Par or Pr. Also in these cases, analogous properties of 
the signs of the effective potentials can be enunciated. On the whole, we 
may distinguish four fundamental types of exchange potentials, respectively 
defined by 

V„ = J(r) . l’„ = JMP, = -;WP.P, 
V^=J<r)P,. l’„ = -JMP, = JWP.P, 

and designated by the names of their promotors: Wigner, Majorana, 
Bartlett and Heisenberg. 


4.4. Electromagnetic interactions 

4.4L The exchange operators. In a field theory of nuclear forces, the 
operators of charge and current density of a system of nucleons cannot be 
expected to be expressed simply by the sum of the corresponding operators 
pertaining to the individual nucleons. Since at least part of the nuclear 
field must be assumed to carry electric chcirge (1,21), there will in fact 
occur virtual transitions (1.321) involving the exchange of an elementary 
charge between a proton and a neutron and this will imply a redistribution 
of the charges and currents of the system, depending on these virtual 
exchange processes. The corresponding terms in the charge and current 
density of the system (just as well as those in the energy operator) will 
therefore involve the characteristic operators effecting the 

transformation of a nucleon from neutron to proton state or vice versa 
(4.12-24); more precisely, since a pair of nucleons is involved, they may 
depend on the operators Ri') and or on the Herraitian 

combinations 


~ (fT') nwt—n''>+ nw) 

'■ ( 2 ) 
= i (t','’ t!/> - r'*>) = I (t"> a 


Now, from the general law of formation of the energy-momentum tensor 
on the one hand, and the electric charge and current density on the other, 
from th^ given Lagrangian of the system (Belinfante [39, 40], Rosen- 
FELD [40], Moller and Rosenfeld [43]), it appears that the former 
quantity involves a sum, and the latter a difference of adjoint quantities: 
the interaction.energy will consequently embody exchange terms of the 



4.42 


ELECTROMAGNETIC INTERACTIONS 


63 


form while in the charge and current density the exchange terms 

will contain factors 

The operator has the eigenfunctions 3 (t)o, ^(t)o and ^(x)±\ with 
the respective eigenvalues + 1, —1 and 0 (double). As regards 
it has, of course, the same eigenvalues, but it does not commute with 
applied to the eigenfunctions of a system of two like nucleons, it 

also gives, of course, zero, but with respect to the deuteron system, it 
interchanges charge singlet and charge triplet: 

= , n<>2>'(T)o-:-f’(r)o. (3) 

One finds further 

tO)] - [V^2)^ r^2)] 2 i . (4) 

4*42* The exchange moments. The interaction of a system containing 
charges and currents with a slowly varying external electromagnetic field 

E, H can, as is well-known (A2.11~6), be expanded in the form 

Ve,..a,n ^ ^EP - H M--(Q grad) E - .... (5) 

in tetms of the successive 2”-pole moments; in formula (5) we have 
omitted the term involving the total charge and written only those 

—► 

depending on the electric dipole moment P, the magnetic dipole moment 

M and the electric quadrupole moment represented by the tensor Q. For 
the deuteron system, we must expect, according to the above considerations, 
such moments also to involve exchange terms (there will be further terms 
depending explicitly on the nuclear field variables, but these do not play 
any role as long as no free mesons take part in the process studied); for 
instance, we shall have 

-> -> —>• 

AT— A/nuci H” AT^xch (6} 

with an exchange term of the form 

(7) 

while M„uci denotes the sum of the moments of the nucleons; if there is 
no orbital motion (5-state), we have simply 

( 8 ) 

with (1.2E L22, 4.22) 

The exchange moments give no contribution to the expectation values of 
these quantities in stationary states of the deuteron, but they may give 
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rise to transitions between such states under the influence of an external 
field. Moreover, they will generally contribute to the expectation value of 
the electromagnetic energy of the system in a stationary state, since this 
depends quadratically on the moments, and zn 4 (1 —r^^). i.e.= 1 

in any state of the deuteron. 

4.43. The electric dipole moment and Siegert s theorem. The explicit 
calculation of the exchange moments falls outside the scope of this work; 
a systematic survey has been given by M 0 LLER and ROSENFELD [43], It is 
found, in particular, that the exchange magnetic moment of the deuteron, 
defined with respect to the centre of gravity of the system, is due solely 
to the spin dependent part of the meson field. As to the exchange electric 
dipole moment, it can be shown for any nuclear system to give rise only 
to effects of the second order in the nucleon velocities, and it can therefore 
be neglected. There remains thus just the moment due to the separate 
protons; 

( 10 ) 

i 

which for the deuteron becomes (the moment being again defined with 
respect to the centre of gravity) 

Pnuci = --|-- (11) 

—► 

in terms of the relative coordinates x (4311-3). 

It is interesting to notice that even the interaction operator — 
embodies exchange effects; this may be seen by observing that this operator 
is equivalent, for the calculation of expectation values in stationary states 
or probabilities of processes involving conservation of the total energy, to 

grad V * P nud A * P nuci» 

'' 

where /'x, V denotes the electromagnetic potential and the dot signifies 
derivation with respect to ct. The two operators differ in fact only by a 
time derivative, which has vanishing matrix elements in the cases mentioned. 
Now, 

Pauci + e 2 ; ; 

i i 

while the first term just represents the ordinary contribution from the total 
proton. current, the second term may be written, in first approximation, 
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i.e., by (4), 


n(«> u;"2) 


( 12 ) 


which is of the exchange type. The expression (12) exhibits a remarkable 

connexion between the exchange part of Pnud that of the nuclear 

potential. This relation,*known as Siegert’s theorem (SiEGERT [37], Lamb 
and SCHlFF [38] ), could be used, at an early stage of development of the 

field theory, to write down approximately the exchange part of P when 
the exchange nuclear potential was known. A more exact calculation 
(Moller and Rosenfeld [43]) shows that even when effects of the first 

order in the velocities are taken into account, the exchange part of P is 
represented by an expression of the form (12), in which, however, 
denotes the static exchange potential only. It is this somewhat surprising 
result which authorizes the above-mentioned conclusion that any explicit 
exchange term in the electric dipole moment can only yield contributions 
of higher order in the nucleon velocities. 


5 . 



CHAPTER V 


THE STATIONARY STATES OF THE PROTON^NEUTRON 

SYSTEM 

5*0* In the following Chapters, the properties of stationary states of 
two-nucleon systems will be investigated, starting from the radial equation 
(4.3i-27) valid on the assumption of a central interaction. Apart from 
the state of binding of the deuteron, we shall chiefly be concerned with 
scattering processes, and the results of the theoretical treatment will be 
confronted with the experimental data. It will be convenient to examine 
separately the proton-neutron and the proton-proton systems. In particular, 
the Coulomb interaction in the latter case entails an essential complication, 
because (as is well-known) such an interaction influences even the 
asymptotic behaviour of the radial wave-functions, which determines the 
features of the scattering process. We therefore begin with the proton- 
neutron system, in which only the nuclear field is operative. 

5*1* Properties of short-range central potentials 

5*11* Types of short-range central potentials. On account of the 
limited range of the nuclear potential (2.1), we shall have to study the 
behaviour of the radial wave-equation when the function representing the 
effective potential energy decreases (in absolute value) very rapidly with 
increasing distance. Considering the behaviour at small distances, on the 
other hand, we can at once exclude singularities at the origin stronger than 
a pole of the second order. For if the coefficient of the unknown function 
in an equation of the form (434-27) possessed such a singularity, the 
equation would have no regular integrals, and thus no eigensolutions 
The case of a pole of the second order docs not unrestrictedly admit of 
eigensolutions; we shall leave it aside In the following, we shall thus 
assume that the potential has at most a simple pole at the origin. We 
propose to show how a discussion based essentially on these assumptions 
only, leads to a fairly complete survey of the general behaviour of the 
eigenfunctions. 

As regards the analytical form of the potential, we may in the first 
place think of simple functions such as that resulting from the meson field 

* This is an immediate consequence of the general theory of linear differential 
equations (W 6 W, Chapter X, especially 10,3)^ valid for any linear equation of the 
second order such that the coefficient of the first derivative of the unknown has at most 
a simple pole at the critical point considered. In fact, under such conditions, the indicia! 
equation breaks down. 

See N. F. Mott and H. S. W. MASSEY, The theory o/ atomic collisions (1933), 
Chapter II, 3.2, p. 30. 
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theory, which involve the product of the distance with some constant, 
the inverse of which can then be regarded as defining the range of the 
potential. But we cannot exclude the possibility of more than one such 
constant occurring in the expression of V; if there are, for instance, 
different kinds of mesons with different masses, we shall meet with nuclear 
potentials of the form (a| + a 2 ..)/r. Besides, there is no 

a priori reason why the effective potentials pertaining to different types of 
stationary states should not have different ranges. In any case, we can 
refer all distances to one of the range constants occurring in the expression 
for the potential; this particular constant we shall denote by x and, for 
brevity, call “the” range of the nuclear force. We then introduce as 
dimensionless variable 

S-i- xr. ( 1 ) 

Simple types of short-range potentials which have been extensively 
studied are the following (see especially B 6 B, § 12 and passim): 


(a) 

1 . 1 ,, ,,,, t 1 for 0 ^ f 1 

the potential well < 

(w = 0 for f > 1 

( 2 ) 

(b) 

the exponential potential w = e~^^ 

(3) 

(c) 

the Morse * potential w = 2 e'’^^ — 

( 4 ) 

id) 

the „Gauss” potential w = e~^' 

(5) 

(e) 

the meson potential w = e‘^^IS. 

(6) 

The last one can, as especially emphasized by Hulthen [42a] 
5.231) conveniently be approximated by 

(5.22, 


e~^ 

w= -l; 

1 —e ^ 

(7) 

also the type 

u; ” 1 — tgh^ f 

( 8 ) 


has been considered (Hylleraas [37]). In all the preceding formulae, 
the function w(S) has been normalized in such a way that it reduces either 
to or to 1 for ^ 0. The actual effective potentials are then of the 

form y zni — Jw(i); the constant J will be called the strength of the 
corresponding effective potential. (In the most general case, both J and 
w{^) must carry indices a, I referring to the type of stationary state 
considered **.) 

This convention and terminology has a clear-cut physical meaning only 
if the potential is attractive (or repulsive) at all distances. Still, we shall 

* This potential has been introduced and especially studied by Morse and his collabaro- 
tors; Iheir first paper (MORSE ct aL [36]) contains the fundamental, formulae and graphs. 

** In the following, we shall, when convenient without obscurity, omit such indices o, I 
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retain them, for the sake of uniformity, also in the more complicated case 
of a potential repulsive at small distances and going over into an attraction 
at larger distances (fig, 2.22); the “strength” J is then negative, but the 
function ip(f), positive at f zz: 0, changes sign and passes through a mini¬ 
mum at some distance fm, after which it rapidly tends To zero: it is. of 
course, the (positive) value Jr^(fm) which in such a case is of physical 
importance, at any rate for states of negative or not too large positive 
energies (5.7J3). 


In order to write the radial equation (434-27) in a dimensionless form, 
we put 




B: 


M 


M 




(9) 


b X 


and accordingly get 

^ + (’S'" + ,- 'J?” = 0. (10) 

Owing to the minus-sign in (9), a positive sign oi B izz b w(S) means an 
attractive force. To get an idea of the orders of magnitude involved, we 
note that the unit of energy introduced in (9) amounts, if is taken 

Kd(2.22),to(!’,yim = 5MeV. 


5*11 Normalization of radial eigenfunctions. The eigenfunctions of 
the discrete stationary states will be normalized with respect to the variable 
f according to the condition 


f\R\^d^=\; 


( 11 ) 


to go ever to the usual normalization with respect to r. one has thus to 
multiply the function R(^) by the factor \lx. For the eigenfunctions of the 
continuum, we have the condition of normalization in the reduced energy 
scale ri 

go A 

fd^R, f ( 12 ) 

0 ly-A 


we go over to the normalization in the usual.energy scale (and variable r) 


by means of the factorIn the latter case, it is often convenient to 


introduce, instead of the energy e, the momentum p of the relative motion 
or, better still, the quantity k representing 2n times the de Broglie wave- 
number (inverse of the wave-length i); between these quantities, we have 
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the relations 


_2n __ p _ fMt 


y 


(13) 


5A2* Behaviour of radial eigenfunction at small and large distances. 
In order that the eigenfunction ip be finite at the origin, the boundary 
condition 

';?"’(0)=o (14) 

must be imposed on the solutions of the radial equation (10). The 
behaviour of these solutions for small values of ^ is conditioned by the 
highest singularity of the coefficient of the unknown; from the general 
theory, as developed in W & W, 1032, it results that the solution which 
vanishes at f —- 0 behaves ^ for small 

Since the nuclear potential becomes negligible at large the asymptotic 
form of the function R will be expressible as a linear combination of the 
independent solutions of the equation 


d^W I 




^ -f-r 


W-0. 


(15) 


For the latter we can take either the confluent hypergeometric functions 

(W6W, 16,12) Wo,i+i (2iz) and Wo,/+^ (—2 iz), with z eee or 
the functions related to those of Bessel (W6W, 17,5): 


izjin (^) = yi- ! WoMi i2iz) + (- 1 )'+’ ^ 0,^4 {-2iz)\ 

I 2-^ 

(16) 

r 2 /-(/+l)(^)= /- \ Wo,iH(2iz) + {-iy WoMi(-2iz)\. 

I 2 n 

For half integer values of the index m, the asymptotic series (W6W, 
163) for Wo^rjiiz) reduces to a finite sum: 


Wo,i+i(2iz) e 


1 + 


>: 


n -1 


ILVo 


n\(2i z)" 


(17) 


The asymptotic behaviour of will consequently be essentially 

different according to the sign of r]. For negative t], i.e. stationary states 
of binding, z and on account of (17), the eigensolution, which 

must vanish at infinity, will decrease exponentially at large distances; 

For positive t], i.e. stationary states representing a proton and a neutron in 
relative motion, the formula 

~ a |/z//+j(2)+/jyz7_(4+4) , Z = fr]^ 


im 
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can be combined with the following, deduced from (16) and (17): 

l/-| sin (z — 

^ ^ ^ ’ ( 20 ) 

/-(/+!) {z) ~ |/~ (-1)' COS (z- ; 

this leads to the asymptotic form 

+ ’<!'"), (21) 

]7iirj ^ 

characterized by the phase constant the factor (n i t])~^ normalizes 
to unity in the reduced energy scale, in conformity with (12) 

While, according to (17), ±2iz) z~^ for small | z |, and 

(W & W, 17.24) the same is true of | z /-(/+i) (z), one has zji+{(z)^ 
so that the latter function represents the solution of equation (15) satisfying 

the boundary condition (H). In other words, the solution of our 

problem (10) for a positive value of rj goes over into izji^^ (z) when 
the potentialvanishes. Comparison of the asymptotic form (21) 
with the first formula (20) illustrates the significance of the phase 
this constant expresses the influence of the interaction on the behaviour 
of the moving nucleons at large distances from each other. The importance 
of the distortion of the wave-function by the nuclear potential will depend 
on the magnitude of this function in the region where the potential is 

effective. Considering the behaviour for small values of } of the wave- 
functions of different orbital momenta, we shall therefore, for a given 
energy, expect the phases to decrease with increasing /. The main effect 
will always be that on S-waves, while the distortion of the waves of higher 
orbital momentum will become increasingly important as the energy 
increases. 


* From equation (10) we derive by partial integration, for two states with the 
same a, I 


/ 


Rv' 


dR t} ^ 
ci$ 


i_. 


so that the normalization condition (12) takes the form 


Urn 
^0“^ «■ 


*7 +A 



dn' _ 


depending only on the asymptotic form of the solution; It is easily verified that (21) 
satisfies this condition. 
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5421. Some useful identities. Let be a proper solution of equation 
(10) and W any solution of equation (15) for the same values of / and i]. 

The integral J W ■"can easily be shown to depend only on 
0 

the behaviour of W and for f rr 0 and f m co. In fact, if we take 
from equation (10), we get 


a 

I 




S'^l 


de ^ ^ . 




v/hence, by partial integration, and taking account of (15) 

r’D<') 


J W-’B^''-°R’'>di= " 


dW 

^ df dk 


U Jo’ 


( 22 ) 


This formula can be specialized in various ways *. For a state of binding 
(»y<0). we get, using (17) and (16), 


00 

J 1^0,/+! (2 l'=^f)-’B‘'» £/f 


(23) 


2l±\ 

7+r 




l(/) 


(2 ]—yi) 


s"=0 


00 

jVP 




f 2 71 5-^00 L J 


(24) 


in (24), we have put In(z) i-'^JnUz) andW:=z^ Woj+^(—2} —»yf). 
For a state of relative motion (^>0), (20) and (21) give 


(' y f /i + i (r' f) • ’5''’ • d( = sin'd'" 
f' 2iy 


(25) 


(-!)'+> ^ ryf;_,,^j,(y,/f).^B(«.';j('>df=cos'^''>HT : (26) 

] 2J U UukUy f)J,'_~.o 

0 

in deriving the last term of (26) use has further been made of the property 
of Bessel functions (W6W, 17.2) 

hm Jn (z) J^n \z) — p/ | 7 - r n /T \ — * 

^ r(l+n)r(l—n) nn 

5A3* General behaviour of eigenfunctions of S-states, The wave- 


* The following identities have been derived, as well as slightly more general ones, 
by Hulth^N [44c. 45a]. 
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equation (10) gives directly the curvature of the integral curve R{$) in 
each point: 

= , B = bw(^). (27) 

Starting with a solution which behaves like ai at the origin (5J2) (where, 
for definiteness, we take a>0), we are thus able to follow the whole 
course of the integral curve in its dependence on the potential B(^), 

5*131. Repulsive potential. If the potential is repulsive at all distances 
(jB<0), it is clear that no negative eigenvalue rj is possible; since other¬ 
wise we would have > 0, i.e. the curve would always bend up¬ 

wards, and consequently exhibit an exponential increase at large distances. 
For positive values of fj, the curve (fig. 5.131) will generally* begin by 
bending upwards, until the point So is reached, for which B(So) + // - 0; 
at f() the curve has an inflexion point and bends downwards until R(S) 
itself becomes zero; and from this point it goes on oscillating in a fashion 
rapidly approximating the asymptotic form (21); the phase 6^^) is seen to 
be negative. 




Fig. 5.131. 5- state; repulsive potential. Fig. 5.132-*1. 5-state of relative motion 

. (i/ > 0); attractive potential. 

5.132, Attractive potential. If the potential is attractive at all distances 
(JB>0), the integral curve begins by bending downwards**, so that 
R(S), after passing through a maximum, will begin to decrease. Everything 
now depends, however, on the rapidity of this variation, which in its turn 
is conditioned by the strength of the potential. Let S' be some value of S 
for which the potential becomes so small that from this point on the wave- 
function may be considered to be sufficiently approximated by its asymp¬ 
totic form. If when reaching S' the value of R is still increasing, the 

The only exception would be, for a potential finite at the origin, the case »? > | f> [. 

But this case can readily be discussed in the same way as the others and shows the same 
general behaviour. 

The reader will readily recognize that the onl,y exceptional case, viz. that of a 
potential finite at the origin and a negative eigenvalue with 1| > b, can be excluded. 
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integral curve cannot, of course, go over smoothly into an exponentially 
decreasing one, but must be of the periodic type (fig. 5.732-1): this will 
necessarily happen for sufficiently small values of b (and of tj, if >y>0). 

But if b is large enough, it will become possible (fig. 5.132-2, curve 
(a)) for the wave-function to begin decreasing before the point and to 
go over at this point into the exponential decrease required for the existence 
of a stationary state with negative eigenvalue; the latter quantity will 
then be determined by the slope of the integral curve at the point of 
junction f'. We thus come to the conclusion that if the potential constant b 
remains below a certain critical value b^, there can be no state of binding 
of the deuteron. As soon as b exceeds b^ there will be one such state; the 
case b bI is a limiting case, for which the binding energy is zero. 

As b increases beyond the eigenvalue corresponding to the state of 
binding under discussion must increase in absolute value, in order to 
prevent a too rapid bending of the integral curve At the same time, 
however, the possibility arises of another type of integral curve, in which 
the curve, after passing its first maximum, slopes down till it crosses the 
f-axis on the left of and further proceeds bending upwards on the 



Fig. 5.132-2 ^-states of binding (//<0); 
attractive potential. 



(//>0); strong attractive potential. 


negative side: if by the point f' it has not yet reached its minimum (fig. 
5.732-3), again only a periodic asymptotic behaviour, with positive eigen¬ 
value, is possible: but there will clearly be a second critical value bo (> bi) 
of b, beyond which the minimum will have been passed when is reached 
and an exponential decrease (on the negative side) becomes possible (fig. 


* It is clear that if b tends to infinity, | r) | likewise will become infinite. From this 
fact we may infer the impossibility of “contact'* interaction (4.31). For a “contact" 

potential of the form <5( a* ) may be approximated by potential “wells" of decreasing width 
and increasing depth J, in such a way that lim J • = const, or, by (9), 

lim b/« = const. The "contact” potential, therefore, corresponds to b-^c» and does 
00 

not give rise to any stationary state of finite binding energy, A more complete discussion 
of this question, based on the exact relativistic equations of the two-body problem, is given 
by Kemmer [37a]. 
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5.132-2, curve (b)). For b'> we shall thus have two different states of 
binding, distinguished by the number (0 or 1) of nodes of the eigenfunc¬ 
tion; the stronger binding corresponds to the 0-node eigenfunction. 
Repeating the argument, we are finally led to the following picture: there 
is a succession of increasing critical values == 0, b^.b^f^-- of the 
potential constant b, such that if bn < b <ibn+]^ there are n S-states of 
binding of the deuteron, the eigenfunctions of which are characterized by 
an increasing number of nodes, from 0 to n —1, the binding energy 
jj (/c-z 1, n) decreasing accordingly. As regards the states of 
positive energy, it is easily seen that their phase constants (in contrast 
to the case of a repulsive potential) are positive. 

5*133* Attractive potential modified bij very short range repulsion (fig. 
2.22). The discussion of this case proceeds on the same lines as that of 
the preceding ones and clearly leads to general results entirely analogous 
to those pertaining to a purely attractive pot'^ntial (5.132). Only the 
critical values of the potential for which a new state of binding becomes 
possible will here be determined by the depth of the minimum of the 
potential function. It is also apparent that the influence of the repulsive 
potential at small distances will be the more important on the eigenfunction 
of a state of relative motion, the larger the energy of the system in this 
state. 


5.14* Eigenfunctions of states of higher orbital momentum. For the 
discussion of the stationary states of quantum number / -/ O, we con¬ 
veniently introduce the impact parameter r^, defined as the closest distance 
of approach of the two particles. On account of conservation of angular 
momentum, we may write, with the notation (i.32-\ 1), 


pr, = '[}\L\. 

p being the relative linear momentum at r^, given by 


P . 
M' 


€-"1?"’ (r,): 


is therefore determined by the equation 


'’■79(0 




b* 1 ( 1 + 1 ) 
M r? ’ 


and the corresponding reduced parameter by the equation 


+ = (28) 

Comparison with equation (10) shows that at f/ the integral curve has 
an inflexion point. 
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At small ^ the solution which vanishes for m 0 is {5.12) the 

integral curve thus starts tangentially to the |-axis at ^ ~ 0, then (owing 
to the dominant term —^/+1)/|-) bends upwards till £ zzz after 
which point it begins bending downwards (fig. 5.14), If now f/ is so 



Fig. 5.14. State of orbital momentum / 

(V>0). 

large that the wave-function at that point already shows its asymptotic 
behaviour, we see that only solutions of the periodic type, with positive 
eigenvalues, can be adjusted at to the upward slope of the integral curve. 
A state of binding, with asymptotic form , can therefore only 

exist if the potential at f/ still has a sufficiently large, positive value: 
physically, this means, according to (28). that there must be an attractive 
potential sufficiently strong to overcome the repulsion due to centri¬ 
fugal force. A more quantitative estimate of the required potentials may 
be obtained as follows: In order to get a lower limit, put the binding energy 
rj = 0; since is to be small, B(f/) is either b or h , In any case, the 
condition 1 yields, according to (28), fo^/(/+l). When this 

condition is satisfied, there are thus states of binding of orbital momenta 
I for which the potential is attractive; all states of higher / belong to the 
continuous spectrum of positive energies. 

5*2. Stationary states of binding 

5*20* After the qualitative survey of the preceding section, we go over 
to a more precise treatment of the eigenvalue problem of our equation 
(5.i/-10). We shall first consider some special forms of potential allowing 
of an exact solution; we shall then briefly recall the general variational 
method often used to obtain approximate solutions. The examples treated 
will illustrate the general considerations of the preceding section. 

5*21* The S^states of the potential well. If the potential is of the type 
(5.11-2), the eigenfunctions of the S-states of binding arc of the form 

-sinVt-lVlf (f^l) 





76 


V. STATES OP PROTON-NEUTRON SYSTEM 


5.211. 5.22 


The continuity conditions at ^ = 1 then yield 

VI v\ = — \ b — \v\ctg]'b — \y\, ( 2 ) 

whence for the critical t-values 

6/7+1 = (n i)^ n^. (3) 

From the normalization condition (5.///-11). one deduces, using also the 
continuity conditions at f — 1, that the cofactor of sin fb — | ^ 11 in the 
normalized eigenfunction is 

[2 I -j- } |>;!)]5. (4) 

In practice, the eigenvalue of the energy may be given by experiment, 
while the strength of the potential is not icnown. The relation (2) can 
then be used to derive b from | In the vicinity of a critical value, 
b —I/y I can be expanded in powers of 1 | ^/j by means of Biirmann’s 
theorem (W6W, 7.5). So we get for the lowest S-state (Breit et aL 
[36a, 39a]) 



5.211« The S^states of the exponential potential, II the potential is 
of the form {5,11-3) the substitution 

y=\b e-^ 

reduces the radial equation to a Bessel differential equation of order 
dr I—The boundary condition at foo then determines the eigen¬ 
functions of bound states as Bessel functions of positive order 




The eigenvalues are determined by the other boundary condition, jR =: 0 
at I = 0; 


/i,V|(V6) = 0. 

The critical fe-values are accordingly the squares of the zeros of Joi^)* 

5.22. The S^^states of Hulthens potential. It has been noticed in¬ 
dependently by Hulth^n [42a, 6] and by Hylleraas and Risberg [41] 
that the potential (5,11-7) 


w = 



( 6 ) 


while representing a good approximation of the meson potential 
(5,11-6)1 gives rise to a wave-equation which can be solved exactly. Let 
us make the variable substitution 

* f log(l—'X) . 


( 7 ) 
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and for an S-state of binding, put 

= X{x); 

the differential equation for x is 


xd-x) 


d^X 

dx^ 


— (2}'h| + bx — 0. 


( 8 ) 

( 9 ) 


with the boundary conditions 

(0) = 0; lim e" ;i: (jc) = 0 if I a; I > 0 ; xW finite if t] =0. (10) 

^-►00 

Now, define n (> 0) by 

b = n(n + 2 \ \r]\), (11) 

If this expression (11) is substituted for b in equation (9), this equation, 
for an arbitrary value yn of possesses a complete system of eigenfunctions 
Xn{^)* given by the Jacobian polynomials * 


Gn(x)= 2M-1)’' 
1^=1 


v_i / ^ ^ \ / n 4* + 2 ] I /;/a I — 1 


v-l 


1 


-:X(1—X) 


-2\\fjn\ 


dx^ 


xn-l + 


]■ 


( 12 ) 


n being an integer 1. If then b is considered as a given quantity, the 
relation (11) will determine in terms of b and n the eigenvalue yn of y 
belonging to the eigenfunction x^* 


yn — 


1 

4 



(13) 


The condition that the positive square root ( | yn \ be taken implies, for a 
given b, the limitation 

n^<b (H) 


on the number of eigenstates; the critical values of b are just 

bn:^n^. (15) 

By a simple calculation, we get for the eigenfunctions normalized 
according to (5.7//>-ll) 

Xn (jt) = (•=^)- (16) 


The normalized eigenfunction of the ground state is therefore 


i?.(f)=j/ 


b (f)*-l) 


6-1, 


'-c 


with the eigenvalue 


Vi = i-{b-i?. 


(17) 

( 18 ) 


* Sec, e.g.. R. CoUFiANT and D. HiLBFjrr, Methoden dcr mathcmatischen Physik I 
(1924), p. 75. 
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5.23. The uariational method. As is well-known, the proper solutions 
of equation (5.11-10) are characterized as the extremal functions of the 
variation problem 




7] + b w (f) - 


1(1 + 

£2 


ir 


Rdi^O 


(19) 


which vanish at ~ 0 and f ^ In this problem, the parameter b 
determining the strength of the potential is usually regarded as given, and 
the values of the parameter ?/ are sought for which the problem has a 
solution. An equivalent way of stating the problem is to say that such 
functions R are to be determined as make the expression 


r- 


d^,, ... Kill) 

C2 - 


IR^RdS 


RdS 


( 20 ) 


Stationary. These extremal values are then just the eigenvalues of the 
energy parameter t]. 

But it is clearly equally justified and often more convenient to regard the 
parameter ry as given and to determine the eigenvalues of the parameter b; 
one has then to look for the extremal values of 


b 



0 




RdS 


00 


(R*w{i)Rdi 

b 


( 21 ) 


which, ^^r negative ry, may also be written, on account of the boundary 
conditions, 


b 




/(/+1)\ 

I 


l\R\^uKi)di 

0 


R 


di 


( 22 ) 


If the potential function w(^) has always the same sign, the expression 
(22) is essentially positive (corresponding, physically, to an attractive 
potential); this property is peculiar to the form (22) of the variation pro¬ 
blem, — the numerator of (21), c.g*, is not positive definite. 
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The above variational principles can be used to find approximate eigen- 
solutions and eigenvalues. A function R of suitable analytical form is 
chosen and made to depend on one or more parameters; the latter are then 
varied and the maximum or minimum problem solved. The solution 
obtained by inserting in the given form the extremal values of the para¬ 
meters is the “best” one of the form considered and the corresponding 
value of Tj (or b) an approximation to the true eigenvalue of this quantity. 
By inserting the approximate solutions into the identities {5.121-23, 2^), 
one gets an idea of the degree of accuracy attained. 


Another method, which has never been applied to nuclear problems, but 
which, as suggested by Dr. Frohlich, might be useful, consists in starting, 
instead of (19), from 



+ i] + b w (f) — 


/(/+!)'* 

t2 


/?! dS=^0; 


(I9a) 


i.e. the problem (similar to that of the “least square” method) would be 
to find the function R such that the sum of the absolute squares of the 
values taken by the left-hand side of the wave-equation (5.77-10) be a 
minimum. See also Kramers [38], § 51. 


5*231* The S-states o[ the meson potential. As an example of the 
variational procedure, we shall briefly discuss the case of the meson 
potential (Hulthhn |42a, b, 45a], Hylleraas and Risberg [41]). The 
similarity with Hullhen's potential (5.22) suggests the variable substitution 
(7). Introducing again the function x(x) by (8), the variational principle 
(21) takes the form 


1 



r5brz:0 with b~ 


(2HVI + 1) 


d 

dx 



0 


(l_;^)2l:.;! 

Iog(l -jf) ^ 




■ (23) 


For the ground state, the solution x ~ corresponding to Hulthen\s 
potential suggests the choice of the trial function 

X-x-cx^ (24) 


the best value of c being determined by the solution of the variation pro¬ 
blem (23). One readily finds that c has to satisfy a quadratic equation, so 
that for every given | rj | there are two solutions for x ^^d b. In particular, 
for I ^ I irr '0, these two b-values arc the two first critical ones; they happen 
to be 

bi-lM . b2-t5. 


More precisely, the relation between b and the eigenvalue | | can, for 

1 I < be expressed analytically by the formula 
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Even for \Yj\^\, the terms written down in (25) yield a value of b 
correct to 1 %. For I | ^ the contribution from the last two terms of 
(25) does not exceed 2 % of the b-value. More details will be found in 
Hulthcn s papers quoted above. 

It is useful to note that the wave-function /?(f) of the ground state may 
be represented to a fair approximation by a simple function of the form 

/?(f)-^e-«'S 

v/ith a numerical constant w. For this representation, originally proposed 
by Wilson [38], sec also Frohlich, Ramsey and Sneddon [46]. 

5.24* The variation-iteration method. In the case of a central (effec- 
—► —► 

tive) potential Vm — Jw{\x\). the co-factors i^( jc ) of the spin and charge 
eigenfunctions ^(o) ’^(r) in the total eigenfunction (433) satisfy a 
wave-equation of the same type (433-21) as itself. If we go over to 
momentum space, by 

X (k) = (2 tt)- ^ / ip (x) e' dv (26) 

and 

Wk (k) — (2n)~^ ftv(\x\)e^ ^ ^ dv, (27) 

the wave-equation transforms into an integral equation 

T(k)x(k)-J J Wk (k - P) X (h dvk' = 0. (28) 

in which the coefficient 

T(k)=j^-^ (29) 

is essentially positive for a state of binding (f <0). 

Upon the assumption that the (symmetrical) “keiner' Wk(k — k') is 
positive definite, i.e. that 

/r W • m ik-'k') • dvH dvH’ ^ 0 (30) 

for any f{k), equation (28) can be solved by a method of successive 

—► 

approximations, starting from an arbitrary trial function xoW pro¬ 
ceeding as follows: Put, for a given £ (<0), 

zy+i (*:) = —4;- / “'fc (* — k') XJ (k') dvk' 

T(k) 

Ti — j x'j T (k) xi dvk (31) 

^J~i Xj (k) Wk (k—W) Xj (k') dvk dvk- 

It can then be shown that the sequence Jq, J|. Jj. .. never increases and 
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that it converges towards an eigenvalue of J; this eigenvalue is the lowest 
one provided the function Zo fulfills the condition 

Ixo T{k)xdvu-f-Q. (32) 

where % the exact eigenfunction of the lowest state. In this case, the 
sequence of functions zjI\'^J converges uniformly towards the eigen¬ 
function z* 

This method has been recently investigated by SvARTHOl.M [45] and 
extended by him to the treatment of the many-nucleon problem, with special 
application to the 3- and 4-nucleon cases {14,2L 14.22), 

5.3. Calculation of the phases 

530* As we have seen (5.72), the asymptotic behaviour of the states 
of relative motion is characterized by a phase constant. For the treatment 
of scattering processes, which depend on just the asymptotic behaviour of 
the wave-function, it is therefore important to obtain sufficiently accurate 
estimates of these phases. 


5*31 ♦ General variational method. The variational method developed 
for the treatment of the states of binding {5.23) can, as pointed out by 
HulthiIn [44c/, 46a], also be adapted to the case of the states of positive 
energy. In our presentation of Hulthen’s method, we shall follow a line 
of argument due to Hylleraas [45]. In the case of negative energies, the 
problem involves two mutually dependent parameters, viz. b and and 
the variation principle consists in expressing that either one of these para¬ 
meters must be stationary, the other being fixed. In the case of positive 
energies, we have 3 dependent parameters, viz. b, and the phase d, the 
latter entering the problem through the boundciry condition at infinity, 
which now states that the eigenfunction must have the asymptotic form 
(5./2-21)~ sin (/ 71/2 + Again we may formulate the vari¬ 

ation principle by requiring either 6, ?/ or to be stationary under the 
boundary condition at infinity just mentioned, the other two parameters 
being kept fixed. 

This may be seen as follows: Let us start from (5.23-20) or (5.23-21), 
which means that we consider such trial functions /? (f; Cj, ...,Cn), 
depending on certain parameters c,-, as satisfy the equation 



+ >? + bw(i) — 


'IL+ill 

/2 




0: 


( 1 ) 


this equation being satisfied also by the varied functions, we have, as in 

(5.25-19) * 

^£ = 0. (2) 

* In the formulae (2), (3), (4), the letter d occurs as a symbol of variation, and not 
in its usual meaning of phase constant. 


6 
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In calculating dC, the expression d R 

0 

,,ddR dR* 


^.d^R 

dp 


dS gives rise to a term 


i 


d( 


dS 


dR 


(3) 


in which also the phase <3 occurs. It is easily verified that this term 
vanishes if d is treated as a constant. The remaining equation 


ldR^[..,.]Rdi+ jdR[....]R*d^=:0. 
6 0 


(4) 


with the same operator as in (1) between the brackets, shows that R is 
a solution of the desired wave-equation, satisfying the given boundary 
conditions. It can be interpreted again as expressing that either b or 
must be stationary, the phase S being kept constant. Another way of 
looking at the matter is to say that, starting from (\), we impose on d the 
condition of being stationary for given b and >y, — for this implies that d 
is treated as a constant in computing (3). The latter interpretation was 
originally put forward by Hulthen, but both he and Hylleraas now 
favour the former one, which, in fact, has the advantage of reducing both 
cases of positive and negative energies to entirely analogous forms *. 

Anyhow, the practical procedure consists in solving the system of 
equations 




dci 


0 


(i=^h2 . n) 


(5) 


(7) 


for the parameters c/ and d. In the case of a short range potential, it will 
be convenient to take a trial function of the general form 

R = f{^iC . Cn) yl/lH (I'f) + 9 (f; C,. Cn) /-(/+J) ( ]'v f). (6) 

in which [ and g must have the properties 

const , g ^ for small £ 

/'.cr: A cos ^ , g cn A { —l)^sin^. 

The accuracy of the result can be checked by means of the identities 
(5.727-25, 26). The method can be improved further by imposing the first 
of these identities on the trial function as an accessory condition to remain 
fulfilled when the variation is performed. Further details and examples will 
be found in Hulthen's papers. 

532* Estimate of S-pAase [or nearly critical values of potential strength. 
In general, the S-phascs can only be derived from the explicit integration 

* An important difference (HULTH^N [46al) is that the stationary parameter' values, 
in the continuum case, do not in general correspond to a maximum or a minimum. 
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of the wave-equation, for instance by the method just outlined. There is, 
however, a case in which they can be estimated directly. Suppose the 
positive potential b is very near one of the critical values ba’ 


b = b„-(}, ( 8 ) 

o 

the sign of the small quantity /? being arbitrary. Let xn he the radial eigen¬ 
function of the S-statc corresponding to-the critical value bn (and thus 
to 0); it is a solution of the differential equation 

Xn + bn IV Xn=^0» (9) 

which we shall take to be real and normalized in such a way that 

Xn ( od ) - 1. (10) 

If we write the eigenfunction of an S-state of positive energy i; in the form 


R{^) 


z(f) 


sin (1^' 1 }^ + d) 
|/jr \ )] 


( 11 ) 


the function x is a solution of the differential equation 


/ + 2 V y ctg (1 y S + d) / + bwx = 0. (12) 


likewise normalized so that x(^') 1 (5.12-21). Therefore, x 9 oes over 

o 

into Xn when ry —> 0 and /? -> 0. 

Consider now a state of small positive energy ?/. The corresponding 
function xH) can then be approximated by Treating /? and as 
small quantities of the same order, we derive in the usual way, from the 
differential equation which must be satisfied by the next term in the 
expansion x Xn ^ in powers of the “orthogonality condition'’ 

2 l'»; ctg^ IXnx'nd^ — fijtvxld^ = 0, 

0 0 


or, more simply. 


since, by (10), 


}'rj ctg A —/3„ = 0, 


2 / 


0 


Lxn d^ — [Xn (“)P = 1 : 


(13) 


in (13), wc have put 

jwx\ ds. 


(H) 
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The energy rj being given, condition (13) yields directly an approximate 
expression for the phase 

(15) 

Pn 

Now, if p is negative, there is a ‘'last** stationary state of bin(ding with 
energy very small in absolute value. This energy has a more immeidiate 
physical significance than /8n, and is determined by the latter quantity. It 
will therefore be advantageous to express d in terms of To find r/n, 
exactly the same procedure might be used as has just been applied to the 
derivation of ^1. We would have to put for the eigenfunction 


Rn (S) — Xn 


(16) 


and again approximate xn hy xn* A more elegant method, due to Kramers 
consists in regarding the eigenfunction (11) as an analytic function of the 
phase <5, treated as a complex quantity. For negative rj, we get (since 

— e-2iS g'f, 


1 I z 

oi. using (15) and the well-known formula 

1 — i z 


"If — el'i " I f ; 

l^n—']i\v\ 

the eigenvalue f]n is determined by the condition of cancelling the increasing 
exponential term. i.e. 


= (17) 

Formula (15) for the phase constant may thus in this case be written 
in the form 

tg.^=:-]/r^. ( 18 ) 

^ r \nn\ 

If /8 is positive, there is no such state of binding; still, we can, for the 
sake* of uniformity, make use of the state of positive energy and 

write in a similar way 

= (19) 

to distinguish it from the actual level —?yn, the state of positive energy 
t}n will be called a **virtuaV' level. The phase constant is then generally 


Unpublished. 
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given, in terms of the energy | J/n | of the actual or virtual level concerned, 
by 

tg^ = ± (20) 

the zt sign being that of /9, i.e. + or — according as the level is virtual 
or actual. 

To the approximation here considered, a physical meaning can also be 
attached, as pointed out by Hulthen [426], to the concept of virtual 

level: it is a state in which the mean absolute value of the potential energy 

00 

jR^wd^ (the wave-function being normalized in the energy scale, 5J2) 
0 

is a maximum, thus corresponding to a maximum concentration of the 
particle density within the potential trough. This property is readily verified 
by inserting for R the value (11) with x^Xn and sin^(y+6 ) j:::^|(l“-cos2rf); 
according to (14) and (15), we have thus to find the maximum of 
(1—cos 2f5>)/tg and this occurs for i.e. 't] 7]n* Hulthen 

suggested taking this extremal property as an exact definition of the 
virtual level; but we shall see presently that such a definition is not 
necessarily the most adequate when dealing with higher approximations. 

A simple geometrical interpretation of tg (5 for S-states of very small 
energies is obtained by noticing that the tangent at the point where the 
eigenfunction i?(|) practically assumes its asymptotic form (5.72-21) cuts 
the ^-axis at a point of abscissa 

which, for small rj, reduces to 

ia^xa = — tgdlfr]. ( 21 ) 


According to (20), we have in first approximation, 



the point in question thus falls on the positive or negative side of the 
f-axis according as the level rjn is actual or virtual (fig, 5.32), In ordinary 
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units, the characteristic length Bq corresponding to this approximation is 
given by 



(22a) 


5.321. Calculation of S~phases for a potential well. In the case of 
a potential well (5.11—2; 5.21), the calculation of the S-phases can be 
carried out explicitly. The eigenfunction of an 5-state of positive energy is 


sin ib + ^ (^<1) 

~sin(y>/f4-d) (f>l); 


the continuity conditions at f = 1 yield 

{b + )? ctg ib + >/ = V V ctg (y >; + d), (24) 


whence 


ctg 6 = ^ (25) 

i t] cos i rj — ib-\-r) Ctg )b + V sin i i] 

Suppose, now, that b is such that there is an actual level of small binding 
energy | |, \Yc may then, using the scries for b given in (521-5), 

expand in powers of ^ | j. For the quantity of physical interest 
sin'^d = (1 + ctg2^)”^ the result is (Kittel and Breit [39c]) 

^ ,^(0) I [ I + V1 i + ^21 1 + Gj I 1“ + •..] (26) 


with 


G2 = 



i>i + m 

4 I»?'«' I 


= 0,5947-0,25 


t] + I »/“> I 


32 


3 n 


+ 


* \ 1 

3/ iV®’i 

= 0,2566 - 0,2320 —' 

1^(0) I 


-L /_ * 4_ A_A\ + 
y3 n* j \ '^ / l*?*°*l 


+ 


1 , J \ + 

48’^ '2:rV V I 


: 0,0880-0.1295 


v_+Ji 

I «(0) I 


i(0)l 


-I- 0,0298 


ii+jn 


,( 0 )| 


(27) 


In the case of a virtual level, b = n^/A — /8, we readily find, in first 
approximation, = p^jA. If we took Hulthfin’s extremal property as an 
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exact definition of the virtual state, we should get in the next approximation 
(Hulth^n [426]) 



But in order to obtain an expansion closely parallel to the above, it is more 
convenient to start from a slightly different definition (KiTTEL and Breit 
[ 39c]), analogous to the relatidn {521-2) valid for an actual level: 


]'b — ctg yt — = ]' 


(28) 


which gives instead 



The expansion for sin-d is then 


sin^ d = [1 - »/,/<» + G2 Ga {»/“')’ + ...] (30) 

with the same expressions as above for the G's. 


5«3211« Calculation of S-'phases [or an exponential potential (Rarita 
and Present [37]). Treating the problem as in 5211, we take as eigen^ 
function of a state of relative motion the linear combination of Bessel 
functions 

Cl Ji y„ (y) + C2 /_,•, „ (y) {y = ib e~^) • 


The ratio of the coefficients Cy, C 2 is fixed by the boundary condition at 
^ = 0: 


while the phase d is defined by the asymptotic form 

lim [c, /, (y) + C 2 /_, v- (i/)] sin (}'»? ( + d). 

y -^0 ' ' 


This means that 6 is the argument of the complex quantity 


In^fb) 


Q—i \ti log ] bj2 


Hence, in the limit of very small ]'?], we readily derive for tg d an expression 
of the general form (20) or (21), with 

[y No {fb)-/o (}'b) (log + 0.5772 ... 


No denoting the Neumann function of order zero. 

5322* Calculation of S'-phases [or Hulthens potential The theory of 
532 can also be illustrated by the case of Hulthen’s potential {5J1-7; 

522). For Xn we have, in virtue of (5.22-8,12), 


(- 1 )" „ d" 




/HI \ 
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and therefore, by (H). {5.22-7), 


f^n — 





xn-\ (1 — (jlx-- 


2n 


(32) 


For small values of rj, we then get the phase by applying formula (15). 


5.323. Calculation of S'-phases for the meson potential. In this case 
{5.231), we write the wave-function of a state of small positive energy in 
the form (11) with 


7.{x) = 


x—cx^ 


(33) 


the variable x being again defined by (5.22-7). If now 

b = \,6S-^ (i/9|<l), (34) 

the variational method outlined in 5.31 leads (HULTH^;N [42fc]) to 

tg ,5 = 11 _ 0.125 /1-3.885 ... j . (35) 

Suppose that > 0, so that we have a virtual level ot low energy By 
putting tg (5— 1 and — % in (35), solving for ^ and introducing the 
expression obtained in (34). we get a relation, entirely analogous to 
(5,231-25), between the potential strength h and the energy 7 ]^ of the 
virtual level 

b = 1.6798 — 2.2655 + 0,6416 

in particular, the identity (apart from the sign) of the coefficients of 
in the two formulae is in accordance with the theory of 5,32, 


5*33* Estimate of phases of states with higher orbital momentum. In 
actual cases, the potential (i) will, at any rate for / ^ 2, be negligible 
for the value of f given by the impact parameter |/ (5,14-2%), If this is 
the case, we can directly use the identity (5,121-25) to obtain an approx¬ 
imate value of , In fact, we may then, in the integral, replace (f) 

throughout by jZ-y// + 4 (} ): for f because both functions behave 

approximai'ly as - ; for f f/. because is negligible, so that 

^ f). We get accordingly 

00 

sin '<)"> (}/^)]2. *B''' (36) 

0 

or, with the ordinary (not dimensionless) variables, 

00 

sin [/,+j (fcr)]2 • ^r dr, 

0 

on account of (5.f/-l,9), {5.111-13). 


(37) 
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Formula (36) or (37) corresponds to the so-called Born approximation. 
According to the assumption made about ’B*^*(|), its validity is restricted 
to nuclear potentials insensible at a distance 




y'm+ i) 
r; * 


or 


k 


(38) 


i.e. for sufficiently large / or sufficiently small k. The phase given by 
(36) is always a small quantity; for the integrand in (36) is small for all 


for f <f/ on account of jf/z+i (\V being small; for | > f/ because 
is then negligible. 


5331 ♦ More accurate estimate. A more accurate estimate can be 
obtained by a variant of Hulthen^s method (531), proposed by Pais [46]. 
It consists in taking as trial function 

»?f): (39) 

according to (5.72-2031), the parameter A is directly related to the phase 
d by 



(40) 


It therefore represents only a small change in the order of the Bessel 
function, and in conformity with the general procedure {5.31-5), it can 
be determined from the equation (5.3/-1), in which the value (39) for R 
is inserted. Using a property of Bessel functions *, this gives 


1 A(A-l-2/-|- 1) 

2 2A-^2/-f'l 


+ lBR^dS = 0. 


0 


(41) 


The function (39) can be expected to be a good approximation when 
the influence of the nuclear forces is smaller throughout than that of the 
centrifugal forces. If A is very small, equations (40), (41) reduce to a 
form practically equivalent to the Born approximation (36), on account of 
sin d7:id. 

For the meson potential B — e.g., the integral in (41) becomes 

i b f jf+i+A df = Qi+a ^ 1 + ^ j . (42) 


Qa{x) denoting a Legendre function of the second kind**. For 1, 
one has (W6W, 15.31. p. 317) 


Qn{x) = 


(lx)"*' 


r{n + i) 



(n4- l)(n-H2) 1 
2 (2 n + 3) x^ 


(43) 


We must insert the value (42) of the integral, expanded according to 
(43), into equation (41) and solve for A. The Born approximation in this 
case is 


d 




* Cf. G. Watson, Treatise on the theory of Bessel functions (1922), p. 403. 

•• Cf. G. Watson, l.c., p. 389. 


( 44 ) 



CHAPTER VI 


PHYSICAL PROPERTIES OF THE PROTON^NEUTRON SYSTEM 

In the present Chapter, we shall discuss the available empirical 
material about the proton-neutron system on the assumption of a static 
central interaction between proton and neutron, with a view to deriving as 
much information as possible concerning the form of this interaction, 

6A* The ground state of the deuteron 

6.1 L Energy and angular momentum. The most precise determination 
of the binding energy of the deuteron in its normal state is afforded by 
the study of the disintegration of this nucleus by j/-rays: the threshold 
energy of the latter gives directly the binding energy (Myers and Van 
AtTA [42], WiEDENBECK and Marhoefer [45]) 

|£ol = 2,185 d= 0,006 MeV, (1) 

The value 1 found (1.22) for the angular momentum of the ground state 
is compatible, according to the parity of the state, either with a (triplet or 
singlet) P-type or, for the most general static interaction, with a mixture 
(4.331-22). The former eventuality would present itself if the 
interaction were described by a Majorana potential with a repulsive 
distance dependence (4.341); but it is ruled out a posteriori by the general 
consistency of an interpretation of the empirical data based on the 
assumption that we are dealing with an even state. In particular, a P state 
would give rise to an electric quadrupole moment much larger than 
observed. 


6.12. Electromagnetic properties. The next question is whether one 
has actually to deal with a mixture of S and D components, or with a pure 
S or D sta.e, i,e. whether or not the interaction essentially involves a non¬ 
central coupling. Definite conclusions have been reached in this respect 
as a result of Rabi’s investigations on the electromagnetic behaviour of 
hydrogen and deuterium molecules. His powerful magnetic resonance 
method of analysis of molecular beams deflected by an inhomogeneous 
magnetic field (Rabi et al. [39, 40]) yields very accurate information on 
the energies of the stationary states of the molecules investigated, including 
not only the interaction with the external magnetic field, but also the mutual 
interaction of the constituent nuclei and electrons due to their magnetic 
dipole and electric quadrupole moments (A2.1). The discussion of the 
results obtained with H 2 , HD and D 2 molecules led not only to a precise 
determination of the magnetic moment of the ground state of the deuteron. 
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but also to the disclosure of a small electric qaadrupole moment in this state. 

The latter feature is of fundamental importance, in as much as it implies 
the existence of a non-central interaction between proton and neutron. In 
fact, it is in the first place obvious that the electric quadrupole moment, 
defined {A2A3) as the expectation value of the operator 

Q = i(32^-r^)=^(3cos^d-l) = ^r^ (2) 

in the substate of maximum magnetic quantum number, would vanish if 
the ground state were a pure state; this remains true when the relativistic 
correction of the eigenfunction, which involves P components (434- 
29t), is taken into account (Moller and Rosenfeld [40]) *. 

Let us therefore consider a general ^5 + mixture, represented by 
the (unrelativistic) eigenfunction 

y) cos (o + Wd sin CO ; (3) 

in this formula, y.>^ and are the wave-functions of the and states 
which combine to form the ground state, both normalized to unity; sin-6t> 
denotes the amount of D state admixture. For y^^ and v'/j we write, 
according to (434-28), (432-17), 


V’s 


— '(i)q . = '(r)o • ^ 






_1/ \ ^2 (0 3 yt{ 2 )m 

W[) — (vo * „ 


(4) 


* The exact eigenfunction of a state is of the form (433-\^) 

w = ^(e)i * Yi + ^(?)o * Yo + He)o * Yo + • Y-i i 

for the substate of magnetic quantum number m = 1, we have, according to (4.34-29b), 
(4.32^14,17), 

% = i ’'Zi"*' • V)o • = Ti 'Wo • y} ■ '(")o • 0| 

*/b = ]/| ' • V)o • ©1 fH y,‘ + "W, if I '(^)o • • 

The expression for the quadrupole moment, exact up to the second order in the velocities 
inclusively (the first order correction vanishes) involves as a factor the integral 

and since 

11 Vo I" + I ‘fo 1 ~ 2 I y,'p +1 yf 1" ~ 2 • { Sin2 + cosJ 
is independent of this integral vanishes. 
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and, by a calculation which will be developed in 6.121 below, get for the 
quadrupole moment Q = av Q: 


Putting 


Q = q^ sin co cos w — qt sin^ w. 



2Q 




we may transform relation (5) into 


cos (2 ct> — a) m 


cos (f — a) 
cos f 


(5) 


( 6 ) 


Regarded as an equation in a), equation (6) has two essentially distinct 
solutions coj, aJo# connected by the relation * 


(Oj -f- 0)2 = a. 


Now, we may expect the quantitie.s q 2 to be comparable in order of 
magnitude with c:::^ 10-25 cm2, while the value of Q deduced from the 
measurements of Rabi and his colloborators **, viz. 

2,73 - 10-27 cm2, (7) 


* Taking into account this relation, one derives from (6) 


cos (^t>i--<W 2 ) = 


cos — a) 
cos^ 


and further 


sin2 a>j -f- sin^ oi >2 = 1 —• cos a cos (cD] — W 2 ) 
sin^ Q>i — sin^ (02 = sin a sin (ct>i — C02), 


so that the exact solutions of equation (6) may be expressed in the form 


sin2 CO = [1 — tg ^ ctg a ± y 1 - 


. 2 tg ^ ctg a —. tg7 ^ ] 


** The experiments yield with great accuracy the product of Q with the mean gradient 
of the electric field exerted on one of the nuclei of the deuterium molecule by the other 
nucleus and the electrons. The calculation of this factor is a delicate matter, because it 
requires an accurate knowledge of the electronic wave-function; it has been carried 
out by Nordsieck [40]. The possible error In the estimation of this factor is the main 
source of uncertainty in the value of the quadrupole moment; it amounts to about 2%. 
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is of a much smaller order of magnitude. Accordingly, we may write, in 
a more or less rough approximation, 

a>| ~ I f , ajj ~ a — | f 


.c. 


sin^ tUj ~ 
sin^ u>2 ~ 



q] -2Q q2 
q\ + q\ ' 


(8a) 

( 86 ) 


These solutions are of very different characters: the former represents a 
very small, the latter a very large modification of the eigenfunction by 
admixture of a wave-^function. 

A decision between these two possibilities can be reached by means of 
the empirical value of the magnetic moment. Indeed, this value (Rabi ef at, 
[39, 40], Arnold and Roberts [46]), 

0,8565 dr 0,0004 (9) 


nuclear magnetons, is found to differ markedly from that of the magnetic 
moment of a pure state, viz. 


^0 ^ ^ 0,8793 rfc 0,0020 (10) 

according to (7.27-3), (7.22-6): and the difference is directly interpretable 
in terms of an admixture of D state. In fact, for the S + D mixture (3), 
one finds (A2J3-9) a magnetic moment 

t^d = — 3 (/«d — l) sin^ <w. (11.) 

Inserting in this formula the values of and /xj given by (9) and (10), 
one gets 

sin^ CO 0,04. (12) 

This result is compatible only with the first solution, (8a). We are there¬ 
fore led to the conclusion that the ground state of the deuteron is pte>- 
dominantly a state, with a small admixture of state. It may further 
be observed (Schwinger [41]) that the fact that the D admixture cannot 
he larger than (12), together with (8a) and the numerical value (7) of the 
quadrupole moment, leads to an inequality 

qi > 0,5 • 10“^^ cm^ (13) 

implying a lower limitation of the range of nuclear interaction 


* Some implications of the large mixing ratio (86) were discussed at an early stage 
(when this eventuality could not yet be excluded) by INGLIS [396] and (not quite 
correctly) by FluggE [39]. 
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It must be emphasized, however, that the smallness of D-admixture by 
no means implies that the non-central coupling necessarily contributes 
only a relatively small correction to the binding energy of the ground 
state. On the contrary, several types of non-central potentials have been 
studied, in which the non-central terms in general play a considerable part, 
while nevertheless giving rise to a small D-admixture of the ^5 ground state. 
The discussion of such cases will, however, be postponed until we have 
examined the various implications of the assumption that the main part of 
nuclear interaction is describable by a central potential. From now on, in 
this and the following Part, we shall thus limit ourselves to central inter-' 
actions; the ground state of the deuteron will accordingly be treated as a 
pure state. 

6.12L Calculation of the deuteron quadrupole moment. We must still 
briefly indicate how the explicit calculation of the quadrupole moment can 
be carried out. Let us define 

(o(»Xo) 5® Xo) - i P" (H) 

Where Xq is the unit vector x/\ x |. The easily established identity (Rarita 
and Schwinger [416]) 

A(f^£)""’) = 0 (15) 

expresses that depends on the angle variables through a linear com- 
bination of tesseral harmonics of order I r~ 2. On the other hand, 
commutes with the total angular momentum and (since it is symmetrical in 

o(0, with the square of the total spin (4.32-8), so that it conserves 

the multiplicity. If, therefore, operates on the resulting com¬ 
bination of the yj* will just be (apart from a constant factor) (with 

the same j=l and m). The co-factor can be ascertained by explicit 
calculation of the coefficient of one particular ^(o)m (for m = 1, say) in 
One finds 

"■ =-^ . ( 16 ) 

2 y2 

By direct calculation, one may further verify the relation 

i (1 + P.) -1 (2 P.-1) D"'*. (17) 

According to (2), (3) and (4), the numerical coefficients occurring in 
the expressions (5) for and q 2 arc, respectively, 

9i y • Y% • dQ 

V5 ^ ^ 

2 5 O 
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by (16), the first quantity becomes successively 


10 ' 

while, by (16) and (17), the second reduces to 

- ^ • I • ^ • ’zr '-YidQ 

__i47l 3 ^ fsyiO)!* ^ 

-2?5 42J 

6A22* Para^ortho conversion. For the sake of completeness, we recall 
here that an alternative, though less direct and much less precise method 
of measuring the magnetic moment of the deuteron, or rather its ratio to 
the proton magnetic moment, consists in studying the rate of conversion 
of para-hydrogen or ortho-deuterium into their respective ortho- or para- 
states under the influence of paramagnetic gases such as O 2 or NO 
(WiGNER [336], Kalckar and Teller [35], Farkas et aL [35, 38]). 
The ortho-para-transitions will be brought about by the inhomogeneous 
magnetic field of the paramagnetic molecules; the probability of their 
occurrence will evidently be proportional to the square of the magnetic 
moment of the H or D nucleus, and a comparison of the effect for and 
D 2 under suitably chosen conditions yields directly the ratio \jiip/jiid\* 
Owing to the approximate character of the theoretical formulae, however, 
the values calculated for this ratio from the empirical data are not quite 
definite: according to the form of theory adopted, one obtains either 3,8 
or some value between 3,2 and 4; these may be compared with the figure 
3,28 computed from the values of /id and /ip measured in Rabi’s laboratory. 
On the other hand, if one compares the ortho-para conversion of hydrogen 
and deuterium when dissolved in water or other diamagnetic liquids 
(Farkas and Sandler [39], Casimir [40]), it appears that besides the 
magnetic interaction another mechanism must be active to accelerate the 
deuterium conversion; a closer examination shows that the electric inter¬ 
action between the dipole field of the water molecules and the deuteron 
quadrupole moment can account even quantitatively for the corresponding 
empirical result. 

6*13* Magnetic interaction of proton and neutron. There are two 
a priori possible configurations of the deuteron which have no orbital 
momentum: they correspond to a triplet and a singlet S state. If the 
nuclear forces did not depend on the spins of the nucleons, the only 
energy difference between these states would be due to the different 
magnetic interactions of the constituent nucleons; this effect has been 
calculated by Casimir [36a] under the assumption that the magnetic 
moment of the nucleon results from a current density distribution of the 

form rot Tfl, M being the density of magnetization. There can of course 


y- • ^Z'®' Y: dll 

_ 3 1 2 r,y.o,2 ,Q_ 
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be no certainty about such an assumption as long as the theory of the 
anomalous magnetic moment is not better founded, but it is in any case in 
accordance with the charged field theory outlined in L21. The interaction 
operator of the current distributions of proton and neutron will then be, 
if ^pp, denotes the distance of the points P, P' {131-7), 

Vr^ = - r totp Mj." • totp mf .. , (18) 

J ^pp> 

... ► 

the operators in the configuration space of the nucleons, 

having the form 

= (19) 

with given by {4,42-9)* We have to average this over the density 
distribution defined by the eigenfunctions (large components) of the *5 
and states {434-2B), 

For the calculation of the expectation value in such spherically sym¬ 
metrical states, the operator (18) is readily found, by partial integrations, 
to be equivalent to 

dvp^ grad/-)(W^?! gradp.) 

U ^pp> 

= — d {x) — (//^^^ grad) {u^^^ grad) (20) 

3 

The first term arises from a surface integral over an infinitesimal sphere 
with centre P, which is accordingly excluded from the domain of integration 
of the second term (as indicated by the sign ^); as it stands, the first 
term is correct only for the calculation of (S | ... | S) matrix elements, but 
its more general expression would not offer any interest, since it does not 
yield any contribution to other matrix-elements, on account of the vanishing 
of the radial part of the wave-functions at the origin. For S states, however, 
it is just this first term which gives the whole expectation value, the 
average of the second one over all angles being zero **. The expectation 




11 ^ 2 ) 





* If we assume that there is no spin-dependent interaction, there is no contribution 
of the exchange magnetic moment to the magnetic interaction energy {4.43), 

** At first sight, the contribution from the second term of (20) would seem to be 
indeterminate, owing to the divergence of the mean value of r"*® in an 5 state. But 
this singularity arises ^only through the neglect of a relativistic correction factor 

, ^tofal being the total interaction energy. The latter quantity 

becoming infinite (as r"^) at the origin, this factor indeed secures the convergence 
of the mean value of r"®. 
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value of the factor containing the isoUgic variables is, of course, as to 

the spin factor or 2Pa — 1 its average is —3 for the 

singlet state and + 1 for the triplet state* We finally get for the magnetic 
interaction energy in those states 


®’ 70 ( 0 ) 
v' maa 


—//2 




(r) 


2 

r=0 


(a=U3). 


( 21 ) 


If we suppose the nuclear potential to be the san-e for both states, we 
should take Since fjtn <0, /ip > 0, this weuld mean, however, 

that the singlet state would be lower than the triplet stai>, — a conclusion 
in contradiction with the spectroscopic evidence indicating that the ground 
state has angular momentum 1 (6,11). This is a strong argument pointing 
to a significant spin dependence of the proton-neutron potential, large 
enough to depress the below the state. The order of magnitude 
of singlet-triplet separation due to magnetic interaction is easily estimated 
from (21). One may write in general * 


f r=0 flo I 


( 22 ) 


ao being the characteristic length (5,32-22a) associated with the ground 
state and a a numerical factor of the order of 2 or 3. The level separation 
is therefore, by (21), (22), 


■pS. - ■ V™ . 4 •»,,51I a 

;:::i0,013a' MeV, 


if the values (1,21-3), (1,22-6) and (1) are inserted, and is taken 
to be of the order of d (we have written x^a = d^^a; a' is again of the 


• Formula (22) is casil,y obtained, in a rough approximation corresponding to the 
limiting case of a force of zero range, from the normalization and continuity conditions 
for a potential well of vanishing width. For a well of finite width, we get, according 
to (5.27-1,4,5) 


m 2 ^ 2}'\fi\{b^\n\) 




which, by (5.32-22), is of the form (22), with a;:i2,2 (taking |eo|;^2,18 MeV and 
7::^d), For Hulth^n’s potential, formulae (5.22-17,18) yield 

W(f)/f]f=0 = b (t +1) = 2 (1 + 3 + 2 I, I) ! 

taking here for x the value corresponding to a meson mass Mgj ^ 240 m (7,32-12; 
7.33-13), i.c, X ^ 1,75 we get aJ^2,4. 
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order of 2 to 6 ). This is a quite small compared with the separation 

due to the spin dependent nuclear ir^eraction: in fact, as we shall see, this 
interaction is so large that there is no *S state of binding of the deuteron. 

6*2* Scattering of slow neutrons by protons 

6*20^ The evidence for the existence of a strong spin dependence of 
the proton-neutron interpctibn, discussed in the preceding section (6,13), 
is corroborated by the jtudy of the scattering of slow neutrons by protons* 
In this section, we sliall J^irst develop the theory of the scattering process 
(in a form valid also for larger neutron velocities); we shall then summarize 
the revelant emprical data and discuss their implications as regards the 
nuclear potential. 

6,21* Theory of proton^neutron scattering. In order to describe the 
process of proton-neutron scattering, we look for a solution of the two- 
body problem, with given total energy, asymptotically representing an 
incident plane wave Wme a scattered spherical wave !?Bcatt * 

( 1 ) 

Such a solution will be a linear combination of the eigenstates of the given 
(positive) energy r}, of the form (4,33-\%), (4,34-2i), To the first order 
in the nucleon velocities, the differential cross-section for the scattering of 
a given incident wave will therefore be 

( 0 ) ( 0 ) ( 1 ) ( 0 ) ( 1 ) 

the incident wave being normalized to unity. From (4,33-lS) it appears 
that the summation over will in any case make the first order 
contribr.tiOn vanish, so that we have only to compute the large component 
( 0 ) 

?ficatt i the following calculations, we shall accordingly omit the index 
and the factor ^(^)i in W, and the summation over (which just gives 1 ) 
in dS, so that we simply write 

dS = ZllP:c.nl^r^da ( 2 ) 

The incident wave representing a proton and a neutron moving with 
relative momentum p in the z-direction has the asymptotic form 

- ^ (1) u_ (2) e'*" =F U- (1) a+ (2) e-'**}. (3) 

U 4 ., 11 - being the eigenfunctions of tg, and the double sign being — or 
+ according as the spins of the two particles are parallel (o = 3, triplet 
system) or antiparallel (0=1, singlet system); k is p/b as given by 
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{5.111—13). With the help of the well-known expansion 


= ,1, (2' + 1) i' Pi (coc ^7/+i (kr) 


- 2 f47t(2l+l) Y°r 

l~.Q 


^ikr _^_JJ/ ^-ikr 

2ikr 


(4) 


(the normalized spherical harmonic + 1 )/4jt P/(cos Pi being 

the corresponding Legendre polynomial; see N.H), we may write (3) in 
the form 


2 Hn{2l+l)Y°r"{t)o- 
/~0 


g-lkr 

2ikr 


(5) 


where 


= -^ I«+ (1)«- (2) T (-1)'«- (1)«+ (2) I (6) 

is just the eigenfunction defined by (4331-23). For the incident wave we 
may thus take as the most general combination 


W 

•* in 


' y y 

<7=1,3 m. 


^(o)n 




(7; 


with arbitrary amplitudes (for o = 1, ms = 0; for a = 3, ms = — 1, 

a 1). 

The total wave is, according to (4.34-28) and (5.72-21), of the general 
asymptotic form * 




{l)m 


O' <»Tr(/) m 




2ir-V 


( 8 ) 


The condition that T — if^inc represents only an outgoing spherical wave 
readily yields 


!Pbc 


ikr 


2 7m, • l^2f+1 • '(o),, • y? • »o • ^ ■ in{ell^^^'^-l). (9) 




According to (6), this may be written as 


Now, in a scattering experiment, the identity of the particles is fixed by 
the production and detection arrangements, so that e.g. particle (1) is 
in the neutron state, particle (2) in the proton state. We then have 

• The normalization factors occurring in (5.72-21) have been included in the coeffi¬ 
cients a. 
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u+(l) = u-(2) = 1, a_(l) =: li+(2). =0 and only the first sum in the 

expression of subsists. If we further assume the incident wave to 

be unpolarized *, all I c/otjP are equal; normalizing to unity, we get from 
(3), (7) for their absolute value | =i and the differential cross- 

section (2) becomes** ^ 

d8 = ~dQ 2 ^(2l+l)(2l'+r) Y° 2o (10) 

K IJ' t a 

For the total cross-section we get, on account of the orthogonality of the 
harmonics 


2(2l+l)2osin^"d^‘\ ( 11 ) 

Each state of the given energy contributes to the total cross-section a term 
proportional to the square of the sine of its phase and to its ‘weight*' 
(2/+ l)a. 

The differential cross-section, giving the angular distribution of the 
scattered particles, consists of an expansion in terms of the successive 
powers of cos 'O'* Since the phases decrease with increasing / (5*12), the 
main contribution to the scattering will in any case be that of the S-waves, 
yielding a spherically symmetrical distribution (in the barycentric system 
of reference). The P-waves will mainly contribute, by interference with the 
5-waves, a term in cos 0 in the angular distribution, and so on. It is 
important to observe, however, that the coefficient of any power of cos 0 
in the differential cross-section strictly speaking depends on all waves of 
different orbital momenta. 

The total cross-section, on the other hand, is less sensitive to the in¬ 
fluence of the waves of higher orbital momenta, as formula (11) shows. In 
the case, treated in (5*32), that there exists an actual or virtual S-level 
ol sufficie itly small energy | |, we get from (5*32-20), (11), (5*11-9) 

and (5*111-13), for the corresponding contribution of the S-wave to the 
scattering cross-section for not too fast neutrons 



rj 1 


( 12 ) 


or 3 times this quantity if the level belongs to the triplet system. In the 
limit of zero energy of the scattered particles, the scattering cross-section 
becomes, by (5*32-21) and (5.7iJ-13) 

5‘”' = na^ (13) 

where a has the geometrical meaning explained in 5*32; it also appears 


* For the scattering of polarized neutrons, see 6 * 35 * 

** Of course, the same result would have been obtained from the second stun of 
!P,c»tt» corresponding to the other possible numeration of proton and neutron. 
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here as the radius of the “sphere &)f action" of a proton with respect to a 
very slow neutron. A more or less rohjgh approximation to a is the quantity 
ao defined by (5.32~22a)-, for the dcut^eron ground state, one has 

The binding energy of the deuteron is so largt?r, however, that the formula 
(12) or the approximation a ao in (13) are iinsufficient as regards the 
contribution to the scattering. The necessary cor.rection cannot be given 
independently of the form of the potential; we shall now calculate it in 
the case of the well potential and we shall see that it is quite considerable. 


6*21 L Case o/ the well potential According to the explicit calculation 
of the S-phase, carried out in 5,321, we see that the right-hand side of 
formula (12) must be multiplied by a correction factor {5321-26, 30) 

f= 1 dr I H- G2\rfH ± G3 + - • • . (15) 

the ±: sign corresponding to an actual or virtual level, respectively, a^d 
the G’s being given in terms of f/| | by (5321—27), If the width 

of the well is denoted by D, the parameter ±: | | is, by (532-22\ 

just D/bq (with its sign); we may thus re-write 


f=-l+^- + G2 
^0 


^0 / \ ^0 / 


(16) 


Since the range D does not occur in (12), but only in the co-factor f, the 
expression given by (12) is often called the zero range cross-section, and 
f the correction for finite range. 

Likewise, one has 

a=:ao/o‘. (17) 

where fo represents the series (16) for e = 0; the coefficients G/ are then 


G2 = 0,345 , G3 = 0,025 , G4=:-0,012 (^ = 0). (18) 


For the scattering, the general expressions of the G’s may be written, 
on account of {6,11-1 ), 

G2:::= 0.345-0.057 E 

G3=: 0,025-0.053 E (19) 

G4 - 0.012-0,016 E + 0,002 E^ 

(E expressed in MeV); 

in these formulae, E(::r'-:2f) denotes the kinetic energy of the neutron, 
with respect to the proton at rest (6,212), The range D being of the order 
rf. the ratio is, by (14), of the order 0,64, which shows the impor¬ 

tance of the finite range correction in this case. 

642124 Transformation to laboratory system. The preceding treatment 
of the scattering process utilizes the barycentric system of reference, in 
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which the behaviours of proton amd neutron are entirely equivalent. For 
practical purposes, however, we must/^go over to a ''laboratory" system of 
reference, in which the bulk of the/scatterer is at rest. When we have to 
do with the scattering of neutjc<3ns of large kinetic energy (i.e. large 
compared to the binding ener^^ of protons in substances like paraffin, 
0,4 eV), the protons may' be considered as free and we may take as 
laboratory system that in \y^ich they are at rest. The above theory is then 
immediately applicable a»hd the transition from the barycentric to the 
laboratory system, as /ippears from the self-explanatory figure 6212, is 
effected in the follo>ying way *: 



Deflection angle 
Azimuth 


Element of solid angle 


If recoil 
proton is 
observed 


Deflection angle of recoil 
particle of scattcrer 

Element of solid angle for 
recoil particle 


© = 

$ = (p 

4 cos © cfi2lab = dQbar 



4 cos & dQlmh = dQhar* 


( 20 ) 


The relation between the elements of solid angle expresses the fact that 
an angular distribution with spherical symmetry in the barycentric system 
corresponds to a "cos © -law" in the laboratory system. 

In the case of very slow neutrons, however, the binding of the protons 
and their thermal motion becomes of considerable influence on the scattering 
process. This effect was first pointed out by Fermi [36] ** and further 
discussed by Bethe [37] (§ 59C, p. 122—127), Arley [38], and Sachs 


* It has been assumed that particle (1) is the neutron, particle (2) the proton. 

** A somewhat more accurate method than Fermi's has been developed by BREIT 
[i7a] and Brbit and ZiLSEL [i7b]. 
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and Teller [41] *. We cannot enter into this question here, we shall 
only indicate, in the next sub-section, the principle of the method by which 
it can be treated. Empirical results obtained with very slow neutrons should 
thus always be corrected for the binding effect ** before being compared 
with the free proton formulae ***. 

6*21 Scattering of slow neutrons by bound protons. In order to 
account for the binding of the proton, one has to add to the Hamiltonian 
of the proton-neutron system a term of potential energy depending only 
on the proton coordinates. At first sight, this would seem greatly to 
complicate the solution of the corresponding wave-equation. But an in¬ 
genious argument, due to Fermi [36], leads to a very simple treatment 
of the scattering problem in this case also. This argument is based on the 
fact that, on the one hand, the neutron wave lengths involved and, on the 
other hand, the distances over which the binding potential changes 
appreciably are both much larger than the range of the nuclear potential. 

The asymptotic behaviour of the wave-function t T (x^^\ responsible 

for the scattering, will thus be the same as that of a function 
smoothed out by taking the mean value of T with respect to the neutron 
coordinates over a sphere of radius intermediate between neutron wave¬ 
length and range of nuclear force. A wave-equation can then be set up 
for 0, in which the influence of the nuclear potential appears only as a 
small perturbation. 

In order to avoid unessential complications, we shall first carry out this 
procedure under the simplifying assumption that the nuclear potential is 
spin independent; we have then to do with only one scattering radius a for 
neutrons of zero velocity (6.21), the same in triplet and singlet configura¬ 
tions. Let us then consider some length Tq much smaller than the neutron 
wave-length, but at the same time large compared both with the range 
of the nuclear force and with the scattering radius | a |. Let 2 be the 
volume of a sphere of radius tq, and 

0 (x^^\ x^P^) — ^ W + x', x^P^) du\ (21) 

f 

Since 0 differs appreciably from W only for such values of x^^\ x^p^ that 
the distance r = | x^^) — x^p) | is smaller than Tq, we may put 

_ ^=^x{r). (22) 

* The main formulae are not written down correctly in this last paper; their correct 
expression is given by GiBERT and ROSSEL [46]. 

** Arleys paper [38] contains numerical evaluations useful for the reduction of 
experimental data. 

Conversely, an interesting attempt has recently been made by RosSEL [47] to 
develop the study of the scattering of slow neutrons by chemicaf compounds in definite 
states of aggregation into a method of analysis of molecular and intermolecular forces. 

f For convenience, we here treat proton and neutron as different kinds of particles. 
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the function x(^)» which expresses so to speak the distortion of the wave- 
function due to the nuclear potential, tending asymptotically to unity; we 
have further neglected the angular dependence of x* since we know that 
for slow neutrons we have mainly to do with S-wave scattering. Calling 
the total Hamiltonian without the nuclear potential IP, we may write 
the wave-equation for $ as 

or approximately, by (22), 


with 


V 


(23) 


(24) 


Combining (23) with the equation H' V E W for W and with (22), 
we get for Xf to the same approximation, 

[jjP>+v-ay=o. 

p being the relative momentum operator. Now, we may solve this equation 
by disregarding the last term, since, with the solution so obtained, this 
term turns out to be negligible in comparison with the first. We thus have 





R"-^.VR = 0, 


(25) 


i.e. just the radial equation for an S-wave of zero energy. Therefore, 
remembering the geometrical meaning of the quantity a introduced in 
(5.32-21) and normalizing so that ;^(oo) =z: 1, 


R(0) = 0, R(r)--a + r. (26) 

We may now evaluate U in the following way; for r > tq, CZ 0; for r < tq, 
we approximate it by putting r = 0, so that 


ro ^ ro 


[by (25)] 

Cv(r')x{r')r'^dr' = ‘^’ 

.5! r 

M I 


0 

\J 

0 

[by (26)] 

_ 4 « b^rn/p nir._4;^b^a 

2 M 

1 

2’* 
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Denoting by 5r,(f) the function 


^r„(r) = for r < ro 
= 0 for r > To, 

so that jdr„{r)dv = 1, we may thus write 


(27) 


(28) 


this is the potential which in the equation (23) for ^ represents the in¬ 
fluence of the nuclear forces. It is easily seen that in comparison with the 
other terms of the equation, it can be regarded as a small perturbation 
throughout. We may therefore apply to the scattering problem the Born 
method of approximation. Consider the process by which a neutron of 
—> —► —► 

wave-vector Po/ft) scattered with wave-vector the proton 

going over from the state 0 of binding energy — Eo» represented by the 
eigenfunction to the state 1 of energy —Ei and eigenfunction 

the partial cross-section for this process is given by 


d§ (to: 0 1) = I^(^0: 0 1)P dSr 

f{ko ; 0 -♦ 1) = "2^ I e'**"”*'’* (p* (x<F)) U (I at!'') 


— I)ipo dv^”^ c/v'F* (29) 


2^(fc2-i?)=:Eo-E,. 

In this formula, dQ* refers to the system of reference in which the centre 
of gravity of the total system (neutron + proton + system to which proton 
is bound) is at rest, and M* denotes the reduced mass of the neutron in 
this system of reference, which may be taken as ‘‘laboratory system^. 
Inserting the value (28) for 11 and replacing (5rQ(r) by the (5-function 
(which corresponds to tq 0), we get 


1 ) 


mJ 


Qi{ko~ k^)x 


(30) 


This theory is easily generalized to the case of the scattering of a slow 
neutron by a bound nucleus of mass A: we have then simply to replace, in 

formulae (28) and (30), the reduced mass by -J^M\ the general 

meaning of the scattering radius a is that the expression (Sfree = 
represents the total cross-section for scattering of slow neutrons by free 
nuclei of mass A. In particular, in the limiting case of infinitely tight binding 
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of the scattering nuclei, we have only elastic scattering, and M* = M: the 
differential cross-section (29), (30) reduces to the form 

d<Sao = di2*: (29a) 

the scattering is spherically symmetrical in the laboratory system and the 
total scattering cross-section becomes 


{29b) 

For tightly bound protons, for instance, it is 4 times that for free 
protons; for tightly bound deuterons, the corresponding factor is 2,25. 

We have still to indicate how the influence of spin dependent nuclear 
forces is taken into account. In the case of scattering by protons, this 
means that the scattering radius has different values °^a for the singlet and 
triplet configurations. For a given spin transition, we have then to replace 
a in (30) by the corresponding matrix-element of the operator 

Pa being the exchange operator for the spin variables; by {4A3-26), this 
may be written 

a = ^ (3* + ^a) + i (^a—^a) (31) 

This formula is readily extended to the case that one of the interacting 

particles has an intrinsic angular momentum S, with quantum number S 
different from \\ one finds 


% 

The mean value of a^ for all possible spin states of the colliding particles is 

5 „„ , 


-2 — . (2S+2U2 I_ 

® “25+1 ^25+1 


( 2 S )-2 


a-. 


For scattering of slow neutrons by bound deuterons, e.g., we have to take 
a = i (2‘^a + 2a) + i (31c) 


and, instead of (28), 


U SJ I • d (x'^'-x'^^). 


{Sid) 


6*22* Experiments on the scattering of slow neutrons by protons. 
Numerous determinations of the scattering cross-section of protons for 
neutrons of various energies have been carried out. The arrangement of 
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all such experiments is quite straightforward: between the neutron source 
and the detector, a sample of the material to be tested is introduced and 
the resulting decrease of the neutron intensity is measured; from this, the 
scattering cross-section is easily deduced. In our case, the scatterer will 
consist of some hydrogenous substance, such as paraffin or water and the 


6.22-1. Scattering of thermal neutrons by protons 

Reference 

Scatterer 

S’ 




10-2* cm® 

10"®* cm® 

GOLDHABER and BRIGGS [37] 

paraffin 

47.5 ± 5 

17.7 ± 2 

Frisch et al. [37] 

paraffin 

48 ±3 

18 ±1.5 

Powers et al. [38] 

^ C16H34 

42.5 ± 0.9 

15.8 ± 0.4 

CAROLL and DUNNING [38] | 

QHjo 

50.0 

18,6 

^ C22H46 

50.7 

18,8 

Hanstein [40f>] 

C,6Hj4* 

49.0 

18,2 

BRICKWEDDE et al. [38] 

H2O 

42.2 ± 1,8 



CH4 

36 +4 


Libby and Long [39] < 

C2H4 

46 ±3 

17.1 ± 1.1 

( 

QHfi 

46 ±3 

17.1 ± 1.1 

GibERT and ROSSEL [46] 

H2 

31,6 ± 0,6 

— 

Rossel [47] 

H20 

40.7+1.5 

— 


H2 

31,8 ± 0.5 



H20 

44.6 ± 0,5 

— 


CH, 

45.4 ± 0,3 

— 


C2H6 

46,4 ± 0,5 

17.4 + 0.2 

Carroll [41] 

C3H8 

46,9 ± 0,6 

17.6 + 0.2 

QHio 

48,7 + 0,6 

18.3 + 0.2 



44,9 ± 0,4 

50,1 ±0,4 

16.8 + 0,15 

18.8 + 0.15 


~C 22 H« 

49,8 ± 0,2 

18,7 + 0.1 


n C32H66 

50,2 ± 0,2 

18.8 + 0.1 

Marshall [46] ** 

H2O 

44.4 

— 

* Thick In detectors covered with In foils to minimize resonance activation 

were used. 




Neutrons from uranium-graphite pile. 




cross-section for H is calculated from the molecular cross-section by 
assuming additivity of the atomic cross-sections (incoherent scattering) *. 


* This additivity may break down for thermal neutrons, owing to interference effects, 
especially if the scatterer is in a crystalline or polycrystalline state. See on this point 
H. Beyer and M, Whitaker, PJ?. 57 , 976. 1940; F. Rasetti, P.R. 58 , 321. 1940: 
O. Halpern, M. Hamermesh and H. Johnson, P,R. 5 % 981. 1941; R. Seeoer and 
E. Teller, P.R. 62 , 37. 1942: R. Weinstock, P.R. 65 , 1. 1944: E. Fermi, W. Sturm 
and R. SACHS, P.R. 71 . 589. 1947. 
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It is therefore advisable to measure also the cross-section of C or O, as the 
case may be, under the same conditions. (In the experiments reported 
below, this has always been done, unless otherwise indicated.) The 
experiments cover an extended range of energies of the impinging neu¬ 
trons; the energy regions explored are actually determined by the 
available neutron sources. At the moment, we shall be concerned with the 
region of slow neutrons, up to about 50 eV, within which the scattering 
cross-section will not be expected to vary appreciably. The value obtained 
can therefore be regarded as the limiting cross-section for zero energy. 

Numerous measurements have been carried out with **thermaV' neutrons, 
i.e. neutrons in thermal equilibrium with the material from which they 
emerge; if T denotes the absolute temperature of this material, their mean 
kinetic energy is of the order of kT, i.e. 0,026 eV at room temperature. 
Until recently, the usual source of thermal neutrons, or neutron ‘‘howitzer”, 
has been a Rn~Be tube surrounded with paraffin. But some experiments 
(Marshall [46]) have already been performed with the thermal neutrons 
issuing from a uranium-graphite pile. The thermal neutrons are selected 
by comparing the measurements with and without interposition of a Cd 
filter. The neutron beam is collimated by suitable walls and diaphragms 
lined with B and Cd, and detected by means of a BF 3 ionization chamber 
connected with a linear amplifier. The cross-sections obtained must be 
corrected for the effect of proton binding (6.212, 6.213). We shall first 
give results of measurements in which the paraffin of the source as well 
as the scatterer were at room temperature. In the table 6 , 22 - 1 , we have 
collected — together with some cross-section values obtained with lighter 
molecules — chiefly those pertaining to hydrocarbons of high molecular 
weight; only in the latter case has the reduction factor from the cross- 
section <S' per bound proton to the free proton cross-section <S been worked 
out with any accuracy (Arley [38], p. 31, 32). 

If the source is cooled (by liquid air, say) a marked increase of the cross- 
section S ii observed, in agreement with the theoretical expectation. For 
the ratio of the new cross-section to that at room temperature, it is found: 


6.22-2. Scattering o[ cooled neutrons by paraffin 

Reference 

Neutron 

temperature 

Ratio 

observed 

Ratio 

theoretical 

Frisch et 'al. [37] 

~ 88 

1.09 ±0,05 

1,34 

Powers c< eA. [38] 

^ 120 °K 

1,3 ±0,06. 

1,25 


No better agreement can be expected in view of the far-reaching schema- 
tization qyf Arley*s theory. 

More satisfactory results, however, have been obtained by investigating 
the scattering of neutrons of ordinary thermal velocity by hydfogen gas 
cooled to very low temperatures; for the reduction formula of SACHS and 
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Teller [41 ] may then be applied to derive from the observed cross-section 
(S' the free proton value <S. The following table summarizes the relevant 
data: 


6,22-2a. Scattering of thermal neutrons by cooled hydrogen gas 

Reference 

Gas 

temperature 

S' 

cm* 

s 

10“*^ cm® 

Libby and Long [39] 

90 

22 ±4 

117 ± 2,7 

GiBERT and RossEi. [46] | 

77 °K 

20 °K 1 

1 

27.2 ± 1.6 

26.2 ± 2,9 

19.2 ± 1,1 

20.3 ± 2.3 


The large and rather uncertain correction necessitated by the binding 
effect makes it desirable to carry out measurements with neutrons of 
energy > 1 eV, when this effect becomes negligible. As already stated, 

the cross-section for neutrons of a few volts may, of course, equally 
well as that for thermal neutrons, be identified with its limiting value 
for zero energy: for the other energy quantities which enter into the 
description of the scattering process are of “nuclear” order of magnitude 
(0,1 ... 1 MeV). Now, the scattering of resonance neutrons, the energies 
of which are just in the region from 1 to about perhaps 50 eV, may be 


6,22-3. Scattering of resonance neutrons by protons 


Reference 

Source 

Filter 

S 




10-^ cm® 

Simons [40] 

Be O-Ra. n) 
in paraffin 

Afl. I 

14,4 ± 0,8* 

Cohen et al [39] 

id. 

Rh 

^20 ± 2 •• 

Cohen et al. [40] 

id. 

Ag, In 

Hanstein [40b] 

Be (p,n), beam 

In 

jzi ±1 

collimated 


Hanstein [41] 

id. 

In, I 

1 


* In deriving this value, large corrections had to be applied owing to the 
unfavourable "geometry" of the arrangement. Moreover, the value here given 
differs from that published by Simons, because a better value of the oxygen 
cross-section has been used in reducing the experimental results. According to 
Carroll [41], the slow neutron cross-section of oxygen is 

(So = (112 ±0,10)-10*^ cm2; 

BricicweDDE et'al [38] give essentially the same value. 

** In the reduction of the data, the slow neutron scattering cross-section of 
carbon 

8 ^ = 4.83 • 10"** cm2 

as givelf by GOLDKABER and BRIGGS [37], has been adopted; it agrees with the 
more recent measurements of HansTEIN andDUNNING [40a] and MARSHALL [46], 
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Studied thanks to a “resonance filter** method, devised independently by 
Cohen. Goldsmith and Schwinger [39] and by L. Simons [40]. A 
filter of a material possessing a resonance level for slow neutrons is placed 
before the scatterer, and the detector is made of the same material (shielded 
by Cd to eliminate thermal neutrons); measurements are carried out with 
and without the filter. The same source as for thermal neutrons can be 
used; but larger intensities have been obtained by means of the reaction 
Be (p, n), with a cyclotron as the source of the necessary protons of high 
energy (threshold of the reaction at 2,01 MeV) (Hanstein and 
Dunning [40a]). 

From table 6.22-3 it may safely be concluded that Simons* [40] value 
is definitely too low; in particular, it is not (as was for some time believed 
owing to an overestimation of the proton binding effect) in agreement with 
the thermal neutron measurements. It must also be observed, in this con¬ 
nexion. that systematic errors in such experiments will tend to lower the 
observed value of the scattering cross-section. There is no doubt that the 
most reliable figure is that given by Hanstein [406, 41]; we shall there¬ 
fore adopt, for the scattering cross-section for neutrons of zero energy, 
the value 

(S = (21 dr 1)* 10-2^ cm2. (32) 

6^23* The level of small energy of the deuteron. Let us now 
compare the value (32) of the scattering cross-section for zero energy 
neutrons with the theoretical result. If there were no spin-dependent 
term of nuclear interaction, the singlet and triplet S levels would practically 
coincide and the quantity in question would be just four times the limiting 
value (5(0) given by (13); i.e., disregarding the finite range correction 
(which does not alter the order of magnitude) and taking account of (14), 
4^ (3ao)‘ ■ 10“24 cm‘-^. This figure is in complete disagreement with 

the experimental result (32), which is about 9 times larger. For larger 
neutron energies, on the other hand, the discrepancy would soon become 
very much smaller: according to (12) and (20), one would have (again 
neglecting the finite range correction) 

q _ 1 _ 

0„o spin force^ I E + 1 ^0 T 

for E = 4,1 MeV, say, this gives 1,24 • 10“24 cm^, indeed of the same 
order of magnitude as the measured value 1,73 • 10-24 cm2 (table 6A13). 

The way out of this difficulty, as first suggested by WiGNER (quoted 
by B S B, p. 117), is just to assume that owing to a strong spin dependence 
of the nuclear potential, there is some (actual or virtual) 'S level of much 
smaller energy (in absolute value) than the ground state. In fact, the 
cross-section (for zero range) then becomes (writing, for symmetry, [ 1 
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instead of | «ol for the energy of the ground state) 

-S (E) = ^ E ^ 13^(0) I + (zero range). (33) 


and for E = 0, 


’ao = 


5(0) = 3^1 (^ao)^ + jr(’ao)^ (zero range) 

f? n A A .A_!•> 1 . f? 


iM\ 


3»-«)) I 


■ 0,44.10-'3 cm, 


(34) 


yMi'e^v 


While this modification has but small effect for relatively large values of 
E, it gives much larger results for very small energies if [ | 3c(o) |, 

the contribution to the scattering from the singlet term then becoming 
preponderant* Adjusting the parameter | | so as to get for (S(0) 

Hanstein’s value (32), we get from (34) 


'ao|~(2,47drO,07)-10-'2cm, | Voi==:0.067d= 0,004MeV(zero range); (35) 


we shall see presently that the correction for finite range does not 
appreciably modify these values. The analysis of the scattering data yields 
only the absolute value of the quantities ^ao and ^ sq , so that the question 
whether the ^ S level is actual or virtual cannot be decided on this evidence. 


6*231 ♦ Radiative capture of slow neutrons^ The large spin dependence 
of the proton-neutron force revealed by the strong scattering of slow 
neutrons by protons is further confirmed by the discussion of the radiative 
capture of such neutrons by protons, leading to the formation of deuterons 
with emission of }/-rays. This point will be treated together with the other 
radiative processes in a later section (6.52). It must be pointed out that 
in contrast to the elastic scattering, the radiative capture effect is sensitive 
to the actual or virtual character of the level; however, as we shall see, 
the evidence in this respect is not entirely conclusive. A definitive settle¬ 
ment of the question is provided by experiments on neutron scattering by 
para- and ortho-hydrogen, to the study of which we shall now proceed. 


63* Slow neutron scattering by hydrogen molecules 

6.30* The scattering of very slow neutrons by molecular hydrogen 
requires special consideration when the energy of the neutrons becomes 
of the order of magnitude of, or lower than, the excitation energy of the 
rotation levels of the molecule; such a kinetic energy (0,01 eV) cor¬ 
responds, of course, to a de Broglie wave-length of the order of magnitude 
of the mean distance between the two H atoms. We must then take 
account of two peculiarities, which, as emphasized by Teller [36], have 
a considerable bearing on the problem of the spin dependence of the 
proton-neutron interaction and in particular on the question whether the 
level of low energy of the deuteron is an actual or virtual one. In the 
first place, hydrogen molecules provide us with two different arrangements 
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of the proton spins, viz. the para-configuration (antiparallel spins) and 
the ortho-configuration (parallel spins). If the nuclear forces did not 
depend on spin, this would of course make no difference to the scattering 
of neutrons but if they are spin-dependent, the two configurations will 
react differently. Assume, in fact, (to consider a simple case) that the 
temperature of the hydrogen is so low that practically all molecules are in 
the lowest para- or ortho-configuration (in some given proportion). If the 
neutron energy is too small to excite a para-molecule into the ortho-state, 
the scattering by para-hydrogen will only involve para-para transitions in 
the molecule, while the scattering by ortho-hydrogen will comprise both 
ortho-ortho and ortho-para transitions, the latter being entirely brought 
about by the spin dependent interaction between neutron and proton. 
Further, since the wave-length of the neutrons is of the same order of 
magnitude as the distance between the protons, we shall expect strong 
interference of the neutron waves scattered from the two protons. The 
effect of such an interference will depend very sensitively on the relative 
sign of the triplet and singlet phase constants, i.e. of the constants and 
la; we thus see that, while the scattering by protons only yields information 
on the absolute values of these constants, the phenomenon under discussion 
may reveal whether the *S-level connected with la is an actual or a virtual 
one. 

6,31* Experiments, The effects just described have actually been 
found when looked for. The chief difficulty in these experiments is to get 
rid of any admixture of neutrons of higher velocity which tend to blur the 
characteristic difference sought. If one uses as a neutron source the 
usual “howitzer’' (6.22), the paraffin being cooled, say, to liquid air 
temperature, the Cd filter procedure becomes insufficient, since it only 
suppresses neutrons of energy above 0,4 eV. Still, the first experiments, 
carried out with this source (Halpern et al, [37], Brickwedde et al [38], 
Libby and LoI'JG [39] ), were already able to establish the essential quali¬ 
tative conclusions that 

(1) o H 2 scatters neutrons of 0,01 eV mean energy 120 
temperature) much more than p H 2 I 

(2) the cross-section of p H 2 is markedly smaller for neutrons of 

0,01 eV mean energy than for ordinary ( 300 thermal 

neutrons. 

The quantitative results for liquid hydrogen (BrickWEDDE ef a/. [38]) 
and for hydrogen gas cooled down to ;:i90^K (Libby and Long [39]) 
were as follows: 


* Except in so far as the spacing of the rotational levels is different in ortho- and 
para-hydrogen. This effect would only be noticeable for a critical energy of the impinging 
neutrons. Cf. SCHWINGER and Teller [37aJ. 
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6*3i* Scattering of neutrons by molecular hydrogen 


Neutron temperature 

300 °K 

120 °K 

‘>filtered" 120 °K 

Molecular / 0 

cross-section * \ ^ 

(10-‘^-^cm2) < P”2 

55,8 (44 + 8) 
29,0 (44 ± 8) 

78,7 (78 ± 10) 
17,6 (38 ±8) 

100.1 

12,6 

* The figures between brackets refer to hydrogen gas at TZH- 90 '’K. 


The figures given in this table for liquid hydrogen correspond to a molecular 
cross-section of 48,7 • 10-24 for scattering of ordinary thermal neutrons 
by liquid hydrogen of normal composition (75 % 0 H 2 ); the comparison 
of this value with that for gaseous hydrogen at the same temperature of 
20 ^K, viz. (52,4 zt 5,8) ■ IO -24 cm^ (table 6.22-2a), shows that there is 
no appreciable effect of intermolecular forces. Libby and Long’s values for 
hydrogen gas at 90 ^K, quoted in the above table, point, though less 
convincingly, to the same conclusion, when allowance is made for the 
thermal motion of the gas molecules. The last column in table 6.31 concerns 
120neutrons which have been filtered by a layer of liquid para- 
hydrogen; owing to the relative transparency of pH 2 to “cold” neutrons, 
the effect of this filtering is to attenuate the high energy “tail” of the 
neutron distribution. The large differences caused by such filtering 
strikingly illustrate the disturbing influence of the inhomogeneity of the 
neutrons. 

A considerable improvement in this respect could be obtained with the 
help of the neutron monochromator devised by Alvarez [38] . The principle 
of this apparatus is very simple: it consists in modulating the ion beam 
which produces neutrons by some suitable nuclear reaction, and arranging 
the linear amplifier of the detecting BF 3 ionization chamber to be sensitive 
only when the ion source is off. This arrangement will only record neutrons 
of velocity d/t, d being the distance of the chamber from the source and t 
the phase difference in time between the modulations of the beam and the 
amplifier. In the actual apparatus (Alvarez and PiTZER [40h]), the 
deuteron beam from a cyclotron activated a Be target and the Be(cf, n) 
neutrons were slowed down by a paraffin block placed near the 
target The distance d was about 7 m; the modulation frequency being 
60 sec-i, the time t could be chosen so as to select neutrons of 
7:^20 °K (the corresponding effective velocity of these neutrons** being 

y 7ikTl2M 509 m/sec, this gives t:zzll73 sec). The scatterer was hydrogen 
gas cooled by boiling liquid hydrogen at 20,4 °K. After corr^ection for 
capture of the neutrons by the protons, the scattering cross-sections 
obtained were 


L 0 H 2 : 100 ±3 
5.2 ±0.6 


•10-«cm2. 


( 1 ) 


• The time t must then be sufficiently long compared with the life-time of the neutrons 
in paraffin, to avoid any disturbance from the interposition of the paraffin block. 

** This is the effective velocity for B absorption, cf. Bethe [37], § 60A. 


8 
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thus qualitatively agreeing with the former measurements, but yielding 
a much larger value of the ratio ortho/para. 

6J2* Theory. The quantitative treatment of the effect under discussion 
(Schwinger and Teller [37a]) requires only a slight generalization of 
the procedure sketched in 6.213. We have just to replace in (6.213-29) 
the functions <pQ, (pi by the required eigenfunctions of the hydrogen mole¬ 
cule (including the motion of its centre of gravity) and the operator U by 

U=a + u (2) 

Separating U into two parts, symmetrical and antisymmetrical. respectively. 

in the proton spins, we get, by (6.213-2%) [with ^ro(p) <5 (jc)] and 
(6.2/3-31). 


j(3‘^a + ^a) + (^a — ^a) 


q{P\) g(ps) 


[6 (x^"^^^) 4“ d (;c^”P“))] 


+ ^ (^a - 'a) oM ■ [d (x'''P->)- (} {x^’’P% 

with = — x^Pi^ From this expression, it is easily deduced that 

the scattering cross-section for transitions involving no change of the 
—^ —► 

total spin ^ [o^Pi^ + o^p*^] of the molecule (i.e, para-para and ortho-ortho 
transitions) contains the factor 

(3.3^^i^y^S(S+l)(^a-^a)\ (4) 

S being the spin quantum-number of the molecular state (5 = 0 for para- 
states, S 1 for ortho-states). For transitions involving a change of spin 
(ortho-para and para-ortho transitions), the cross-section is proportional to 


S denoting the spin quantum-number of the initial state (that of the final 
state being 1—S). These expressions exhibit very clearly the interference 
features described above (6.30). 

For the cross-sections of para- and ortho-hydrogen in their lowest states, 
we can write accordingly 

<Spara = <Sp-> p (3 * + *a)^ + <Sp-^ 0 (^3 — 

^ortho = O (3-^a + U)2 + (2S,^o + p) ('a -- ^a)\ 

the coefficients <S being certain functions of the neutron energy, represented 
by * fig. 6.32; the indices correspond to the transition involved: <Sp-> p and 


• Analytical expressions for the 5 s, which, besides the neutron energy, involve only 
parameters of the hydrogen molecule, are given by SCHWINGER and TELLER [37a]. A 




633 


NEUTRON SCATTERING BY HYDROGEN MOLECULES 


115 


So-^ 0 pertain to clastic scattering from the lowest para- or ortho-state, 
respectively, while <So-►pand5p->o refer to inelastic scattering processes. 
The latter (Sp^ o) is, of course, only different from zero for neutron 
energies larger than the excitation energy of the lowest ortho-level, viz. 
0,023 eV. As to So-^p* it varies as Ijv at low velocities and remains 
practically constant for energies higher than about 0,01 eV. 



Fig. 6.32. Coefficients of the neutron 
scattering cross-sections of para- and 
ortho-hydrogen, in terms of the neutron 
energy E. 


The states of the deuterium molecule D 2 can also be divided into para- 
and ortho-configurations according to their parity; in this case, the para- 
states correspond to a molecular spin S = 1 and odd values of the total 
angular momentum /, the ortho-states to S = 0 or 2 and even values of /. 
In view of possible experiments with deuterium, the theory of slow neutron 
scattering has been worked out for this case by Hamermesh and 
Schwinger [46]. It proceeds on exactly the same lines as above, starting 
from the expression (6213—3\c, 3Id) for the equivalent scattering potential 
of the deuteron. 

633* Analysis of experiments. Let us now, by way of illustration, take 
ia/3a = ±4, — an order of magnitude suggested by (6.23-34,35). From 
formula (6), together with figure 6.32, we see that, according as the 
level of low energy of the deuteron is actual or virtual, the ratio 

(3-^a + WI(^a—^ay 

will change from 5,44 to 0,11. In the first case, the elastic scattering would 
predominate, so that (considering the properties of the coefficients S) the 
ortho and para cross-sections would always be of the same order of 

more precise calculation of effective cross-sections, taking account of the Maxwellian 
contribution of the velocities of the molecules, is carried out by SCHWINGER [40]; in this 
last paper, the expression for p actually utilized differs from that given by SCHWINGER 
and Teller by a factor which had been omitted by these authors. 
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magnitude, and the values for cold neutrons would be only moderately 
larger than those for ordinary thermal neutrons. In the case of a virtual 
iS level, however, in which the inelastic processes are enhanced, the para 
cross-section will be very much smaller for cold than for thermal neutrons, 
owing to the vanishing in the former energy range of the coefficient 
Sp^ol again, for cold neutrons, the para cross-section will for the same 
reason be very much smaller than the ortho cross-section. It has been 
stressed above {631) that both these predictions are fully confirmed by all 
experiments, which conclusively establishes that the level is a virtual one. 

The measurements by Alvarez, given by (1), allow of a more quantitative 
analysis (ScHWiNGER [40]). For the neutron energy E 0,00173 eV, 

one gets after correcting for the thermal motion of the molecules 

Sp^ p = 6.473. So^ 0 = 6.291. So^ p = 1,447. 
while Sp^o^O, According to (6), the para cross-section gives directly 

(3-^a + 'a)2 (0.803 ± 0.092) • lO^^^ cm^; (7) 

the ortho cross-section then yields 

(^a - 'a)2 = (6.77 db 0.26) • 10“cm^ (8) 

These numbers are not in very good agreement with the proton scattering 
cross-section for neutrons of zero energy, given by (6.22-32); in fact, the 
latter quantity may be written 

5(0) = 371 (V + ^(^a)^ = j [(3-^a + ^a)^ + 3(^a-^a)^l (9) 

which would give only <5 (0) =: ,(16,57 ±: 0,69) • lO"^^ cm*-. It is therefore 
desirable to repeat the measurements: especially the quantity (3-^a + ^a)-, 
immediately furnished by the para cross-section, is very sensitive to the 
value of 3a, i.e. — as appears from (6.2//-17) — to the range of the 
nuclear force 

6.34. the neutron spin. The general evidence of scattering of slow 
neutrons incidentally provides us, as pointed out by SCHWiNGER [376], 
with an indirect proof that the neutron spin is rather than, say, If the 

neutron has an arbitrary intrinsic momentum and if Sn denotes the 

♦ If we try to calculate the as from (7) and (8). we get — taking account of the 
fact that and must be of opposite signs — two systems of solutions: 



3a (lO-'* cm) 

'a (10 cm) 

I 

II 

0,874 ± 0,025 
0,426 ± 0,025 

1,728 ±0.025 
2,176 ± 0,025 


According to (6.2//-16,17,18) and (6.2/--H), the corresponding widths of a potential 
well yielding such values of are 0,8 • 10“^^ cm and ;:;r 0, respectively. Neither of 
these range values is of a reasonable order of magnitude. Cf. also HaMERMESH and 
Schwinger [47]. 
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corresponding quantum number, we must {6.213-3la,b) introduce two 
amplitudes in terms of which the scattering cross-section of 

protons for very slow neutrons may be written, 


S = 


Sn “f" 1 

250 + 1 


(2S„+2)a2 ^ 


5„ 


25„ + l 


• (2S/,»a2 


( 10 ) 


while the scattering radius takes the form 


5 n + 1 

_f57+l 


. (2S„+2)a -f 


5n 

2 5o + 1 



+ 


_1_ 

2 5n + 1 


[(2S„+2)a_(2Sn)aj 5(0) ^ip). 


( 11 ) 


The factors (4), (5) then become 

5o + l 


{S-*S') 


2S„+ 1 


(2S„+2)a ^ 


Sn 


2S„+ 1 


• <2+>a 


+ p5„«)a_,2S„)a]2 (j2) 


(S-> 1-5) 


[(25;,+2)a_(25;,)3]2 


5„(S;,+ 1) 3 

3(25„+T)'2 2 5 + 1 


If, e.g., the neutron spin were the excited state of the dcuteron would 
be a quintet state, and (10) would give 


S = 4n[i(^ar + ^(^ay]; 


(13) 


from this formula, we can derive | | and the energy | 5f:(o} | of the cor- 

I'esponding actual or virtual quintet leveL If we apply the finite range 
correction (6,211) on the assumption of a potential well of given width, 
we find, by a procedure explained in detail in the next section (6.431), 
the following results: 


6*34# Scattering radii and excited deuteron level for neutron spin » 


D 


15a! 

1 V’a i 

1 5*10) 1 

(actual level) 

5e(0) 

(virtual level) 

cm 

10”"*^ cm 

10~»- cm 


MeV 

MeV_ 

1,94 

0.538 

1,58 

2,94 

0.19 1 

0.14 

2,8 

0.585 

1.57 

2,68 

0.20 

0,14 


On the other hand, according to (12) and (6), the scattering cross- 
sections of para- and ortho-hydtogen for cold neutrons may be written 

5p„. =i5p^p(3-^a + 5.5a)^ 

S„«ho = i So^o (3-»a + 5-5a)* + i (25 oh.o + So-.p) (*a~5a)^ 

the coefficients S being the same as in the case of spin With the above 
values of the ratio | ^aj^a |, it will be seen that the ratio 5ortho/^para Is of the 
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order of magnitude 1 if the ^5 level is actual, or 2 ... 3 if it is virtual; in 
either case in sharp contradiction with experiment *. 


6*35* Scattering of polarized neutrons by protons. In view of the possi¬ 
bility of producing partially polarized neutron beams it is interesting to 
note that, as pointed out by Schwinger and Rabi [37c], the effect of the 
scattering of such a beam by (unpolarized) protons on its polarization 
affords a quite sensitive means of testing the spin dependence of the 
nuclear force and the nature of the excited level of the deuteron. No 
experiments on these lines, however, have as yet been attempted. 

In a general way, the spin dependence of the wave-function representing 
the incident neutron (1) and proton (2) may be expressed as follows: 


(aO) v4l) + P-(l)) (a<2) v 42 ) + p M2)), 


v± being the eigenfunctions of Oz. The polarization p of the incident 
neutron is defined by 


|a(i)|2_|^(i)|2 
P |a(i)|2 + jyj(i)|2 * 


(15) 


while for the amplitudes of the unpolarized protons | a^2)|2 zz= | It is 

then easily seen from (6.27-9) that the absolute squares of the amplitudes 
corresponding to the two spin orientations of the scattered neutron wave 
(restricted to its S-component) are proportional to 

ia(l)|2. [|5J|2 + ||3^ 1J|2] + |^(1)|2.| |3^_IJ|2 


and 

i/?(l)|2.[|3j|2+l|3j + lj|2] + |«(,)|2.x|3^_lj 


respectively; we have put — 1. Hence the polarization of the 

scattered neutron wave is found to be 


1— T 

st 


sin2 (3(5(0)-M(0)) 
sin2VY0) + 3sin2 


I • 


(16) 


The scattering thus causes a change of polarization of the incident 
neutron b^m whenever the potential is spin dependent. The sensitiveness 
of the effect can be judged from the case of very small neutron energies. 
According to (5.32-21), formula (16) then becomes 


P 


acatt — 



Par + 3(^ayy 


(17) 


this result follows also directly from (6.273-29, 30, 31) and is therefore 


• On the contrary, no clear-cut evidence against the spin f can be drawn from the 
proton scattering cross-section for neutrons of 2,5 MeV, as was wrongly asserted by 
H. Goldsmith and L. Motz, P.R. 53, 947. 1938. For this energy, assuming the 
®S-lcveI to be virtual, we get in fact a cross-section 

2,68 • cm* for D = 1,94 • 10”^* cm 
or 2,80 * 10**^ cm* for D = 2,8 • lO"^* cm 
of the same order of magnitude as the observed one (table 6.412). 

•• According to a recent remark by SCHWINOER [46], the resonance scattering of 
neutrons by Helium (17.42) should have a strong polarizing effect 
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valid also for bound protons. For | la/^a | 4 one gets 

*5 level actual: pscBttlp^ 0.53 
*S level virtual: pacattlp ^ —0,32. 

6A^ Scattering of fast neutrons by protons 

6*40^ We may now proceed to the study of neutrons of higher energy 
(from, say, 0,1 MeV), which, for brevity, may be termed '‘fast’'. In this 
section, we shall first collect all the relevant experimental evidence. This 
comprises, on the one hand, numerous measurements of the total scattering 
cross-section of protons for fast neutrons of various energies, and, on the 
other hand, some results concerning the angular distribution of the 
scattered neutrons (or of the recoil protons), likewise for different energies 
of the incident particles. The theoretical discussion will be limited, however, 
to an analysis of the dependence of the total cross-section on the energy 
of the incident neutrons, in so far as it can be accounted for by the S-phase 
only, i.e. in so far as it depends on the effective potentials for even states. 
The discussion of the contributions from higher phases both to the total 
cross-section and to the departure of the angular distribution of the 
scattered particles from isotropy (in the barycentric system) necessitates 
some knowledge of the effective potentials for odd states as well, and will 
conveniently be postponed to a later section (833). 

6.41 ♦ Total scattering cross-section of protons for fast neutrons. When 
experimenting with “fast” neutrons, the chief difficulty is to get sufficiently 
homogeneous neutron beams of different energies *. In successive intervals 
of increasing energy, various sources and methods of detection have to be 
used for that purpose. We shall begin with a survey of the determinations 
of the total cross-section, treating these different energy regions separately. 

6*41 Scattering of neutrons of energies 0,1 ... 1 MeV. In the interval 
0.1 ... 1 MeV, one may use photoneutrons from Be or D activated by the 
y-rays of ThC" (2,62 MeV) or RaC (mainly 1,76 MeV): the thresholds 
of the reactions D( 7 , n), Be(}', n) are in fact 2,18 and 1,63 MeV, respec¬ 
tively. The reaction i2C(<i, n), with deuterons from a high voltage tube, 
also yields low energy neutrons, the energy balance of the (endothermic) 
reaction being —0,27 MeV. Another convenient neutron source in the 
energy interval considered is provided by the ^Li (p,n) reaction. The 
neutrons can be detected either in an ionization chamber (I.C.) filled with 
hydrogen under pressure, or by the activation of a suitable element 
surrounded with paraffin or water. In this way, the values of the cross- 
section listed in table 6.411 have been obtained; the older ones are not very 
accurate **. 

* In the following survey, we shall omit a few measurements in which the neutron 
energy was not sufficiently well-defined, or which for some reason do not seem quite 
reliable. They are listed in the very complete tables of DiEBNER, Herrmann and 
GRASSMANN (42], 

*• In tables 6.411 and 6.412, the values of the neutron energies have been recalculated 
from the data about the nuclear reactions mentioned in the text. 
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6.411. Scattering of neutrons of Otl.. . 1 AieV energy by protons 


Reference 

1 

Source 

! Detector 

1 

Energy 

(approxim.) 

S 



1 

MeV 

cm2 

LEIPUNSKI et al, [36 b] 

Be(yR,,n) 

Ag in water 

0.12 

8 ±2* 

GOLOBORODKO and 


Dy in paraffin 

0.22 

5,0 ± 1,0 

Leipunski [39] 



Amaldi et al. [40] 

^^C(d,n) 

I.C. with 20 atm. H 2 ; 

0,4 

8,7 

electrometer 



Good and 


I.C. with 5 atm. H 2 ; 

0,9 

3.70-f 0.35 

SCH arff-Goldhaber [40] 

linear amplifier 






0,035 

16,74±0.41 

Frisch [46] 

7Li(p,n) 

I.C. with 0,55 to 

0,095 

13,46+0,39 

2,65 atm. H 2 ; 

0,265 

9,12 + 0,24 



linear amplifier 

0,490 

6,33+0.21 


j 

/ 

0,35 

7.15+0.24 


^Li (p.n) 

I.C. with 4 atm. \ ) 

0,46 

6.52+0,15 


methane; 

0,72 

5,22+0,12 

Bailey et al. [46] 


linear amplifier j 

0,97 

4,45+0,08 



f 

1.0 ±0,1 

4.16+0,15 


>2CW,n) 

argon filled I.C. ( 

1,6 

3,36+0,08 



with paraffin \ 

radiator ( j 

2,0 

2.96+0.07 


* Value calculated with the help of the C cross-section determined by Fedorov 
and Perfilieva [37] with the same apparatus. 


6.412. Scattering o[ neutrons produced by the D(d, n) reaction, A very 
suitable homogeneous neutron source, which has been extensively used, is 
provided by the reaction D(c/, n), which gives rise to* a single neutron 
group. The energy set free in this exothermic reaction is 3,26 MeV, so that 
even with (say) 0,2 MeV deuterons from a high voltage tube, it yields 
homogeneous neutron beams with energies from 2 to 3 MeV according to 
the dirertion of the beam with respect to the impinging deuterons (cf. 
M&F, p, ^2—54). Mostly, the experiments are carried out with the 
neutron beam parallel or perpendicular to the deuteron beam; but the 
apparatus used by AoKi [39] permitted a variation of the angle of the two 
beams and thus a controllable variation of the neutron energy in the inter¬ 
val 2 ... 3 MeV, With the same source, Bailey cf a/. [46] could extend 
the range of neutron energies up to 6 MeV. 

6.413. Scattering of very fast neutrons by protons. In order to obtain 
neutrons of still larger energies, we must at present have recourse to such 
(d,n) reactions as can be produced with Li, Be, B as targets; but owing 
to the occurrence of disintegrations into more than two particles or of 
excited states of the product nucleus, the energy spectra of the neutrons 
produced in these reactions present partly a continuous distribution, partly 
numerous homogeneous groups which are not easily separated. An energy 
selecting device has therefore to be introduced in the apparatus; no very 
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6.412. Scattering of D{d,n) neutrons by protons 


Reference 

Detector 

Energy 

S 



MeV 

lO""" cm 

Booth and Hurst [37] 

In in paraffin 

3,1 ♦ 

1.7 ±0,4^* 

Allen and Hurst [40] 

P 

3,1 * 

2,1 +0.2 

LadENBURG and 

paraffin-lined LC.; 

2.5* 

2.11+0,21 

Kanner [37] 

linear amplifier 



ZiNN et al. [39] 

He-filled I.C.; 

2,85 + 0,04 

2,36 + 0,12 


linear amplifier 



KiKUCHI and AOKI [39] 

l.C. with 20 atm. methane; 

2,45 + 0.05 

2,28 + 0,09 


electrometer 





2,21 

2,76 ±0,10 



2,33 

2,71 ± 0,08 

Aoki [39] 

id. 

2,48 

2,53 ±0,10 



2,63 

2,51 ±0,08 


1 

2,76 

2,42 ±0,10 



2,6 

2,60 ± 0.05 



3,0 

2,33 ±0,13 



3.5 

2,09 ± 0,09 

Bailey et al [46] 

argon filled LC. with 

4,0 

1,85 ±0,09 


paraffin radiator 

4,5 

1,83 ±0,10 



5,0 

1,63 ±0,05 



5,5 

1,48 ±0,06 



6.0 

1,32 ±0.12 


* Maximum energy. — Value corrected according to estimate of C cross- 
section from data of ZlNN et al [39]» AoKl [39] and Amaldi et al, [43]. — 
*** The absolute error may be +0,15 McV, but the relative values are more 
accurate. 


great accuracy is needed, however, since the cross-section is expected to 
vary slowly with energy in this region, Sal ANT [40] obtains a certain 
amount of selection by using for the detection of the neutrons the activity 
induced in Cu by the reactions ^^Cu (n, 2n) 62Cu, ^^^Cu + /?+: in 

fact, the first reaction has a threshold at about 12 MeV, so that the Cu- 
detector selects from the Li (cf,n) continuum, for instance, the part 
extending from 12 to the upper end at about 15 MeV; if we make the 
natural assumption that the yield of the reaction increases very rapidly 
with increasing energy, we may locate the mean effective energy nearer 
the upper extremity of the interval; this effective energy can further be 
varied to some extent by varying the direction of the neutron beam. The 
same method has been used by Sherr [45] for still higher energy neutrons, 
produced by bombarding Li with 10,2 MeV D+ ions: the maximum neutron 
energy is then 25,4 MeV and the reaction ^^C(n»2n)^^C provides an 
energy-sensitive detector with (calculated) threshold at 20,6 MeV, 
Amaldi ef aL [43] detect the neutrons by letting them fall on a paraffin 
layer and counting the recoil protons with a coincidence system of three 
counters (fig. 6,413); by interposing between paraffin and counters an Al 
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absorber of suitable thickness, they only record protons above a certain 
energy (which, for head-on collisions, is also the energy of the impinging 


I- 

f i 

20cm I 

I I 


L-^ Sc 


Fig. 6.413. Fast neutron scattering according to AmaldI ct al. [43]. 
•S source, Sc scatterer, P paraffin layer, A absorber, C counters. 


20cm 


10cm 

L... 



neutrons) and in this way they contrive to select an interval of neutron 
energies between the lower limit defined by the absorber and the maximum 
energy of the spectrum. The advantage of this device is clearly the control 
over the lower limit of the energy interval investigated. Essentially the 
same method has quite recently been applied by Sleator [47], whose 
preliminary results are also quoted in the table 6,413, 


6.413* Scattering of very fast neutrons by protons 


Reference 

Source 

Selector 

Energy interval 

MeV 

Mean energy 

MeV 

<S 

lO’”^ cm* 

SalanT and 
Ramsay [40] 

Li (d, n) 

Cu 

12 ...15 

14 

15 

0,70 ±0,06 
0,66 ±0,07 

Amaldi 

cf A. ^3] 

Be [d, n) 

B {d, n) 
Li (d, n) 
Li (d. n) 

Al absorber 
id. 
id. 

Cu 

3,2 ... 4.6 
9.4 ...13,2 
11,15 ... 15 

12 ...15 

4.1 

12.5 

13.5 

14 

1,73 ±0,06 
0,69 + 0,11 
0,71 ±0,04 
0,69 ±0,021 

Sherr [45] 

Li (d, n) 

C 

20,6 ... 25,4 

25 

0,39 ±0,04 


Be (d, n) 

Al absorber 

5.68..-, 8,16 
8.24 ... 11,70 

6,5 

9,3 

j 1,40±0.11 

1 0,92 ±0,08 




8,94 ... 13,9 

10,6 

0.78 ±0,09 




11,2 ... 15,9 

12,8 

0,83 ±0,09 

Sleator [47] 



13,2 ...18,1 

14,8 

0,61 ±0,09 


Li (d. n) 

id. 

15,0 ... 19.6 

16,5 

0.66±0,10 




16,5 ...21,2 

18,1 

0,55 ±0,08 




17,9 ...22,9 

19,6 

0.52 ±0,09 




19.4 ... 24.6 

21,1 

0.41 ±0,09 


6A2^ Angular distribution of proton^neutron scattering. The investiga¬ 
tion of the angular distribution of the scattered neutrons or recoil protons 
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presents considerable difficulties. The first experiments gave widely contra¬ 
dictory results, chiefly due, — as a critical discussion (Dee and Gilbert 
[37]) shows —, to the inhomogeneity of the impinging neutrons. Dee and 
Gilbert [37] were first abJe to obtain reliable results, making a very 
careful study of the question for D(<i, n) neutrons. They observed the 
recoil proton tracks in a large expansion chamber filled with a mixture 
of methane and argon at 3,5 atm. A special apparatus was designed to 
measure the scattering angle 0' (6.2/2-20) from the stereoscopic pair of 
photographs of each track. Thanks to the high pressure, the tracks were 
sufficiently short to terminate in the chamber, so that the range, and conse¬ 
quently the energy, of each recoil proton could also be ascertained. Since 
for elastic scattering of neutrons of energy E (in the laboratory system), 
the energy E' of the recoil protons is uniquely related to the scattering 
angle 0' by the formula (see fig. 6.2/2) 

E' = Ecos2 0', (1) 

it was possible in this way to eliminate the tracks due to neutrons not 
coming directly from the source. The result was that, at this energy, the 
scattering is isotropic in the batycentric system) the experimental uncer¬ 
tainty, however, would still allow a deviation from isotropy up to about 
10 %. Other experiments (Kruger et aL [37], BoNNER [37]) on essentially 
the same lines, but under less favourable conditions, led to the same con¬ 
clusion. A further confirmation was given by Barschall and Kanner [40], 
who utilized a specially constructed ionization chamber filled with a 
mixture of Ho at 4 atm. and Kr at 5 atm. and derived the angular distri¬ 
bution of the recoil protons with the help of relation (1) from a measure¬ 
ment, by the linear amplifier, of their energy distribution *. Particulars 
of all these experiments** with D(c/, n) neutrons are collected in the 
following table: 


6.42"!. Investigation of recoil proton tracks 


Reference 

Energy of 
neutrons 

MeV 

Range of scat¬ 
tering angle S' 

Number of 
tracks 

Dee and GILBERT [37] 

2,44 ... 2,52 

0 . 

. 51° 

1534 

Kruger ef al. [37] 

2,44... 2,7 

0 . 

. 69° 

635 

Bonner [37] 

2,44 ... 2,47 

0 . 

. 65° 

207 

Barschall and Kanner [40] 

[ 2,44 ... 2,5 

0 . 

..55° 

- 


* Further experiments on the same lines have recently been announced (CoON, DAVIS 
and Barschall [46a]). 

** Quite at variance with the measurements just mentioned, are those of the Japanese 
physicists (KikucHI et Al [39b] t AOKI [39]). They compare the neutron intensity coming 
directly from the source with that scattered by a flat paraffin ring (the direct beam being 
then stopped by a block of Fe placed in the hole of the ring). From this intensity ratio 
they derive in a rather indirect way the value of the differential cross-section per imit 
solid angle S(&) for the mean scattering angle defined by the dimensions and position 
of the ring. By using rings of different sizes they get 4 values of S(6^) in the angular 
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Even for much higher neutron energies, only small (if any) deviations 
from isotropy could be perceived. This result is well-established for energies 
up to about 11 MeV. Neutrons of this energy have been studied by Tatel 
[42]. He selects them from the continuous neutron spectrum of the 
Be(cf, n) reaction by the same device as the Italian physicists (6.47J), the 
recoil proton detector consisting of a coincidence system of two ionization 
chambers. He investigates their scattering by hydrogen gas in two 
directions, determined by the orientation of the axis joining the hydrogen 
cell to the detector with respect to the neutron beam (collimated by a hole 
in a thick wall of water). The mean scattering angles are 0' = 16® and 
S' z=z 45® (i.e. d'= 148® and 90®, respectively); the recoil proton yields 
correspond, within 10 % experimental uncertainty, to isotropic distribution 
of the scattered neutrons. 





Qs 


— D 


Fig. 6.42-1. Angular distribution of fast neutron 
scatterimg, according to Amaldi et aL [42a]. 
iS source, P paraffin scatterer, D diaphragm, 
C counters. 


In the case of neutrons of 12 ... 14 MeV, the question is not definitely 
settled, as different experiments lead to conflicting results. According to 
Amaldi et al. [42a, 6], a considerable anisotropy of scattering angle 
distributicn ^would occur in this energy region. The Italian physicists 
compare the intensity of the recoil protons from a paraffin scatterer in the 
direction of the incident neutron beam (©' m 0) with that of the protons 
scattered at 0' 45® under the same geometrical conditions. For this 

purpose (fig. 6.42-1), the detector (consisting of a coincidence system of 
three proportional counters) is rotated through an angle of 45® about the 
middle P of the scatterer, while the latter (which is bent into the required 
shape) is disposed along the circle passing through the source S, the 
point P and the center C of the counter system. The sources used were 


range e = 23" ±: 5" ... 55" ± 6" (thus S' = 35" ± 6" ... 67" ± 5") for D (d, n) neutrons 
of about 3 MeV. While <5 (@)/cos 6^ turns out to be practically independent of 
6*. it differs by a factor i from the value S/n expected in the case of S-wave 
scattering (S being the total cross-section). The authors attribute this discrepancy to a 
strong anisotropy of the angular distribution, but in view of the other results, this 
conclusion has very little plausibility. 





Fig. 6.42-2. Microphotograph of a 13 MeV proton track in a photographic emulsion 
layer (POWEI.L ct al. |46a]). The track begins at a and ends at d; the three successive 
segments a W c. c d should be pieced together at the places indicated by the arrows. 






6J2 


SCATTERING OF FAST NEUTRONS BY PROTONS 


125 


the reactions B(cf, n) and Li{d, n), the lower limit of the neutron spectrum 
being defined by A1 absorbers (as above, 6A13). The ratio S(n)IS(7tl2) of 
the values of the differential cross-section S(^) per unit solid angle (in 
the barycentric system) for backward n) and sideways = nil) 

scattering, as derived from these measurements, would be: 


6.42-2. 

Scattering anisotropy of fast neutrons according to the 

Italian physicists 

Source 


Energy interval 

MeV 

Mean energy 

MeV 

S{:t)/S{n/2) 

B (d. n) 


10 ...13,5 

12.5 

0,71 ± 0,04 

Li [d, n) 


11 ...15 

13.3 

0,53 ± 0,03 * 

< 

12.5 ... 15 

14 

i 

0,52 + 0,03* 

* These values 

may be too low. 




In contrast with these results, measurements performed by PoWELL and 
his collaborators [40, 44, 46a, b] on the two fastest neutron groups from 
B(d, n) with mean energies 8.8 and 13 MeV, point for both groups to an 
angular distribution which, if it deviates at all from isotropy, would rather 
exhibit a small excess of scattered neutrons in the backward direction, 
Poweirs method is more straightforward and much more powerful than 
the ingenious apparatus of Amaldi, and its results are very probably more 
reliable; but it is desirable that the Italian experiments be repeated with 
a view to tracing the cause of this puzzling discrepancy *. The method 
developed at Bristol consists in observing tracks of recoil protons in the 
emulsion layer of a photographic plate exposed to an approximately lon¬ 
gitudinal neutron beam. The direction of the impinging neutrons can be 
defined with an accuracy of ±: 0°,5, and a procedure of microscopic 
focussing permits the measurement of the dip of a proton track with an 
error as small as di 1°, so that the uncertainty in the scattering angle 0' 
does not exceed 2°. The measurement of the range of each track together 
with its scattering angle allows its assignment to a specific neutron group; 
special emulsions with very large grain densities have been prepared 
(Powell et aU [46a]) in order to ensure an accurate definition of the 
tracks (fig, 6.42-2, plate III). Account must be taken, however, of the 
tracks not ending in the emulsion, the thickness of which is 120 or 150 fix 
for each kind of emulsion, a careful empirical determination has been made 
of the fraction of tracks remaining in the emulsion for different ranges 
and angles of dip, and before being compared with the actual results of 
counts of tracks, theoretical distribution curves must be corrected for this 
'loss** at each scattering angle (corresponding, by (1), to a different 
range). This circumstance practically restricts the utilization of the material 

A recent investigation by LAUOHLIN and KRUOER [47] of the angular distribution 
of the recoil protons produced in a high pressure cloud chamber filled with methane by 
neutrons of energy 12 ... 13 MeV supports the Bristol results. 
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to tracks with dips smaller than 10®. The method has the obvious 
advantage of surveying the whole angular range 0' = 0 ... 45® and yielding 
a complete angular distribution function, which allows of a much more 
stringent theoretical test than the mere ratio S(n)IS(jtl2). The latest results 
on the two fast neutron groups are summarized in fig. 6.42-3,4; owing to 



Fig. 6.42-3,4. Angular distribution of fast neutron scattering. 

• Measurements of tracks in a 150 a* emulsion layer, 
o Same, combined with tracks in a 120 a* emulsion layer. 

- Isotropic distribution (corrected for “loss"’). 

. Distribution (corrected for “loss”) according to central meson potential of 

symmetrical type {S.33) with = 225 m. 

In the lower part of fig. 6.42-3, the data are shown as referred to the isotropic distribution. 

the statistical character of the method, an increase in accuracy may be 
expected frjpm the accumulation of further data, especially on the 13 MeV 
group. Moreover, there is hope of applying the same analysis to neutrons 
of still higher energies; which would be of great importance from a theore¬ 
tical point of view (8.33). 

6*43* Comparison with theory. Leaving for later discussion the pos¬ 
sible significance of the small deviations from isotropic distribution of the 
scattered particles indicated by Powell’s experiments with 9 and 13 MeV 
neutrons, we may draw from the results of the preceding sub-section 
(6.42) the general conclusion that, at any rate for smaller neutron energies, 
we have mainly to do with S-wave scattering, in conformity with elementary 
theoretical considerations (6.21). In this energy region, we may thus 
compare the empirical results concerning the total scattering cross-section 
at various energies with the predictions of a theory of S-wave scattering, 
utilizing only the effective nuclear potentials for even states and adopting 
a definite form for these potentials. From such a detailed comparison we 
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may hope to derive in each case quantitative information on the ranges 
and strengths of the effective potentials. 


6A31* Scattering by potential well The calculations can be carried 
out in analytical form (without numerical integration of the wave^equation) 
only in the case of the potential well. The theory developed in 6.27, 6,21 U 
6,212, when combined with the existence of the low energy level (6,23), 
leads to the general formula 




3- Y(E) 

iE + jsol 


+ 


Y(E) 1 


( 2 ) 


valid for neutron energies E satisfying the condition j?< 1, i.e. {5.11-9; 
6.212-20) E < 10 MeV. If the energy is expressed in MeV, we have to 
use the numerical value 


^ = 1,3-10-2^ cm2 MeV; (3) 

the finite range corrections are given by (6,211-16) in terms of the 
potential width D (assumed to be the same for singlet and triplet states) 
and the scattering constants ^aQ, ^aQ. 

The triplet contribution can immediately be calculated for any energy, 
since the parameters occurring in (2), viz. | Cq Gr s in (E) 

are all determined by the deuteron binding energy | to | (6,11-1; 6,21-14; 
6,211-19), But the analogous parameters pertaining to the iS level have 
first to be derived from the experimental data, more specifically from the 
zero energy cross-section (6,23-34; 6.211-17) 


S(0) = 3^(^a)^ + 7t('a)^. 

H) 

^a = ^aol^Y(0) 

(5) 

'a = >aoyY(0). 

(6) 


Having adopted some value for D, we begin by calculating ^a with the 
help of (5), using the expression (6,211-16, 18) for ^f(O) (with the terms 
in (D/3ao)" up to n = 4). From (4) we then obtain ^a and solve (6) for 
1 (^^0 la arc negative); it is sufficient to write (6) in the form 


‘ao 




‘aol 


+ 0345 


‘aol 


(7) 


Finally | lao | yields the energy | !• The following table gives an idea 

of the variation of the various parameters with the range Dr 


6»431'*1. Scattering parameters 

in terms of width of potential well 

D 

^a 

— 

— ^ao 

1«(0) 

IW*a| 



cm 

10 ” cm 

MeV 


0 

0437 

2,47 ± 0,07 

2,47 ± 0,07 

0,067 ± 0,004 

5,66 ± 0,16 

1.94 

0,538 

2.41 ± 0,07 

2,50 ±0,07 

0,066 ± 0,004 

i48±0,13 

2,8 

0.585 

2,38 ± 0,07 

2,51 ±0.07 j 

0,065 ± 0,004 

4,07 ±0,12 
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The corresponding corrections for finite range are: 


6.431-2. Finite range corrections 

D 

10 cm 

^f(E) 

*f(E) 

1,94 

2,8 

1,51-0,02 E+ 10-* £2 
l,79 - 0,04E + 4- 10 “‘‘e2 

0,92 - 0,01 E + 10“'* E2 

0,89 - 0,02 E + 4 • 10“'* E^ 

E in MeV 


Graphs of the cross-section (2) for the range values 1.94 and 
2.8 • 10-“ cm have been drawn in fig. 6.431, in which the empirical data 
have also been plotted. The value D = 1,94.cm has been chosen 
so as to fit the cross-section 2,53 • 10-24 cm2 as measured by AoKl [39] 
for E 2,5 MeV. It will be observed that not only are AOKi's measure¬ 
ments in the range 2,21 ...2,76 MeV beautifully consistent with the 
theoretical curve, but also those by ZiNN et al. [39] at 2,85 MeV and by 
the Italian physicists (6.413) at 4,1 MeV fall on or very near the same 
curve. However, it must be noted that the energy values at which Aoki’s 
measurements have been performed could unfortunately (owing to un¬ 
certain corrections) not be fixed with a smaller margin of error than 
±.0,15 MeV; and further, — as also exhibited by the older measurements 
(points B, K, L in fig. 6.431) —, that systematic errors tend to give too low 
a value of the scattering cross-section. One cannot, therefore, as shown by 
the figure, exclude the possibility that the true value of the range would 
even be as high as 2,8 • 10-13 cm (cf): the importance of this observation 
will appear on a later occasion (8.1) 

As regards the experimental points at higher neutron energies 
(12 ... 15 MeV), we cannot directly relate them to the calculated curve, 
since ** we ought here to take account of the waves of higher orbital 
momentum. The fact that also these points practically fall on the S-wave 
scattering cujtve indicates that the contribution of waves of higher orbital 
momentum to the total scattering cross^^section in the region of 12 ... 15 MeV 
neutron energies is very small. This property may serve as a test for 
different kinds of nuclear interaction (1622). 

Summing up, we sec that for any assumed width of the potential well, 
the ‘'.depths*' or strengths of the effective wells for 35 and states are 
determined by the binding energy of the ground state of the deuteron, and 
the scattering cross-section of the proton for neutrons of zero energy; the 
variation of the scattering cross-section with neutron energy helps to a certain 

* Bohm and Richman [47] show that the adjunction of a broad and shallow "tail'* 
to the potential well tends to lower the cross-section at higher energies and thus to improve 
the fit with the empirical curve. 

This energy region is already outside the domain of validity of our approximate 
treatment of the 5-wave scattering; but the deviation, for such energies, should not amount 
to more than a few percent 
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Fig. 6.431. Scattering cross-sections of protons for neutrons of various energies. 

Experimental points: 


A AOKI [39] 

Am Amaldi et al [43] 

AH Allan and Hurst [40] 
B Bailey et al [46] 

BH Booth and Hurst [37] 


F Frisch [46] 

K Kikuchi and.AOKI [39a] 

L LADENBURG and KANNER [37] 

5 Good and Scharff-Goldhaber [40] 
Z ZINN ef al [39] 


9 *^ 
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extent to fix the value of the width, but the accuracy of this determination 
is as yet rather poor. The explicit calculation of the potential strengths 
from 3 £(o), leio) is easily performed by means of formula (5.27-5) 
for an actual level and the analogous one for a virtual level; on account 
of the definition (5.327-28) adopted for such a level, one has simply tO' 
replace, in (5.27-5), y \rj\ by —yi?. The result is: 


6.431-3. 

Widths and depths of potential wells 

D 

3^0, 

lj(0) 

10 ** cm 

MeV 

MeV 

1,94 

38,1 

25,4 

2,8 

20,9 

11,8 


It may be observed that, owing to the smallness of the energy of the 
level, the value of the strength, of the singlet potential is quite in¬ 
sensitive to any experimental uncertainty affecting the scattering cross- 
section for zero energy neutrons. This remark is valid for any simple type 
of central potential. 

6»432« Scattering by other types of central potential* In principle, the 
procedure followed in the case of the potential well may just as well be 
applied to the other simple forms of potential quoted in 5.77, but it will 
be much more laborious, since for every value of the energy which is 
considered, the 5-phase has to be computed numerically. For simplicity, 
we shall always assume that all effective potentials have the same range; 
but even so the cross-section (as exemplified by the case of the well 
potential) is so insensitive with respect to this range that one cannot hope 
to determine this parameter by a comparison with the available data. One 
must therefore adopt some value of the range, drawn from other evidence, 
such as the |3roton-proton scattering experiments (7.73). The triplet potential 
strength is then derived from and the triplet contribution to the 
scattering cross-section for zero energy neutrons can be calculated; no 
great accuracy is here needed, since this contribution is small. From the 
empirical value of the total cross-section, the singlet contribution is thus 
obtained and the singlet potential strength necessary to account for 
it can finally be found. One should then check the constants determined 
in this way by calculating the scattering cross-section for different values, 
of the neutron energy; but apart from the case of the well potential, treated 
above, this has only been done (to some extent) for the meson potential. 

Let us take this last case as an illustration. From the value of 1 3^(o) 
that of 36(0) can be calculated by formula (5.237-25), while is given 
in terms of by the analogous formula (5.323-34a). In order to- 
determine we need not compute accurately the triplet contribution 
to the zero energy cross-section, but (following the example of Breit et aL 
[39t,cf]) wc may simply put it equal to the 'well** value (for a width. 
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D = 2,8 ■ 10-18 cm, say); this amounts to adopting for the cor¬ 
responding "weir’ value, given in table 6 . 431 - 1 . Inserting, in the formulae 
just quoted, the numerical values of Sgio) and going over to ordinary 
units by means of (5.11-9) and introducing the meson mass Mm =Ij* 
instead of x, we get for the effective potentials 

= 4,67 • lO-* + 5,57.10-2 ^ _ 0.535 (MeV) 

( 8 ) 

>= 4.67 • 10-* - 0,965 • IO -2 ^ (McV). 

Calculations of scattering cross-sections using these potentials will more 
suitably be dealt with in a later Chapter (8,33). 

We shall here bring together in tabular form results obtained by the 
procedure outlined above for different types of potentials. The assumed 
range values are those suggested by the analysis of the proton-proton 
scattering data, but in the case of the meson potential figures pertaining 
to a whole range of values of the meson mass are quoted for future 
reference. 


6.432. Data on proton-neutron potentials 


Type of potential 

Assumed 

range 


Triplet wave 
contribution to 

lj(0) 

1J(0)/,J(0) 




zero energy 
cross-section 




10“** cm 

McV 

10“** cm* 

MeV 


Well {5.1 J-2) 

2,8 

20,9 

3,225 

11.8 

0,56 

Exponential (5.11-3) * 

1,73 

I 123,3 

_ 

-74 

0.6 

Morse (3.77-4) 

1.4 

99,06 

4,47 

— 63 

-0,63 

Gauss (5.77-5) *** 

1.9 

43.7 

3,15 

27,2 

0,62 

(200 

1,9 

29,3 

_ 

16,7 

0,57 

Meson (3.77-6) \225 

1,69 

35,6 

_ 

21,4 

0,60 

M^/m = ^248 

1.57 

42,5 

_ 

26,3 

0,62 

1273 

1,37 

51,0 

_ 

33,4 

0,65 

\326 

1,17 

67,3 

1 ' 

46,5 

0,69 

Hulth^n {5Jl-7)i 

1 

60 


38 

0,63 

HYLLERAAS(3.77-(S)-H 

1 

1 112 

— 

77 

0,69 


* The value of is that given by Rarita and PRESENT [37] for the 
range indicated; that of which was derived by these authors from a 

superseded value of has not been recalculated, but — following BUCKINGHAM 
and Massey [41] — the ratio q has just been put = 0,6. 

** From the formula and graphs in the paper of MORSE et ah [36]. 

According to numerical calculaticms of Breit et ah [39a]; the value of 
is obtained by interpolation from their results. 

+ Moseley and Rosen [47] 
tf Eisner and Rosen [47] 
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6S* Radiative processes 

6S0. The present section is devoted to a theoretical treatment of the 
photo-disintegration of the deuteron and a discussion of the inverse process 
of radiative capture of neutrons by protons. A note is added on the theory 
of the disintegration of the deuteron by electron impact. 

6*514 The photo^disintegration of the deuteron. The way in which a 
deuteron in its ground state of binding can be dissociated by sufficiently 
hard y-radiation is apt to give valuable information on the forces holding 
proton and neutron together. Thus the threshold frequency of the /-rays 
immediately yields the binding energy; it is in fact this method which at 
the moment provides us with the best value of this constant (6.11). But, 
as we shall see later (8.34), the angular distribution of the ejected protons 
also gives rise to important theoretical inferences. In order to discuss this 
last phenomenon, especially for relatively small frequencies, it will be 
necessary to take into consideration not only the disintegrations due to 
the electric field of the ^^-ray (photO'^electric effect) but also those produced 
by its magnetic field (photo^magnetic effect). The first depend on electric 
dipole transitions of the deuteron the second on magnetic dipole tran¬ 
sitions. In fact, if we assume the wave-length of the y-ray to be large 
compared with the dimensions of the deuteron, the interaction energy 

with the electromagnetic field (E, H) of the radiation (treated as constant 
in the spatial region of interest) may to a sufficient approximation 

(4.42-5) be written as —EP — HM, P and M being the electric and 
magnetic dipole moments. 

The differential cross-section of the photo-effect for a given polarization 
of the incident radiation is given by 

d0= V I !P(00)|2 ^2 JQ . (1) 

here v denotes the relative velocity of the ejected nucleons, determined, as 
well as the total kinetic energy e, from the binding energy eq of the ground 
state and the frequency cvjln of the incident radiation by the equation 
+ iP(cxD) is the asymptotic value of the wave-function of 
the ground state, perturbed by the electromagnetic field; the bar indicates 
the average corresponding to the degeneracy of the ground state. The 
wave-function (oo) must be normalized to unity, and the magnitude of 
the field must be chosen so as to correspond to an intensity of one photon 
per cm2 and per sec. Writing the interaction energy operator in the form 

^ with W = - Eo P-Ho M, (2) 


* It can be verified that electric quadrupole transitions play only a negliyibl^ role, 
compared to the other (PaiS [43]). 
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we must take 

|g,Pzz:|HoP = 4^-~. (3) 

It will appear that only the large components of the wave-function come 
into play; for these we may write* ** , on account of (5J2-21), 

(5.777-13), 




• Z jde- ao(e ; o, Uj, m; f) • • 

(j, /, y, m 



sin (k r— ^ ) 

♦ 

r 


evaluating the coefficients a and performing the integration over e, we 
find •• 


!P(co)~ 



^Ikr 

r 7, y, m 


a ^(l)m 


„ • (b: (t, /.y, m I 10), 


(4) 


where (e;o,l,j,m |0) is a matrix-element of the operator W, the 
ground state being denoted by the symbol 0. 

According to the considerations of 4.43, we may take as electric dipole 
moment the operator given by (4.43-l\), which clearly gives rise to 
transitions from the ground state to states of the continuum. As 
regards the magnetic moment operator, since it must operate on the state 

—> 

eigenfunction, it reduces to the form {4A2-r6,7,S,9); the operator Maud 
may be written 


Tvinud — Mo \Mn "f“ Mp) Mo \Mp Mn) - - ---—■— 

2 2 2 


‘r(l)— - (j{2) 

-f^o (f^p-/^n) - . 

2 2 


(5) 


From this expression, it is immediately apparent that the photomagnetic 

transitions due to Maud lead (through the last term of (5)) to ^S-waves. 
The exchange moment, as a detailed investigation (Pais [43]) shows, 
likewise gives rise to transitions to states, as well as (but to a negligible 
extent) to states. Summarizing, we thus get a superposition of a 
i.e. sin^i^-distribution and a spherically symmetrical distributidn of 
ejected nucleons (in the barycentric system). 


* The normalization must be referred to the ordinary (not reduced) energy scale, and 
to r instead of ^ (5.111), 

** This method is due to Bethe, who applied it to the treatment of the atomic photo- 
effect. Cf. c.g, A. SOMMERFELD [39], Chapt, VI, § 7. 
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The total cross-section is the sum of the two effects: 

= + ( 6 ) 
The relevant matrix-elements are calculated without difficulty, by means 
of (4.32-17), from (1). (4), (2), (3); averaging further for an 
unpolarized incident radiation, one gets 

£/<P.,= ^ • Ijr • 4 
D . O 

= ^ • 1?*- • y I 

where 


K^ = fRo-^R^^^‘ rdr 
0 

/ir„ „ z={fip — jLt„) J i?o •'/??’ dr—f Ro • /* (r) • 'M°’ dr, 
0 0 


( 8 ) 


Rq designating the radial part of the ground state eigenfunction, and ju{r) 
the radial dependence of the exchange magnetic moment. The total cross- 
sections are given by 


= l?i"y lA'dl* 


For frequencies just above the threshold, i.e. small velocities of the ejected 
nucleons, it is easy to sec that the photomagnetic effect is predominant. 
In fact, for the eigenfunction we may take the form (5.32-11), 

which for small is proportional to 

i.e., by (5.32-20), 

*/??» ~X{S)' ;j=Srm ■ ^ ± 

the sign of the last term being + or — according as the low energy level 
defining the phase is virtual or actual. On the other hand, we may in ( 8 ), 
replace by the corresponding function W obtained by neglecting the 
nuclear potential in comparison with the centrifugal forces {5.12): 

1 /sinz \ 

17 * 3 
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From (8) it then follows, according to (10) and (11), that wc may 
quite generally write, for small energies e of the ejected nucleons, 

l/r |2 ~ F (e) 

1 -tVmagn 1 ^ ^ | i^p) | ^m»gn 

the F's being analytic functions of e. The formulae (9)» together with (12), 
finally show that for small g the photomagnetic cross-section increases with 
€ much more rapidly than the photo-electric one. The photoniagnetic effect 
will chiefly affect in a sensitive way the angular distribution of the ejected 
nucleons (834). 


To get an approximate idea of the order of magnitude of the photo- 
disintegration cross-sections, we may in (8) replace Rq by its asymptotic 

form , with the normalization factor i2>c'^\rio\* Neglecting further 

the magnetic exchange effect, we may then easily evaluate the Ks and we 
get for the corresponding functions F(s) introduced in (12) 


Fel( 6 ) 


8 y Vl^o l 

n M(e + |eoi)^ 


(e) S — (^p —/i„)2 


il^oi 


(e + I *01 


(y|6ol±yl■^<“'l)^ 


(13) 


the =fc sign pertaining to the virtual or actual character of the level. 
Taking account of the energy relation = e + | Cq I oi the formulae 
(9), (12) and (5.52-22a), we get for the cross-sections 



A 


3 1 I * ^— 3 ^ 


Using the numerical values (6.2/-14), (1.21-2,3), (1.22-6), one has 

A = 1,16- 10-26 cm2 
B=: 1,52 •10-2» cm2. 


(15) 


632* Radiative capture of neutrons by protons. When slow neutrons 
pass through a substance rich in hydrogen, such as paraffin or water, they 
arc not only elastically scattered, but also strongly absorbed. This absorp¬ 
tion is due to capture of neutrons by the protons, leading to formation of 
deuterons with emission of radiation. Since this process is just the inverse 
of the photodisintegration, its cross-section G is related to that of the 
latter by an equation resulting from the well-known argument of detailed 
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balancing. This equation, valid separately for the capture process involving 
an electric dipole transition as well as for that involving a magnetic dipole 
transition is 



(16) 


the momentum p/c of the incident neutron is related to that of the emitted 
photon b vjc by the law of energy conservation, so that we may write, 
with (5J7/-13), 


(e + \Bo\y 

^^2 Mb 


0 . 


(17) 


The factor f is the quotient of the statistical weights 2-3 of photon (two 
states of polarization) and deuteron (multiplicity of ground state) by 
those, 2-2, of free neutron and proton, arising from the spins. Combining 
(17) with (9) and (12), we see that for slow neutrons, the "electric"' 
capture cross-section is negligible in comparison with the "magnetic" capture 

cross-section, which is inversely proportional to i.e. to the velocity v 
of the neutrons ("1/u-Zatp"). (The reason for the smallness of the electric 
dipole effect is that such transitions entail an initial state of orbital angular 
momentum 1=1 and that a slow neutron with this angular momentum has 
too little chance to come sufficiently near the proton to be captured.) 

The first measurements of the capture cross-section were performed 
by Amaldi and Fermi [36] according to a method developed theoretically 
by Fermi [36]. The mean life of a neutron of velocity v in paraffin — 
from which the capture cross-section immediately follows — is given by 
I N/v, I being the mean free path and N the mean number of free paths 
travelled by the neutron before capture. The first of these quantities may 
be measured directly by letting neutrons pass through increasing thick¬ 
nesses of paraffin. The second can be deduced from a study of the 
diffusion of the neutrons in paraffin; the probability for a neutron to 
reach the siirface of a paraffin block from a depth jc before being captured 

is found to be of the form with V = I^NJS; the determination of V 

then yields N. For neutrons of ordinary thermal energies, this method 
gives a cross-section * 

G = 0,31-10-2^ cm2. (18) 

Very nearly the same result, viz. 0,33 • 10~24 cm2, has been derived by 
Manley, Haworth and Luebke [42] from a direct measurement of the 
mean life-time of the neutrons in water; the accuracy of this value is 
estimated at about 5 %, the chief uncertainty being that in the neutron 
velocity. 

Other determinations are obtained by comparing the capture cross- 
section of hydrogen with that of boron, silver or cadmium; the latter may 

♦ Recently, however, GamertsFELDER and GOLDHABER [46] have given a value as 
low as 0,25 • 10“®^ cm®, for which they claim 10 % accuracy. 
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in fact, on account of the smallness of scattering, be identified with the 
total absorption cross-section, which is readily measured. The relative 
measurements of the capture cross-sections are made with liquids or 
solutions containing the substances investigated in different concentrations; 
various methods of comparison can be used, a survey of which is given by 
Volz [43]. Owing to the uncertainty prevailing until recently in the 
absolute values of the cross-sections of the comparison substances, the 
precision of the absolute value of the hydrogen cross-section deduced from 
such relative measurements was considerably impaired. With boron as 
comparison element, one obtained for G values of about 0,27 to 0,31 • 10 ”* 
cm2 (Frisch, Halban and Koch [37], Schulz and Goldhaber [45]); 
with cadmium (Haxel and VOLZ [43]), one gets 0,235 to 0,32 • 10“"24 cm2, 
the latter determination corresponding to the most recent cadmium cross- 
section value (Diebner et aL [42]). A new determination, however, using 
monochromatized neutrons from a uranium pile and boron as comparison 
substance, has definitely confirmed the value (18) of the capture cross- 
section, which moreover can now be referred to a precise neutron velocity 
of 2,2 • 105 cm/sec. 

The cross-section (18) is much too large to be accounted for by the 
electric dipole effect. To the same approximation as the above formula 
(13), we get from (17) 


+ I «o I p y M y 

which takes its maximum value for e =: | cq |. It was just the need to 
provide for some other capture mechanism capable of explaining the large 
cross-section observed for slow neutrons which led Fermi [35,36] to 
consider for this purpose the magnetic dipole transitions. In fact, the latter 
effect yields a capture cross-section following the 1/i^-law, which can thus 
become very large at small velocities. At this point it must be stressed that 
this effect exists only in so far as there is a spin dependent nuclear inter¬ 
action: otherwise, there being no difference between iS and states, 
the first term in the expression (8) for would vanish because the 

eigenfunctions occurring in it would be orthogonal, while the last term 
would disappear because there would then be no exchange magnetic 
moment (4.43). The large capture cross-section of protons for slow 
neutrons therefore provides us with an additional qualitative argument 
of great weight for the existence of a spin dependent nuclear potential. 


More quantitatively, we get *, neglecting the exchange effect as in 
formula (13), 




■ J. 




M 


0,53 • 10-“ cm2. 


(20) 


Parmula (20) clearly illustrates the vanishing of the magnetic effect for ^ciO) 
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Taking (table 6A31--1) | [ ;=:i 0,065 MeV, i* •• c. 1 I = tills 

formula yields, for thermal neutrons (E= 0,026 MeV, i,e, e = 0,013 MeV), 

G„.,n 0,23 • (1 db 0,17)2. 10-24 cm2 

(0,32 ■ 10-24 cm2 fQj ^ virtual ^5 level (20a) 

(0,16* 10-24 cm 2 £qj, 3 JJ actual *5 level. 

These results are, in the first place, of the right order of magnitude; they 
further distinctly favour the case of a virtual level. But (chiefly 
because of the neglect of the exchange effect) the calculation is not suffi¬ 
ciently accurate to allow us to regard this evidence as entirely conclusive. 


6453 , Disintegration of the deuteron by electron impact. In principle, 
the disintegration of the deuteron can be brought about by the electro¬ 
magnetic field of an impinging electron just as well as by that of a photon. 
Experiments to this effect have hitherto not been attempted, owing to the 
difficulty of producing beams of electrons of the required energies. But 
the analogous reaction with the ^Be nucleus, which has a smaller threshold 
(1,63 MeV), has already been produced by Guth and his collaborators 
[39a, h], using electrons of up to 1,75 MeV energy, accelerated by a van 
de Graaf generator. The theoretical treatment of this process follows the 
same general lines as that of the photo-effect; modifications arise on the 
one hand from the different form of electromagnetic field, on the other 
(and more important still) from the fact that the electron, unlike the photon, 
is not absorbed in the course of the reaction, but emerges with a diminished 
energy. 

If the transition performed by the electron is from a state i (of momentum 

energy J5<®)) * to a state /*, so that the momentum and energy trans¬ 
ferred to the nucleus are 


p = p<<)—p(«) , E = Ef^—Ef, (21) 

the effec iv^ electromagnetic field by which the electron acts on the 
nucleus may, according to the principles of quantum electrodynamics be 
represented (in a notation similar to that used above in the photon case) by 


with 


Eq + complex conj. , ^ compl. conj., 

■ IBWIeliJoifl-rsil If)] 

1 1 


(22) 


* All queintities referring to the electron are distinguished by an upper index (e). 

•• Cf. C. MoLLER, Ann. Physik 14, 531. 1932. 
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These formulae are only valid for sufficiently small values of the momentum 
transfer p; they represent in fact, to the first approximation, the field 
produced by the effective charge and current distribution of respective 
densities 




xM-Ect) 

e « 




e 

cf' 


— ^(P Ecf) 

e ^ 


(t i a<e> I /■). 


The normalization factor \/v^p == being the initial velocity 

of the electron) corresponds to an intensity of one electron per cm 2 and 
per sec. 

For a definite transition i f of the electron, the total cross-section of 
the disintegration process is, exactly like that of the photo-effect (and with 
the same notations), the sum of an electric and a magnetic contribution 


2nu\c 

3^" |/i^nagn N Hq 


(23) 


(Also the angular dependence of the electric and magnetic effects is the 
same. The differential cross-sections are obtained by multiplying the total 
3 1 

ones by ^ sin 2 ^ dQ and j- dQ, respectively.) If the impinging electron 
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beam is unpolarized, we have to average these quantities over the initial 
spin orientations; moreover, we must sum over the final spin orientations. 
One has, in the usual way. 
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Finally, the cross'sections must be summed over all possible values of the 

momentum of the electron after the collision. For this purpose, they 
have to be multiplied by the number of final states in an element of 
momentum space» viz. 


pfEfvf 


dEf dOf. 


and integrated over all angles and over Ep from m to Ep — The 
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angle variables occur in the integrand only through 




performing the angular integration, one gets the general formulae 



The energy e of the nucleons after the disintegration, which occurs in the 
/T’s. is given hy e = E — | cq |* 

For electrons of relatively low energy, we may expand the expressions 
(25) in powers of WK if 


W=-£l'’-m-ko 


(26) 


denotes the energy of the impinging electron above the threshold. To this 
end, we put 

Ef = m+Wx 

and integ :at3e over x from 0 to 1. Since 

e=W(l--x) 


is also small, we may use the expressions (12) for the iCs. Expanding the 
integrands (but retaining in l/Cmagn P the factor [| + Wll —a:)]~i, 

since | ^eio) | may be of the same order as W), we readily find 
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Using the approximate formula (13), we get' 
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(28) 


}U\+2m . r,, _i/i ' 

1,6 • 10 -*‘ [1 + 7.5 W- }/l + 15 W] cmK 


W being expressed in MeV. 

The formulae (28) have been derived by PETERS and RiCHMAN [41 ]» 
The influence of the magnetic exchange effect has been discussed by 
Lubanski and Rosenfeld [45]. 


* In the last formula, it has been assumed that the level is virtual, with 
hiO) = 0,065 MeV (table 



CHAPTER VII 


CENTRAL INTERACTION BETWEEN PROTONS 

This Chapter will chiefly be concerned with the analysis of the 
scattering of protons by protons, which yields quite precise information 
on the effective potential of the nuclear force between two protons in a 
state; this effective potential depends only on the central part of the 
nuclear interaction {4.431). The influence of non-central couplings will 
only make itself felt for higher proton energies than those hitherto studied 
in sufficient detail. It has been thought advisable also to include a short 
account of the interesting reaction in which a collision of two protons leads 
to the formation of a deuteron with positon emission. 

7*1 ♦ Proton-proton scattering. 

7JL Theory, The main force acting at large distances between two 
protons is the electrostatic repulsion, and it will determine the scattering 
as long as the colliding particles do not come into the range of the proper 
nuclear force. If E is the kinetic energy of the protons, the distance To of 
closest approach in a head-on collision (angular momentum 1 = 0) is 
defined by e-lro = E, whence Tq = (e^jm) (m/E). In order that the 
nuclear force, of range e^/m, can come into play, the kinetic energy of 
the impinging protons must therefore be of the order of magnitude of 
several 100 keV. For such energies, the protons of the scatterer may be 
treated as free; the transition between barycentric and laboratory system 
of reference will be effected by the formulae (6,212-20), The treatment of 
the scatt< riilg of free protons differs from that of neutrons by protons in 
two respects. In the first place, the influence of the long range Coulomb 
interaction makes itself felt even on the asymptotic behaviour of incident 
and scattered wave; in the second, account must be taken of the peculiar 
way in which the exclusion principle modifies the scattered intensity. 

Let us first consider the pure Coulomb scattering, governed by the 
radial equation 

where k is again (5.111-13) 2n times the wave-number of the incident 
wave, while 

_ Me*_Me*_e* c 

““2l3*jfc~2!?p~ ftp’ 


(2) 
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V denoting the relative velocity; indeed* with our units, u/c is the quotient 
of the relative momentum p by the reduced mass J M. For given I and k, 
this equation has two independent solutions of which the one is regular 
the other irregular at the origin; the asymptotic forms 

of these solutions are found* to be (with corresponding normalizations) 

- sin (Ar r— /njl + 3c ^ 

with * 


= — alog2A:r . = arg jr(ia+ /+1). (4) 

They may be compared with the solutions ]^r]^{i+\)(kr) of the differential 
equation without field, from which they differ asymptotically by the phase 
shift 3c\ As an extension of formula (6.2i-4), it may be seen that the 
regular solution 

^ 2{2l + 1) f' Pi (cos d) L^r\r) e'’’*'* (5) 

kr I 

is suited to describe the scattering process; in fact, its asymptotic form is ** 

ikf 

representing an incident (plane) wave and an outgoing spherical wave, 
both distorted by the influence of the Coulomb field; the second term we 
shall denote by (?fc^^),catt * We have only to take care of the exclusion 
principle by suitably symmetrizing the solution For this purpose, 

introduce 

EE -.^), i. e* W^-\z) EE !P^^(~z), (7) 

which represents, as a matter of fact, the other collision partner; if 

describes the deflection of the impinging proton, will describe the 
recoil of a proton from the scatterer. Recoil protons also form a part of 
the scattered wave, and interfere with the impinging wave in the way 
prescribed by the exclusion principle, according to the relative spin orien¬ 
tation of the two waves; for the total wave, we thus get 

W, = 'Jo • ‘(«)o + 5^r’) + 2-(8) 

m, 

with arbitrary amplitudes Vm, • Owing to the symmetry properties of the 

♦ Cf., e.g.. SOMMERFEUD [39], Chapt 11, §7, In the notation of W6W;6./, 
the regular solution is ^ M 

** Gf. SOMMERFELD [39], Chapt. 11, § 9. For a deduction of (6) from (5), see 
W. GORDON, Z. Physik 48, 180. 1928. 
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Legendre polynomials. zt is simply twice an expression of the 
form (5). in which the summation over I must be restricted to the even 
or odd values of /. respectively; this is. of course, precisely the restriction 
embodied in (4331-23) when the isotopic eigenfunction is Asymp¬ 

totically, we have, by (6), 




g- ialofl 2 *:r + 2 /c®* 

2 fcr 


g—/alofliln*t?/2 ^--^alogco8*i?/2\ 

sin^ 4]2 ^ cos^ i?/2 / * 


From (8) we obtain for the differential scattering cross-section 

dSc = r^dQ[\ ^0 P • I ifeatt + ^ I • I \L.l 

the incident wave being normalized not to unity, but * to 2; for an un¬ 
polarized wave, we must therefore make all J and get from (9) 


dSc=dQ ■ 
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1 


1 


|^(2sin^t?/2)^ (2cos^^/2)^ 

or, going over to the laboratory system. 


(i~i)2cos(a log tg^i ?/2) 
4sin*#/2 cos^#/2 


d8c—^ cos BdQ\nh 


41c^ 


1 ._1 cos (g log t g^ 0) 

sin^ 0 cos^ 0 sin^ 0 cos^ 0 


]■ 




( 10 ) 


This is the well-known formula first derived by Mott. The first term is 
just Rutherford's classical expression; the second is the same expression 
for the recoil protons; the third results from the exclusion principle. 

The modification of the Coulomb scattering, due to a short range 
potential, can now be derived in a way entirely analogous to the method 
of 6.27. For given I and k, the asymptotic form of the solution may be 
written in the form 

Li ^ sin (kr—th/2 + dc^+ (II) 


as a linear combination of the two asymptotic solutions (3); the constant 
phase-shift depends mainly on the short range potential (and to 
a lesser degree also on the presence of the Coulomb potential). The 
general solution 

w=z r ’Bf ^ • ’Z'/’ "* • y I, (r). 


in which .2*' denotes the restricted summation over even or odd / according 
as a = I or 3, must be determined in such a way that W — Wc reduce 
asymptotically to an outgoing wave only. This condition, using (8) and 


* Cf. N. Mott and H. Massey, The theory of atomic collisions (1933), p. 69 
(footnote). 
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H5 


(5), gives for the scattered wave 

2 corns' WlHj ’ ^fscatt* (12) 

ff.Wls 

with 


^ m ^ i uy(+) I w/<~)\ 

^scatt — \ ^ C nz ^acatt 

+ 2" i\n{2l+\) Ff (13) 

t K V 

the double sign being + or — according as a zn 1 or 3; the symbol 2^ 
has just been explained. By (9) we may write 


^?^ac 


^ikr 


g—ioloQ2/fr 


2i \ sin^ #/2 ^ cos^ i^/2 / ^ 

+ 2 ' y4«(21+ 1 ) y? . (H) 


For unpolarized waves, the cross-section is built up from the singlet and 
triplet contributions in the ratio (1 :3): 


dS = id^S + id^S 
d^S=z\^W^tt\^ r2 dil 


Formula (H) shows that the total scattering consists of the pure Coulomb 
scattering, as given by Mott’s formula (10), and of an “anomaly” due 
to the scattering of the waves of different angular momenta by the nuclear 
potential and to interference between these waves and the Coulomb wave. 
Keeping in mind that the phases decrease with increasing /, we may 
from (H), (15) evaluate the cross-section with increasing accuracy by 
successively taking into account the terms corresponding to / = 0, 1, 2. .... 
The main contribution will be the S-wave anomaly, coming from the singlet 
configuration (antiparallel spins of the colliding protons); it arises from 
the nuclear scattering of the S-wave and from its interference with the 
Coulomb wave: 

dS^Lm = 4 cos & sin^ d 

2 , j. (cos (^ + a log sin^0) , cos (d + ot log cos^ 0) 

^ [ -Sn^ 0 +-- 

where we have used the laboratory variables and put, for simplicity, 
d = Next in importance comes a P-wave anomaly, from the triplet 
configuration (parallel spins); this anomaly also comprises a pure scattering 
and an interference term. There follows a D-wave anomaly, again from 
the singlet configuration, which consists of three terms, since there is also 
interference between the D- and the S-wave. These anomalies have been 
calculated by Breit and his collaborators t36a, 39a], who also give an 

10 . 
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* 

elaborate discussion of the procedure best suited to derive from the 
observed angular distribution of the scattering intensity the values of the 
phases at the corresponding energy. It appears that for most of the hitherto 
utilized proton energies (in fact for energies up to a few MeV) practically 
the whole observed deviation from Mott’s formula is due to the S-wave 
anomaly. 

About the behaviour of the ratio 




d Sob» ^ 1 I 

dsT ^ 


dSc ’ 


(17) 


some theoretical predictions can be made, which, as we shall see, allow 
us to draw important conclusions on the nature of the nuclear forces. To 
begin with, we expect, on account of ( 10 ) and ( 16 ), the ratio SR at a given 
energy to exhibit a maximum or minimum for 0 = 45°, about which value 
it will vary symmetrically with angle, tending to unity for 0 0 and 

0 90°. But the nature of the extreme, as well as the more detailed 

behaviour of the angular variation will depend in a characteristic way on 
the siffn of the nuclear proton-proton force. If this force is repulsive, it 
will always enhance the effect of the Coulomb field, so that SR will always 
be larger than unity and have a maximum at 0 = 45°. The case of an 
attractive force, however, is more complicated. If the energy of the 
impinging protons is sufficiently high, the nuclear field (which now 
counteracts the Coulomb repulsion) will predominate, giving SR> 1; but 
this preponderance will depend on the scattering angle, since the Coulomb 
scattering becomes very large at small angles. As the energy decreases, 
and the influence of the nuclear potential consequently becomes weaker, 
SR will therefore become •< 1 at small angles, while remaining > 1 at 
larger angles, and the region where it is < 1 will progressively expand. 
At still lower energies, SR will have become < 1 for all angles; by further 
decrease qf the energy, the maximum of SR at 45° will change over to a 
minimum.I During all this variation, the value of SR at any angle will 
decrease until it reaches a minimum; after which, as the Coulomb field 
begins to predominate over the nuclear field (at that angle), SR increases 
again towards the limiting value unity. We thus see that, in contrast to 
the case of proton-neutron scattering (the S-part of which only depends 
on the absolute values of the phases), the scattering of protons by protons 
is quite sensitive to the sign of the nuclear potential; this is due, of course, 
to the fact that we have here to do with an interference effect between 
Coulomb and nuclear scattering. 

7A2* Analysis of experiments. The technique of absolute measure¬ 
ments of proton-proton scattering has been developed to a high degree of 
accuracy, chiefly by Tuve, Heydenburg and Hafstad [36, 38, 39] and 
by Herb and his collaborators (Herb et at, [39], Ragan et at [41])^ 
The apparatus is clearly described by fig. 7./2-1, which represents TuVE 
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Fig. 7.12-1. Proton-proton scattering apparatus, according to TUVE, Heydenberg and 

Hafstad [39]. 


et a/.’s improved design. The scattering chamber, in the form of a flat cylin¬ 
der, is filled with hydrogen at 12 mm pressure; it contains a movable 
detector which registers the protons scattered at various angles in a 
volume defined by the divergence of the primary (incident) proton beam 
and the convergence of the detector slit-system. As a detector, the 
ionization chamber connected with a linear amplifier ceases to be satis¬ 
factory for protons with a residual range less than about 3 mm; to record 
slower protons (Tuve et al. [38], Ragan et at. [41]), one has to replace 
it by some variety of point counter. 

For each valu^ of the energy of the incident protons, the results of the 
experiments are conveniently expressed by giving the ratio 9t, defined by 
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formula (17), of the observed differential cross-section to that corresponding 
to pure Coulomb-scattering, in terms of the scattering angle 0* Since 
9 fi(0) is expected to be symmetrical about 0 45^, most of the measure¬ 

ments are limited to the angular range 0^... 45®, but some of them (TuvE 
et al, [38, 39], Ragan et al. [41]) have been extended up to 60® to check 
the symmetry. Results obtained by this method are now available for the 
whole energy range between 0,175 and 2,4 MeV. Besides, an investigation 
of the scattering of 4,2 MeV protons by protons has been carried out by 
May and Powell (Powell [47a]), using the latter's photographic method 
(6.42). All these measurements will be referred to as the “first group". 

A “second group" of experiments, performed by WiLSON and his colla¬ 
borators [47a, b,c], covers the range of 8... 14,5 MeV proton energies. 
The protons from a cyclotron are scattered by the hydrogen atoms in a 
cellophane or Nylon foil The scattered and the recoiling particles are 
recorded in coincidence by two counters fixed on rotating arms at 90®, with 
the scattering foil at the centre of rotation; in this way, spurious particles 
are eliminated. In this energy region, there is no point in considering the 
ratio 91: the results of the (relative) measurements are described by giving, 
for each energy (E = 8, 10 and 14,5 MeV), the ratio 0(0) of the 
differential cross-section at angle 0 to that at 0 = 45® (cf. fig. 7J31), 
For E = 8 MeV, the absolute scattering cross-section per unit solid angle at 
0 z= 45® has also been determined and found to be (1,7 it: 0,1) • lO-*-^*** cm^. 
Already the first experiments by TuvE et ah [36] (fig. 7.72-2) allowed 



Angle of scattering S —^ 


Fig. 7.12-2. Proton-proton scattering. 
Ratio of observed to pure Coulomb 
scattering as a function of scattering 
angle 6>. Experiments by Tuve, HeYDEN- 
BURG and HAFSTAD: 

(a) according TuVE et aL [36], 

(b) according TuVE et al, [37]. 
Relative measurements; 9} is adjusted to 

; unity at 6» = 2S\ 


Breit, Condon and Pre.sent [36a] to conclude (upon the natural 
assumption that S-wave scattering is predominant) that the nuclear proton'- 
proton potential is attractive: this follows indeed, as explained in 7,11, 
from the occurrence of gfi-values smaller than unity at small angles, the 
angular region in question spreading towards larger angles as the proton 
energy decreases. This qualitative inference was further strikingly conf* 
firmed by new experiments (Tuve et aU [38]) extending to lower 
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energies; it was observed (fig. 7.72-2) how the ratio 5t(45^) changed 
from a maximum to a minimum. For an energy of 0,45 MeV, the scat¬ 
tering intensity at 45*^ almost vanished, owing to destructive interference 
between Coulomb and nuclear field. At still lower energies, the ratio 
9^(45^^) began to increase again, quite in conformity with theoretical 
expectation. 

The subsequent experiments of the first group (Herb et aL [39], TuvE 
et aL [39], Ragan et aL [41]) aimed at increasing the precision and 
extending the range of proton energies explored. The mutual consistency 
of the results could be checked in overlapping energy regions (see table 
7.72 and fig. 7.72-3), and was found to be very satisfactory. The empirical 



0 12 3 MeV 4 


Energy E 

Fig. 7,12-3. Proton-proton scattering. S-phase derived from experiments: 

R RA'GAN et al, [41] Tx TuVE et aL [36] 

H Herb et al [39] To TuVE et al [38] 

M May and POWELL the same, using only the scattering at 0 = 45® 

(Powell [47a]) Tuve et d, [39] 

data were carefully analysed by Breit and his collaborators (Breit [36a, 
39a], Creutz [39]) in order to derive the phases (5^^) as functions of the 
proton energy. The S-wave scattering — in the first instance assumed to 
be responsible for the whole effect — is in fact found to account for it 
with deviations of at most a few percent (in many cases less than 1 %). 
These deviations cannot consistently be attributed to P- or D-wave 
scattering, which leads to the conclusion that the latter effects, in the 
energy range under consideration, are too small to be disclosed even by 
such accurate measurements. 

From (10), (16), (17) it follow? that 

98 (45®) =1 —^ sin ^ cos (d—a log 2) + 


(18) 
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and from this formula, with ^ 5 ... 10, two essentially different values 
of the S-phase <5 may in general be deduced, one of them lying in the 
first quadrant, the other in the fourth. The latter would correspond to a 
repulsive potential. Quite apart from the behaviour of iR at smaller angles, 
it can be excluded, however, by application of a useful criterion due to 
Wheeler (cf. Breit ef aZ. [36a]): If the radial wave-function R keeps the 

same sign in the interval 0 ... r', the ratio decreases with in¬ 

creasing energy. [The proof results immediately from the first formula in 
the footnote to (5./2-21).] The condition for R is fulfilled in the lowest 
(nodeless) S state up to the distance / at which the function is sufficiently 

well represented by its asymptotic form, so that 

culated in terms of d. It is then seen that the fourth quadrant value 
contradicts Wheeler’s criterion. This gives additional support to the above 
deduction that the proton-proton potential is attractive. 

The results of the analysis of the first group of experiments are sum¬ 
marized in the following table and represented on fig. 7.72-3. 


7.12. S-^phases derived from first group of proton-proton scattering experiments 



M(0) 

Estimated error 

Reference 

E 

on phase 

keV 

degrees 

degrees 


176,5 

6.3 



200.2 

6,7 



225,9 

7,4 



249.5 

8,5 

0,5 

Ragan et el. [41] 

275,3 

9,5 



298,3 

10,5 



321,4 

13.4 



220 

3.5 

0,8 


325 

14,1 



450 

16,0 

0.4 

Tuve et a/. [38] 

550 

18,7 

0,6 


640 

20,8 

0.7 


670 

■ 1 24,80 



776 

“ 27,42 

0.4 

TUVE et al, [39] 

867 

29,41 



600 

23,5 

1.6 


700 

25,87 

0,71 

TuvE et al. [36] 

800 

27,13 

0.44 ! 

900 

29,55 

0,25 

1 

860 

29,28 



1220 

35,94 



1390 

38,96 


Herb et al [39] 

1830 

44.02 

0,4 

2105 

46,18 



2392 

48,08 


1 

[ 

4200 

54,0 

2,5 

May and Powell (Powell [47a3) 


The experiments of the second group have not been analyzed in the 
same detailed way, but the observed differential cross-sections have been 
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directly compared with the theoretical ones; we shall come back to this 
point in 7.131 below. 

7*13. Derivation of nuclear potential parameters from the observed 
phases. There is unfortunately no analytical method (at least in quantum 
theory’^) to derive the expression for the scattering potential from the 
known values of the phases at various energies. The only possibility is to 
start from some assumed type of potential, involving undetermined para¬ 
meters, and to try to adjust the values of these parameters in such a way 
that the calculated phases agree with observation. This is a very unsatis¬ 
factory procedure, since — besides involving tedious numerical integrations 
of the wave-equation — it can at best only yield several possible types of 
nuclear potential, without any means (on internal evidence) of removing 
the resulting ambiguity. An encouraging feature, however, is that these 
various solutions all lead, as we shall see, to practically equivalent general 
conclusions. 

For a detailed account of the special procedures required for the cal¬ 
culation of the phases corresponding to a given form of nuclear potential, 
the reader is referred to the papers already cited of Breit and his colla¬ 
borators [36a, 39a] In the latter paper [39a], refined methods of scries 
expansions have been elaborated in order to check the results of numerical 
integrations. We shall just mention here that phases of higher angular 
momentum can be estimated by a formula 

CD 

<5''» ~ [LT%)y dr, (19) 

0 

entirely analogous to (5.33-37) and derivable by the same argument, 
starting from an appropriate identity, similar to (5.121-25). A slight 
modification of the argument permits an estimation of the change dd of 
the phase-shift d resulting from a small change dV ol the nuclear 
potential if R is the radial wave-function for the original choice of the 
potential, we have to a first approximation 

QD 

dr. (20) 

0 

More accurate formulae have been derived by Breit et al. [36a, 39a, 39d], 
and used in particular [39d] to compare the effects due to potentials of 
different shapes, — the difference arising from a change either of the 
parameter values or of the potential type itself. 

Let us now survey the results which have been obtained with various 

* On the analogous classical problem, see HOYT and Frye [401. In this paper, the 
semi-classical approximation based on an exp^ion of the phase of the wave-function in 
powers of h is also treated; but it is unsuited for nuclear problems. 

Landau and SMORODINSKY [44} have obtained by a semi-empirical method a 
general formula roughly representing the variation of the phases with energy. 

This method is due to Mott; it has first been worked out by H, TaylOR, Pnoc. R. S. 
A136^ 605. 1932. 
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simple types of potentials; the most extensively studied are the well. Gauss 
and meson potentials. For the first two types, calculations of S-wave 
scattering and estimates of P-wave phases have been extended up to 
10 MeV by Thaxton and Hoisington [39fc]. In all cases, the best values 
of the range constant x and the strength have been determined so as 
to fit the measurements of the first group at higher proton energies (Herb 
et aL [39], TuvE et aL [39]); later on (Thaxton [41]), the test was 
extended to the low energy results (Ragan et aL [41]). As to May and 
Powell's results for 4,2 MeV protons, they agree in a general way with 
the theoretical predictions, but are not accurate enough for the purpose of 
discriminating between different potentials. 

Potential ivelL In this case, the high energy values of the phases can 
be fitted to two potentials of different widths (and depths); but the low 
energy measurements just quoted are useful in removing this ambiguity: 
they definitely establish that the best fit at all energies is obtained with 
a well-width very nearly equal to the electron radius d. The corresponding 
depth is found* to be 11,35 MeV (Breit et aL [36a, 39a, 39d]). 

Gauss potentiaL Also for this type of potential. Breit et aL [39a. d] 
were able to determine uniquely the constants fitting all experimental 
results, thanks to the remarkable accuracy of these results. From cal¬ 
culations of the S-wave scattering, they found 1,9 • 10“^^ cm, 

J = 26,3 MeV. But the small P-wave anomaly has also been calculated 
by Thaxton and Monroe [39a] and shown not to be significant. 

Meson potentiaL In contrast to the types just discussed, the meson 
potential does not allow of unique determination by comparison with 
the observed phases. Breit et aL [39d] showed that no sufficiently close 
fit with these phases could be achieved with a meson mass of 200 m, and 
they concluded that the best possible fit required a meson mass as high as 
326 m. However, in a renewed investigation, Lubanski and DE Jager find 


* It is convenient first to calculate the scattering upon the assumption that the 
Coulomb potefetial does not act inside the well; the depth so determined, viz. 10,5 MeV, 
has then to be increased, in order to compensate the effect of the Coulomb repulsion. 
The correction (of the order of magnitude ^!D 7:^ e^ld := m) can easily be estimated 
with any desired accuracy (Breit et at, [39a]). A first approximation, for instance, is 
obtained from the expression (20) for the change of phase resulting from an assumed 
change of potential: for this change of potential, inside the well, we take the sura of c^/r 
and a constant -dj, and express that the resulting total change of phase is zero; this 
yields for the increase of depth needed 
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just as close a fit with Mm = 278 m, whereas even with a mass value 
Mm = 248 m, the deviations of the theoretical figures from the empirical 
ones do not exceed four times the estimated errors of measurement. Still 
this would seem to point to a range of nuclear force rather smaller than 
that corresponding to the mass of the cosmic ray mesons observed at sea 
level But although the available experimental results exhibit a very satis¬ 
factory internal consistency, they might be affected by small systematic 
errors, so that it is difficult to judge whether this discrepancy is real or 
spurious* To decide this issue by new proton-proton scattering experiments 
is one of the most important tasks in the field of research bearing on 
nuclear forces. 

For later reference, all data thus far obtained on proton-proton 
potentials are here collected in tabular form: 


7.13. Parameters of proton-proton potentials from scattering data 


Type of potential 

Reference 

Best parameter values 

Observations 

Range 

10' >3 cm 

Strength J 
MeV 

Well (5.11-2) 

Breit et al [36a, 39a, d] 

2.8 

11,35 


Exponcntial(5./7-3) 

Breit et al I39d] 

1,73 

70,3 


Morse (5.//-4) 

Thaxton and MONROEHOa] 

1.4 

61.0 


Gauss (5.11 5) 

Breit et al [39a, d] j 

1.9 

26.3 


(200 

Breit et al [39d] j 

1.9 

17,45 

Poor fit with data 

Meson (5.11-6) u^nj 
M^fm ~ \ 

LUBANSKI and DE JAGER | 

1.55 

25,8 

No close fit with data 

J278 

id. j 

1,37 

32,6 

Close fit with data 

V326 

Breit et al [39d] | 

1.17 

45,8 

Close fit with data 

u;(f) = 

id. i 

1 

— 


ynsuited 


7*131 ♦ Comparison of second group of scattering data with theory. The 
second group of scattering data, relating to proton energies in the range 
8 ... 14,5 MeV, might be expected to give evidence of the incipient influence 
of P-scattering and accordingly to yield information on the effective 
potential in the 3p..configuration of the two protons. To this end, the 
empirical curves giving 0(0) (7.12) have been compared with the values 
calculated on the assumption that the effective potential in the con¬ 
figuration is a well of the same width as the iS one. The calculation is 
carried out both for an attractive and for a repulsive sP potential while the 
potential is taken to be attractive, in conformity with the foregoing 
analysis. Unfortunately, the results of such a comparison, as examplified 
by fig. 7.13L do not as yet allow us to draw any far-reaching conclusions. 
If anything, they are in favour of a repulsive ^P^potential. 

Nevertheless, PeieRLS and Preston [47], attempting a more detailed 
analysis of the 10 MeV results, show that these results would indicate a 
IS phase of 52,5^ and a ^p phase of about ~ 0,8^. Assuming well potentials 
of somewhat smaller width, viz. D = 2,5 • 10-cm, they find that the 
sP phase can be accounted for by a repulsive potential of about 10 ± 3 MeV; 
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this figure may be compared (1121) with the depth V = 25 MeV of the 
potential for the same width. 



Fig. 7.131. Scattering of 10 MeV 
protons by protons (WILSON 
[47b]. Comparison of measured 
relative cross'section 0(6>) with 
theory. (The data are adjusted to the 
theoretical value of the absolute cross- 
section at © = 45® i.c. ^ = 90®,) 
Curve S: theoretical S-wave scat¬ 
tering. 

Curve S + : theoretical S + P 

scattering assuming repulsive P- 
potential. 

Curve S + P__ : same, assuming 
attractive P-potential. 

The depth assumed for the P- 
potential is not clearly specified. 


7.144 Range of potential from disintegration *‘stars'\ An interesting 
check on the value derived for the range of proton-proton force from the 
analysis of the scattering experiments has come from quite a different 
quarter. The disintegration “stars” produced in a photographic emulsion 
by the impact of cosmic radiation * afford indirect evidence of nucleon 
scattering for energies of a totally different order of magnitude from those 
that can be produced in the laboratory. In fact, the tracks forming such 
stars are interpreted as due mostly to protons knocked out of a heavy 
nucleus (Ag or Br) of the emulsion by the impact of a nucleon of very 
high energy 200 MeV and more). The energy distribution of these 
protons will primarily be determined by the cross-section for collisions 
between the impinging fast nucleon and the constituent particles of the 
nucleus, and this cross-section will in its turn depend sensitively on the 
range of the interaction between the colliding nucleons: we thus have here, 
as pointed out by Heisenberg [37], possibility of a rather precise 
determina .ioh of the range. 

A statistical analysis, performed by Ortner [40], of empirical material 
obtained under homogeneous conditions **, leads to a very simple exponential 
law for the average number ho(Eo) of star particles of energy Eq: 

logic So (Eo) ~ const — (0,0252 rfc 0,0045) Eq (21) 

(Ec expressed in MeV) 

We shall carry out the comparison with theory for a law of force of the 
Gauss type***. It may be shown (1235) that no(Eo) fs proportional to a 
certain function [q of the range of the force, which in the case considered 

* The subject of disintegration stars is reviewed by BAGOE [43], 

** New material, published by PERKINS [47], fits Ortner s formula fairly well for 
20.. .'80MeV. 

*** As observed in 12.33, Heisenberg’s theory is unfortunately not applicable in its 
present form to the case of the meson potential. 
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may be approximated by just an exponential function of the same form 
as {21), viz* (1236-A3) 

log,o fa ~ const - j^0,0288 + 0.0096 (22) 

(Eq expressed in MeV). 

Adopting as before (.2,22-7) vq — \d, we. immediately get from (21) 
and (22) 

-4 = 0.72 ±0.1. 

« a 

i.e. 

«-':^(2,0dr0,3)- lO'^^cm, 

in excellent agreement with the value resulting from the proton-proton 
scattering experiments *. Moreover, it will be seen that a change by 10 % 
of the value chosen for would only imply a change of about ±: 0,04 in 
which is negligible in view of the experimental uncertainty. 

72* Dcuteron formation by proton collisions 

Although it has no immediate bearing on our subject, we wish to call 
attention to the reaction 

+ + ( 1 ) 

in which two protons combine to form a deuteron, the extra charge being 
emitted as a lepton field (positon and neutrino). This process, which 
is of considerable astrophysical importance, has been treated by Bethe 
and Critchfield [38]. We may restrict ourselves to the initial state in 
which the two-proton system has no orbital momentum, for this will be 
the most favorable for the envisaged proton combination; on account of 
the exclusion principle, the spins of the protons must then be antiparallel, 
so that we have to do with a transition from a state of the two- 
proton system to the ground-state of the deuteron. Assuming the inter¬ 
action between nucleons and lepton field to be of the Gamow-Teller 
type {ALII), such a transition, \|^hich belongs to class (6) of A 1.12, is 
an allowed one. (On Fermi interaction, it would be forbidden; cf. A 1.132.) 
The cross-section Sd for the formation of a deuteron by two protons of 
relative velocity v may then be written in the form 

= - •--/(W')|Gp. (2) 

the factor i representing the a priori probability of the protons having 
antiparallel spins, while the expression for the probability per unit time of 
the /?+ transition is taken over from A 1.11 with the notations explained 
there. Here one has 

2Mp-^Afd _ j g 1(W) = 0,132, (3) 

m 

by {A 1.11^3,4). 

* BAGOE’s [43] contention that the present method would yield the most precise range 
determination can obviously not be substantiated. 
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The matrix-element | G |2 can be decomposed into a factor arising from 
the summation over spin and isotopic variables, the value of which, 
according to table A 1,132, is 2, and another factor containing the inte¬ 
gration over the relative space coordinates: in the latter, angular integration 
simply yields so that 

!GP = 2-(4n)2|//?o(r) • 'iP’Wdrp. (4) 

0 

In this formula, jRq is the radial part of the deuteron eigenfunction, 
that of the two-proton system of kinetic energy e. The latter has the 
asymptotic form 

'IPV) ^ e'”' cos d [Lir*'(r) + LrV) tg <5], (5) 

the Ls on the right being defined by {7,11-3). In fact, (5) is just the 
asymptotic form of the I z=: 0 component of the normalized solution of the 
two-proton problem set up in 7.11, multiplied by the phase 

factor is without significance, but the other factor 1/^2 is necessary 

because the solution used in 7,11 was normalized to 2, while we here want 
a wave-function normalized to unity (for a proton pair). 

Let us assume, as effective potentials, wells of the same width D = d 
and of depths ^Jq\ given in tables 6,432 and 7,13. respectively. The 
functions /?o» can then be written down explicitly and the integration 
in (4) performed. The essential velocity dependence of ^Lf\ for small 
values of v. is given by a factor 

, aZHe^c/bi;, 

contained in tgcl*, the square of which expresses the penetra¬ 

bility of the Coulomb potential barrier. The final result can be written 

i 7/?o(r) • 'Lf’(r) efr P = 2 . (6) 

0 

where is given by (6.27-14) and ^2 is a complicated function of D, 

^Jo\ and f:o» representing the sum of the probabilities for the reaction 
to take place when the two protons are at different mutual distances. The 
main contribution to is found to come from the distances and 

yields, with the adopted numerical values of the parameters, 8,1. 

The cross-section (2) finally takes the form 

Sd = 2 (Ijiaf e-2™ I(W) ~ ’ap • Pap)^: (7) 

the meaning of the two first factors has already been explained; the next 
2 b 

one, —I{W)-Y just the chance of the positon emission taking 

place .during the time taken by a proton of velocity e2c/b to go through 
the distance Inserting the above numerical values, and taking 

{A 121-4) To 3 • 10^ sec, formula (7) yields 

— a2 • 4 • 10“5o cm^ 


(8) 
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This result, based on the assumption of free proton collisions, is valid 
under the conditions prevailing in the interior of the stars of the main 
sequence. For white dwarfs, however, the effective electrostatic inter¬ 
action between the closely packed protons becomes very different from 
the Coulomb potential and 'LT takes a quite different form: an estimate 
of Sd in this case has been obtained by Wildhack [40]. The astrophysical 
implications are discussed by WiLDHACK [40], Chertock [44] and 
SCHATZMAN [46] *. 

Sec, in this connexion, A 1.22. 



CHAPTER VIII 


THE CHARGE INDEPENDENCE OF NUCLEAR INTERACTION 

8*L Comparison of proton ^neutron and proton^roton potential 

We arc now in a position to make a quantitative comparison between 
the nuclear proton-proton potential, as determined in the preceding Chapter, 
and the potential between proton and neutron in the same (viz. the ^S) 
configuration of the two-nucleon system. We begin by assuming that both 
effective potentials have the same range. This assumption is admittedly 
not free from uncertainty; in order to test it, the only available calculations 
are those concerning the well and meson potentials, of which the latter 
(7,13, 8,33) are quite inconclusive. In the case of the well potential 
(6,431), if we took the proton-neutron scattering results at their face 
value, we should have to adopt a range of proton-neutron potential essen¬ 
tially smaller than that of the proton-proton nuclear force. But. as already 
observed, the evidence is not so precise as to exclude the possibility of 
both ranges being equal. Once we accept this equality, however, we meet 
(as a comparison of the tables 6,432 and 7,13 will show) with the striking 
feature that in all cases investigated, the strengths of both potentials are 
also about the same. More precisely, as shown by table 8,1, the proton- 


8.1. Comparison of proton-proton and 
proton-neutron potential 

Type of potential 

i 

■’B 

Well 

Morse 

Gauss 

( 200 

Meson ^ = J48 

m j 278 

\ 326 

+ 0.039 
+ 0,033 
+ 0,034 
(- 0,043) 

+ 0,023 
+ 0,012 
+ 0,017 


neutron potential seems to be about 1 ...4 % larger than the other. The 
approximate constancy of this ratio for widely different shapes of the 
potential would perhaps testify to the reality of the difference; but a 
definite opinion on this point would certainly be premature *. At any rate, 

• The conclusion reached by Breit et aU [3%] and by ThaxtON and MONROE 
[40a] as to the exact equality of both potentials was based on Simons' inadequate value 
of the proton scattering cross-section for zero energy neutrons (6,22), 
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such a difference would be a secondary effect, which we may neglect to a 
first approximation. 

Assuming further (33) the neutron-neutron potential to be the same as 
the proton-proton one. we are thus led to the conclusion that in even 
singlet configurations (type the nuclear interaction between two 

nucleons is independent of the charges of these nucleons (at any rate to a 
first approximation). On the other (^P i.e. odd triplet) type of configu¬ 
rations compatible with the exclusion principle for nucleons of like charge 
(4331), we have no clear-cut empirical information (7.13, 7.131). But it 
can easily be proved that any operator of nuclear potential, non^vanishing 
and charge independent in even singlet configurations, has the same 
property in all configurations that are at all possible for nucleons of like 
charge, i.e. all '‘charge triplet" configurations. In fact, the matrix-elements 
of the nuclear interaction operator (4.331-26) in such a configuration 
have, with respect to the isotopic quantum numbers, the diagonal form 
(mt; T = 3 j ... j mt; 1 = 3); and the charge independence property is 
simply expressed by saying that these matrix-elements are independent of 
mt: in other words, the interaction operator itself (with exclusion of the 
Coulomb repulsion term) is invariant for all rotations in isotopic space. 
This, again, means that all its terms either arc independent of the isotopic 
variables or involve these variables through the only rotation 

invariant combination Clearly such an operator. 


= + ( 1 ) 

(R and S being functions of position and spin coordinates), is charge 
independent in any configuration. 

It must be observed, however, that this does not at all mean that the 
general potential operator is necessarily of the form (1). i.e. charge 
independent in any possible configuration. In the first place, the charge 
independence in configurations does not tell us anything about any 
possible term of non-central interaction: for the expectation value of such 
a term would vanish in a iS state, irrespective of its dependence on the 
isotopic variables; and on the other hand, the derivation of the numerical 
value of the potential strength from the experimental data on slow 
neutron scattering, and, therefore, the establishment of the charge in¬ 
dependence property of even singlet states, is not appreciably affected by 
the very small modification of the triplet scattering cross-section brought 
about by non-central forces (16.13). But even if we keep to central inter¬ 
actions. the addition to the interaction potential of any term involving the 

factor 3 + a(^)a(2), the expectation value of which vanishes in singlet 
states, docs not impair the charge independence property of such states. 
Through the occurrence of additional terms containing factors of these 
types, and depending on an arbitrary way on the isotopic variables, the 
nuclear potential might be charge dependent in states. This logical 
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possibility cannot be dismissed by any physical argument; but it does not 
seem to correspond to any simple feature of nuclear field theory (an 
example * will be treated in 16311). We shall therefore, in the following, 
adopt as a general form of dependence of the nuclear potential on the 
isotopic variables the expression (1) above, which expresses the charge 
independence property of the potential in all possible configurations. One 
should, however, not lose sight of the fact that this form is only a plausible 
extrapolation, and that even in the case of even singlet states its empirical 
foundation leaves room for small deviations. 


8.2* General form of central nuclear potential 

Exactly in the same way as the charge independence of the nuclear 
potential restricts its dependence on the isotopic variables to the form 
{8.1-1), the assumption of central interactions further limits each one of 

the functions fl and S to the type a + fc o(-), a and b being functions 
of the distance only: indeed, any non-central coupling being excluded, 

there remain just the rotation invariant spin functions 1 and The 

most general expression of the central potential would thus involve four 
independent functions for the distance; but a further assumption will from 
now on be introduced, viz. that the law of distance dependence is the same 
for the four possible types of dependence on spin and isotopic variables. 
This assumption is, of course, made primarily for the sake of simplicity. 
But the consistency of the results obtained on this basis in the discussion 
of even (^S and ^S) configurations {6.431, 6.432, 8.1) may be considered 
to afford some partial justification for it. The nuclear potential may finally 
be written in the form 


l^nucl = J(r)0 

O = ao + a- + a^r , 

the bibing constant coefficients. 

We may also decompose the potential (1) into a combination of the 

four types of exchange interactions {4.341-34). Remembering that 

{4.13-26) 

, T<')T(2):=2Pr—1 (2) 

and consequently 

'^<i^a<2)T0)T<2) = 4P.P.--2P.-~2Pr+ 1. (3) 

we may in fact write 

0=U^ + BP.-HP.--MP.P., (4) 


* 


See also Hulth^ [43i>], § 4. 
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with 


W = do d(T 3r ScTT 

S 2 {S(r“^B.i7r) 

JH[ 2 (flcT3 t) 

]\^ —— 4 dffT • 


(5) 


From these formulae, it appears that the absence of any dependence on 
spin and isotopic variables is characterized by 


a,: 


• dr — a»T 


( 6 ) 


(there is then only an ordinary and a Majorana interaction), so that the 
occurrence of such a dependence is revealed by unequal values of these 
parameters. 

Another mode of decomposition consists in expressing O as a com¬ 
bination of the effective potentials for the four different types of confi¬ 
gurations iS, iP, which, on account of (4331-23), may be 
characterized by the eigenvalues ±: 1 of Pa and Pr; thus the effective 
potential for the configurations will depend on spin and isotopic 
variables through the combination |(1 +Pa) • i(l —^t). The operator 
O accordingly takes the form 


with 


0 =:~i-[(l+P.)(l-~-P.)^S + (l--P.)(l+Pr) >5 

+ (1 + P.) (1 + Pr) V + (1-P^) (1 -Pr) V] » 

— ^s = ao + a„ — 3 (ar + a^r) 

— ^5 zn dQ 3 dy “1“ dr — 3 djT r 

— = do + dfir + dr + d,r 

~~'p = ao —3aa —3 (ar — Saar)* 

It will be convenient to normalize the constants by taking for J ( 
absolute value of the effective ^5 potential. This means ^5 — 
constant will further be equal to the ratio 


(7) 


( 8 ) 


(9) 

r) the 
1; the 


( 10 ) 


which, according to table 6,432, is remarkably insensitive to the law of 
force adopted for J (r), and roughly equal to 0,6. Formula (7) then 
becomes 


O = - i [(1 + P.) (1--P.) + (1--P.) (1 + Pr) q 

+ (i+A)(i+p.)V + (i-P^)(i-Pr)V]; 

we also re-write the formulae (8): 

— 1 — Bq a<t 3 (dr “f* dor) 

— q=:do —33(7 + dr—“3a,T. 


( 11 ) 


( 12 ) 

n 
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The parameters pertaining to the odd configurations cannot be 

directly given numerical values. We shall presently show how experi¬ 
ments on scattering of fast neutrons by protons, when extended to suffi¬ 
ciently high energies, will eventually provide the information needed to 
fix the odd-state potentials {833). It will appear later {14.12) that the 
analysis of the scattering of fast neutrons or protons by deuterons may 
serve the same purpose. But for the moment, we must make use of less 
direct arguments: the general saturation requirements for heavy nuclei 
(2.22) impose on the interaction parameters further limitations, which 
practically amount to their complete determination {11.33). 

8*2 L Traces of operators related to the nuclear potential. In a later 
section, we shall need the expressions for the traces of the operators 0, 
OPaPr* and O^PaPr* They are easily found with the help of elementary 
properties of dichotomic variables {4.13). From (1) one immediately gets 

tr O = 16 ao, tr O Pt = 4 [ao + 3aa + 3 (ar + 'isiar )], , - 

tr 0^ = 16 [al + 3al + 3 (a^ + 3al)]. ^ 

To calculate tr 0‘^PaPx, it is convenient to start from (11); since 

(1 + P) (1--P) =: 0, (1 dr P)^ = 2 (1 dr P), (H) 

one has 

02 = i [(1 + Pe) (1-P.) + q2 (1 (1 + p^) + 3p2 (1 + p^) (1 ^ p^) 

+ y(i~R)(i-P,)]. (15) 

The expressions for O PaPt, 0^ PaPr differ from those for O and O^, 
respectively, only by the sign of the first two terms. We thus obtain the 
desired traces in a very symmetrical form: 

tr O —3 (1 + q) — (9 + *p) 

tr 0P<r Pr == 3 (1 + q) - (9 ^p + 'p) 

tr02=: 3(l+q2)4. 9 3p2_^ip2 ^ ^ 

^ tr 02 P.Pr =-3(1+ q2) + 9 V + y. 

8*3* Charge independent interaction and meson field * 

8*31* Neutral and symmetrical meson theories. The charge indepen¬ 
dence property of nuclear interaction has an important consequence for the 
meson field theory of this interaction: it implies that — besides the charged 
meson fields, the production of which by nuclear systems is testified by 
the phenomena of cosmic radiation — there must also occur (at least 
virtually, in the sense of 1.321) neutral meson fields*. Indeed, to a first 
approximation, a charged meson field will only give rise to an interaction 
between a proton and a neutron; this is a simple consequence of the 

* This has first been pointed out by H. FrOhliCH. W. HEiITLER and N. Kemmer, 

Pfoc. R. S. A166. 154. 1938. 
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principle of conservation of charge, as a (virtual) emission or absorption 
of a charged meson is necessarily accompanied by a transition from proton 
to neutron state or vice-versa. A force between two nucleons of like charge 
will first appear in the next approximation, as the result of a double virtual 
process of meson emission and absorption, and will consequently be of a 
smaller order of magnitude *. 

It will be necessary to consider somewhat more closely the formal aspect 
of this situation. As is well-known **, the description of a charged field 
involves two sets of Hermitian components, the relation of which to the 
charge and current distribution is completely fixed by their properties with 
respect to gauge transformations. Such a transformation is defined by 
the addition to the electromagnetic potential of the gradient of an arbitrary 
function: 





( 1 ) 


For our present purpose, it will suffice to consider the simplest case of a 
meson field of spin 0, represented by scalar or pseudoscalar components 
(132); insofar as the charge properties of the field are concerned, the 
following considerations apply just as well to spin 1 mesons, which require 
for their representation sets of components possessing vector or pseudo¬ 
vector properties. Let, therefore, Hermitian components 

of a charged meson field of spin 0. It will be convenient to regard them 
as the orthogonal projections of a symbolic vector in a fixed plane; when 
the transformation (1) is performed, these components undergo a linear 
transformation, which may be described as a rotation of the symbolic vector 
in the fixed plane through the angle a. This property may be concisely 


expressed by stating that the non-Hermitian quantity y; = 
is multiplied by the phase factor 


r2 


(Wi + i y>^) 


y}-¥ yj e'*. 


(la) 


It will not be necessary for our argument to explain further how the 
requirement of invariance of the Lagrangian for the transformation (1), 
(la)t yields the expression for the charge and current density in terms of 
y) and its adjoint y'*’ (or, what amounts to the same, in terms of tpi and 
yj^)» The only property of the field quantity y^ which we need is the 
following: if xp is expanded in a Fourier series, i.e. in a scries of eigen¬ 
functions of the meson states of definite momentum, 



-px 



p 


( 2 ) 


* One might think that this argument would be restricted to the case of weak coupling 
(135), but it has been verified (A 3.24) that even a strong coupling theory involving only 
charged mesons is unable to account for the charge independence of the nuclear interaction. 

** See, e.g,, MoLLER and ROSENFELD [43]. 
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the Fourier amplitudes fc+ (p), b— (p) are such that when operating on the 
wave-function of any state of the field’characterized by definite numbers 
of mesons of given momenta, they decrease by one the respective numbers 

of positive and negative mesons of momentum p; the adjoint operators 
b\ r M accordingly increase these numbers by one. Every term of the 
expansion (2) ol is thus connected with a decrease of the charge of 
the meson field by one (positive) unit, either by absorption of a positive 
or emission of a negative meson. 

The interaction energy between the meson field and a system of nucleons 
may be written 

Vy, = — J s + yf) dv, (3) 

the functions s, s+ of the nucleon variables being just the source densities 
which enter into the fundamental field equations of the form (1.32-10) 
for ip and Now, it is clear that in order to satisfy the requirement 
of charge conservation of the total system of nucleons and mesons for 
every emission or absorption process, the coefficients of and yi in (3) 
must be linear combinations of the operators and 0^*^ respectively, 
expressing that the change of charge of the meson field is compensated 
by an accompanying transition of the i-th nucleon from the proton to the 
neutron state, or vice-versa (4.12-2^). In other words, we may write the 
density s in the form 

5=y2 2'n<^>t5(0, (4) 

i 

the symbol denoting a certain function of the space and spin variables 
of the i-th nucleon, and also of the point of space-time at which the density 
s is taken, while (^.72-24) In all cases, the s(') are 

Hermitian, so that the source densities of the Hermitian components 

V’r ^2 

^ s, = JtWsW Sa = ^T»)s<« (5) 

* 

respectively; the interaction energy (3) takes the form 
Vy, = —/(y, s, -f Wz h) 

The formulae (5) exhibit an extremely simple and direct connexion 
between the symbolic isotopic space (422) and that which has just been 
introduced to express the gauge transformation properties of the charged 
field. In particular, the gauge invariance of the expression (6) is secured 
by the fact that the dichotomic variable whose components are Tj, 
is free to rotate in its plane (4.12). 

When we consider the interactions between nucleons under circum¬ 
stances prevailing in atomic nuclei or in scattering experiments involving 
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energies not much higher than those hitherto used, we may to a first 
approximation disregard all dependence of the source density on the time 
variations of the various coordinates of the nucleons and accordingly 
neglect the retardation of the force transmission through the meson field; 
this approximation will yield the static interaction. Higher terms form the 
non^static part of the interaction, which includes not only the effect of the 
translation motions of the nucleons, but also those of the precession of 
their spins and of the exchanges of electric charge between them (transi¬ 
tions between proton and neutron states, mathematically described by 
precessions of the isotopic vectors in isotopic space). From the expres¬ 
sion (3) or ( 6 ) one obtains by the usual methods of field theory (1531), 

with the help of the Green*s function (131, 132-9) (p the total 

static interaction energy of a system of nucleons in the form of a sum of 
interactions between pairs 

= 2 (P'; P) >>{P) dvp dvp ,; (7) 

O 

in this expression, s( 0 (P) denotes the static approximation of the density 
function occurring in (4), (5), taken at point P; the isotopic factor 
defined by (4,41-1), has a non-vanishing expectation value only 
for a proton-neutron pair. Clearly, then, if static forces are predominant, 
charged meson fields alone will be unable to account for the charge 
independence property. 

An obvious way of arriving at a law of interaction independent of the 
charges would be to introduce a purely neutral meson field, the source 
density of which would simply be independent of the isotopic variables of 
the nucleons. Since a neutral field is characterized by its invariance with 
respect to gauge transformations, i.e. rotations in the plane ( 1 , 2 ) of 
isotopic space, it can be represented by a Hermitian component 
directed along the 3-axis of this space. If S 3 is the corresponding source 
density, the interaction energy of the neutral field with the nucleons will 
be of the type 

—j ^\s^dv. ( 8 ) 

The hypothesis just formulated consists in putting, similarly to (5), 

(9) 

i 

which leads to an interaction between nucleons completely independent 
of their charges in any approximation. However, it must be stressed that 
the simplicity of this picture is only apparent: for there are, anyhow, 
charged meson fields, produced by the nucleons, which will inevitably give 
rise to a certain additional amount of proton-neutron interaction. One 
should therefore assume that the source densities of the charged fields are 
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sufficiently small compared with those of the neutral field to account for 
the almost complete charge independence of the total interaction deduced 
from the experiments; the small and uncertain deviation from exact charge 
independence^ exhibited by these experiments, should from this point of 
view be regarded as real and would indicate an upper limit to the ratio of 
the magnitudes of the source intensities of charged and neutral fields. It is 
true that the smallness of the charged meson fields would not come into 
conflict with any known fact concerning cosmic radiation. Nevertheless, 
such a predominantly neutral meson theory would be very unsatisfactory 
indeed, inasmuch as in it the connexion between nuclear forces and cosmic 
mesons, the most beautiful and significant feature of Yukawa’s idea, 
would be completely lost. In fact, the assumptions made about the mass 
and other properties of the neutral mesons would be entirely arbitrary, 
and the whole scheme would be little more than a rather clumsy and 
roundabout way of putting forward a special form of interaction potential, 
distinguished from any other only by its unwieldiness. In spite of this 
objection, we shall in all following discussions retain the neutral type of 
nuclear field theory as a logical possibility to be tested by experiment. 

There is, however, an alternative possibility of securing the charge 
independence of the nuclear potential. It is the so-called symmetrical type 
of meson theory, pointed out by Kemmer [38a]. As we have seen above 
(8J), the total static interaction will be charge independent if the contri¬ 
bution from the neutral meson field is such as to add to the isotopic factor 
2 charged field interaction (7) the term 

completing the scalar product Comparing (5), (6) with (8), we see 

that this result is achieved by taking 


= ( 10 ) 

In this combination of charged and neutral fields, the three Hermitian 
components y^i, V's enter in an entirely symmetrical way; we may 
regard t leita as the three projections of a vector ip in isotopic space, and 
the source densities are likewise components of a symbolic vector 


s = (11) 

i 

The neutral and the symmetrical theories correspond so to speak to 
opposite extreme cases of the general law of interaction (S./-1), viz. S = 0 
and = 0. From the point of view of meson theory, these two extreme 
cases are the only simple ones, for the general expression for the interaction, 
with fl as well as S ^ 0, could only be obtained by assuming two inde¬ 
pendent kinds of neutral mesons, which could only be distinguished from 
each other by the different ways in which they interact with nucleons, viz. 
according as their source density is of the form (9) or (10). Indeed, the 
most general function of the isotopic variables which might occur in the 
source density of a neutral field would be a linear combination of operators 
T + and T-., which express that the nucleon does not change its proton or 
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neutron state when emitting or absorbing a neutral meson. This amounts 
to a source density of the form 

s = 2'(a + 6TS'')s<''. (12) 

/ 


in which the coefficients a and b are not necessarily real. This leads to 
an isotopic factor in the law of interaction 

I a P + 16 P t^) xf + (afc* + a*6) (4*) + tg)), 

and the condition that the interaction be symmetrical with respect to the 
charges implies that the coefficient of rg) -f ^ 3 ^ should vanish. Unless^ 
therefore, either a or b vanishes, the source density ( 12 ) would be essen^ 
tially non-Hcrmitian, which means that we should have two independent 
Hermitian field functions, representing two kinds of neutral fields diffe¬ 
rently coupled to the nucleons. This would, of course, be a very artificial 
state of affairs. 

To sum up, we see that while the introduction of neutral meson fields 
besides the charged ones provides the possibility of deriving a law of static 
interaction between nucleon§ of the general charge-independent form 
the special cases of purely neutral and symmetrical theories, 
characterized by the respective isotopic factors 1 and appear more 

natural from the point of view of meson theory. 

8311« Instability of the neutral meson* If there is any truth in the 
field conception of nuclear forces and their approximate charge indepen¬ 
dence, a large proportion of the mesons produced by the primary cosmic 
radiation in the atmosphere must be expected to be neutral. If the life-time 
of the neutral mesons were comparable with that of the charged ones, 
they could be detected thanks to a charge transfer effect, by which a 
neutral meson can emerge as a charged one from a collision with a nucleus, 
according to the scheme * 

jW® -f* p n + iW"’" , + n p + , (13) 

Such non-ionizing agents, capable of producing ionizing secondaries, can 
in principle be disclosed by a coincidence method, the main features of 
which go back to Rossi, and which has been applied to the present problem 
both by Rossi and his collaborators [40] and by NiSHiNA and BiRUS [416]. 
We shall outline the somewhat simpler arrangement used by the latter 
(fig, 8311-l)i the rates of coincidences of two counters A and B arc 
compared when a lead absorber (sufficiently thick to rule out effects due 
to photons) is placed either between the counters (position ( 1 )) or above 
^them (position ( 2 )); a non-ionizing agent giving rise to penetrating charged 
secondaries in the absorber would indeed manifest itself by additional 
coincidences when the absorber is in position ( 2 ). However, this inter- 

• The symbols jW®, denote neutral and charged mesons, respectively. 
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pretation of a possible positive effect cannot be accepted without a control 
provided by the set of counters C placed above the apparatus and 
covering the whole area of incidence of the rays capable of passing through 
both counters A and B: clearly, if the difference in twofold coincidence is 
due to a neutral agent, the rate of threefold coincidences of the counters A,B 


Fig. 8.311-1. 
Coincidence method 
of detection of non¬ 
ionizing agents pro¬ 
ducing ionizing 
secondaries. 



A 


I 


B 


U 


C 



Fig. 8.311-2. 
Principle of arrange¬ 
ment for detecting 
charge transfer effect 
of meson. 


and C recorded during the same period as the twofold coincidences, should 
be the same for both positions of the absorber. In the actual experiments, 
both the rates of threefold and twofold coincidences were larger with the 
absorber in position (2), the increase being nearly the same for threefold 
and twofold coincidences; there was consequently hardly any change in 
the rate of anticoincidences (i.e. coincidences of A and B not accompanied 
by a discharge of C) when the absorber was moved from position (1) to 
position (2), This result strongly points to some other origin of the effect 
than the production of charged secondaries by non-ionizing rays; and 
previous experiments, in which the precaution of the control counters C 
was not taken, lose any significance. The same conclusion is reached by 
Rossi et at, [40], who further analyze the nature of the spurious effects 
due to meson scattering and shower production in the neighbourhood of 
the apparatus, and confirm the predominance of such effects by cloud 
chamber photographs 

The charge transfer effect (13), together with its inverse, gives rise to 
an alternation of the charged and neutral states of a meson during its 
passage through matter. This phenomenon can be studied by an arrange¬ 
ment of counters and absorbers, very simple in principle (fig, 8311-2), 
A charged meson, detected by counter A, may in absorber / go over to the 
neutral state and traverse count^er B without discharging it; in a second 


• Sec further TRUMPY and BJ 0 RDAL {42], and CLAY and LeverT [46], 
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absorber //, identical to /, it will have equal chance to recover its charge 
and cause a coincidence of counter C with counter A. The mean free path 
of a meson with respect to charge transfer will therefore (on the assump¬ 
tion of sufficient stability of the neutral state) be very simply related to 
the ratio of the rates of anticoincidences in which A and C but not B are 
discharged to the twofold coincidences of A and C. The experiment has 
been performed by Nishina et aL [41a, b] with negative result: within the 
experimental error, no genuine anticoincidences could be discerned. 

The conclusion to be drawn from these unsuccessful attempts at detecting 
neutral mesons * is that the life-time of these particles must be considerably 
shorter than that of charged mesons. This would seem to imply, from a 
theoretical point of view, that the interaction between mesons and lepton 
pairs should be highly unsymmetrical with respect to charged and neutral 
mesons: the coupling of the neutral meson field to the lepton field should 
be much stronger than that of the charged meson field, — in a way some¬ 
what analogous to the situation in the neutral theory of nuclear inter¬ 
action (in which the coupling with the nucleons is assumed to be much 
stronger for neutral than for charged mesons). There is in fact no objection 
to such an assumption; in particular, as has been stressed by Pais [45], 
we have no reason to expect that the very small interactions between two 
leptons on account of their meson fields should exhibit any particular 
symmetry with respect to the charges of the leptons, since the relativistic 
effects, which will in this case predominate because of the smallness of 
the lepton masses, will (even if the source densities are symmetrical with 
regard to charge) be quite different for electrons and neutrinos owing to 
the large difference between their masses. 

According to this view, the short-lived neutral mesons would decay into 
a pair of neutrinos (and thus be utterly lost to observation) or into a pair 
of electrons of both signs. The latter would have sufficient energy to 
initiate showers; an indirect detection of neutral mesons could therefore 
eventually be obtained if the analysis of the soft component of cosmic 
radiation, especially at high altitudes, could be sufficiently improved to 
allow such showers to be recognized. However, even if the decay of 
neutral mesons into lepton pairs does not have a larger probability than 
the corresponding decay of charged mesons, there is still another mode of 
decay, the estimated probability of which is so large that it may possibly 
be preponderant in bringing about the rapid disappearance of the neutral 
mesons. It is a process, pointed out by Sakata and Tanikawa [40], by 
which a neutral meson ultimately decays into a certain number of photons. 
This process may be described as follows: the meson transforms, by a 
virtual transition, into a pair consisting of a proton and an antiproton; these 
two virtually annihilate; each other with photon emission. The number of 

• Prof. Heitlcr has kindly pointed out to me that the negative results 6f the 
experiments just described might simply be due to the fact that the cross-section for the 
charge transfer effect becomes extremely small for mesons of high energy. 
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photons emitted is at least two, except in the case of a vector meson, when 
owing to the special symmetry properties of the matrix-element cor¬ 
responding to the virtual transformation of the meson into a proton pair, 
the minimum number of emitted photons is three. These photons will again 
initiate showers, which should form a not inconsiderable part of the soft 
component of cosmic radiation. 

A very rough estimate of the order of magnitude of the life-time t'o of the 
neutral meson, according to the last decay process, is given by 



where n (=:2 or 3) is the least number of photons emitted, while g 
represents, as in 135, the order of magnitude of the constants analogous 
to the electric charge e, occurring in the nucleon source densities of the 
meson field. Numerically (assuming the same mass for the neutral as 
for the charged mesons), formula (H) gives* 

to- 10-»«...10-*6sec (15) 

(according as n = 2 or 3). The life-time corresponding to decay into 
leptons would depend on the choice of the constants analogous to g 
for lepton source densities. If the same values are adopted for neutral and 
charged mesons, the life-times will also be the same, i.e. (1332) of the 
order of 10-® sec. The photon decay of the neutral meson will therefore 
be the predominant one, unless rather extreme assumptions are made about 
the order of magnitude of the coupling constants Q for neutral mesons. 

832* Central static interactions on meson theory. We have seen how 
the charge independence requirement of the static interaction between two 
nucleons could be fulfilled either by a purely neutral meson field or by a 
symmetrical combination of charged and neutral fields. The next question 
is, whether this static interaction can be reduced to a central potential. 
This point will, however, be more suitably treated in a later Chapter {16,42)\ 
at this stage, it will suffice to know that a central interaction will result 
from a saitable mixture of meson fields of spin 0 and 1, both in the case 
of a purely neutral and in that of a symmetrical theory. In the notation of 
(5.2-1), this central interaction thus takes either of the following forms; 

VJ«. = (ao + a.'^'>^a)J(r) (16) 

= T<>' (ar + a„ J (r); (17) 

and we shall now be concerned with the task o7 confronting the conse¬ 
quences of these two laws of nuclear interaction with relevant experiments. 

The main point here is that in both (16) and (17) the parameters a 
are completely fixed lay the properties of the S states of the two-nucleon 
systems,, and that the effective potentials for odd states can therefore 

A detailed calculation by FiNKELSTEIN [47] leads to 10”^® ... 2* 10“*^ sec* 
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uniquely be deduced from them. A comparison will thus be possible be¬ 
tween theoretical predictions and experimental results concerning pheno¬ 
mena in which states of higher orbital momenta play a part. Since there 
is no such state of binding for the two-nucleon system, we are limited to 
the investigation of the scattering of sufficiently fast nucleons (neutrons 
or protons) by protons. The experimental study of proton-proton scattering 
has perhaps the advantage of greater accuracy, but the interpretation of 
the results is complicated by the fact that we have to do with interference 
of the proper nuclear scattering with the effect of Coulomb interaction; on 
the other hand, just this circumstance makes it possible to use relative 
measurements of the differential cross-section for a comparison between 
nuclear and Coulomb forces. The scattering of fast neutrons by protons, 
though more difficult of approach, yields very direct evidence on the nuclear 
potential. Especially the angular distribution of the scattered neutrons (or 
of the recoil protons) discloses by its deviation from isotropy in the 
barycentric system of reference the contribution of states of higher orbital 
momenta to the scattering process. It is this effect which will mainly occupy 
our attention. 

It is clear at the outset that the neutral and symmetrical theories must 
lead to very different results, for the properties of the odd-state potentials 
are quite different in the two cases *. In the neutral theory, the odd-state 
potentials are evidently equal to the corresponding ones for even confi¬ 
gurations: 

= (0=1.3). (18) 

In the symmetrical theory, on the other hand, the occurrence of the factor 
t(i) «r< 2 ) (17), in conjunction with the correspondence expressed in 

(4331-23), immediately leads to the relations 

3Tq(odd) _j 3Tn(€ven) 

v' symm - "ST ^symta (19) 

Ir^lodd) __ ^ Ir^even) 

y aymm ^ V^symm • 

Qualitatively, we see that while in a neutral theory all effective potentials 
are attractive, in a symmetrical theory the potentials are attractive for even 
configurations and repulsive for odd configurations. We shall now proceed 
to a closer discussion of the implications of these properties for the phe¬ 
nomenon of fast neutron scattering by protons. 

833^ Scattering of fast neutrons by protons. The differential scattering 
cross-section is given by the fundamental formula (6.22-10), which 
corresponds to an angular distribution of the general form 

dS = dSi 2 (‘A„ + 3 • »A„) cos" ^. (20) 

* The validity of the relations (18), (19) is not restricted to meson theory, but covers 
all central interactions of the forms (16) and (17), with any distance dependence J(r). 
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the being certain functions of the phases . For each value of n, 
all phases give a contribution to the corresponding "'An; we may write 


^An= 2 

^ 4 sin Sin cos (8 ^^'), 


( 21 ) 


with certain numerical coefficients * ant. Explicit formulae, including the 
phases up to / = 5, will be found in a paper by Pais [46]. The calculation 
of the phases can be carried out by the methods explained in 53; for each 
value of the energy of the incident neutrons, the and phases have 
to be computed by the variational method (5.31), the higher phases by 
the approximate procedure of 5.331 or simply by Born’s approximation. 
The reduced strength of the effective meson potential can be taken 
equal to the critical value (5.231) ^ 1,68, independent of the value of 

the meson mass; this only amounts to neglecting the small energy of the 
virtual state (5.323. 6.23). The strength of the effective potential, 
on the other hand, must be calculated, for each assumed value of the 
meson mass, by means of formula (5.231-25), which, using the value 
(6.11-1) of the energy of the deuteron ground state, takes the form 


1.68 + 201.2 ( 22 ) 

Mm 

with sufficient accuracy. 

The main features of the resulting angular distribution, in the case of the 



Fig. 8.33-1. Contribution 
of different orders in the 
case of a meson mass of 
200 m and an energy of 
13i McV. 


• If n is even, only terms for which i and V are of the same parity occur in the series 
(21); if n is odd, there occur only terms with I and V of different parities. 
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symmetrical meson theory, are clearly brought out in the figures 8.33-1, 2,3, 
due to FrOhlich, Ramsey and Sneddon [46] *. Fig. 1 shows how the 
successive inclusion of higher and higher phases in (21) modifies the 
angular distribution: in particular, it strikingly exhibits the insufficiency 
of an approximation limited to the P phases. Fig. 2 illustrates the influence 



Fig. 8.33-2. Angular distri- 
bution of scattering to be 
expected for ISJMeV 
neutrons. 



Fig. 8.33-3. Angular dis¬ 
tribution of scattering to be 
expected for 9 MeV and 
13jMeV neutrons on as¬ 
sumption that meson mass 
is 225 m. 


* See further Ramsey [47], 
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of the range of the force (i.e. the value of the meson mass) on the 
differential cross-section. Finally fig. 3 shows how the deviation from 
isotropy becomes more and more accentuated with increasing energy of 
the incident particles: it gives the angular distribution calculated upon, 
the assumption of a meson mass Mm = 225m for the energies 9 and 
13,25 MeV. The comparison of these curves with the results of the 
Bristol experiments (after correction for the "'loss*' of tracks from the 
emulsion, as explained in 6,42) is exhibited by fig. 6.42-3,4. It appears 
from these diagrams that the experiments indeed seem to agree somewhat 
better with the predictions of symmetrical meson theory than with a purely 
isotropic distribution; but the deviation from isotropy is still too small at 
these energies to permit a clear-cut conclusion *. 

The theory shows, however, that for only slightly larger energies one 
can hope that the comparison with observation will enable us (provided 
we assume the nuclear interaction to be mainly central) to decide between 
a neutral or a symmetrical form of isotopic factor. This results from 
extensive calculations, carried out by HulthIiN and Pais [466], of the 
anisotropy ratio 


A=:S(n)IS(l7t), (23) 

which conveniently expresses the main character ("forward"’ or "back¬ 
ward") of the anisotropy and permits an easier vizualization of its 
variation with the different parameters of the problem. In terms of the 
introduced in formula (21), the ratio A takes the form (Pais [46]) 


2 (- 1 )'"+" 
m,n 


2’(-l)/n+/z (2m +1) (2n + 1) + 3 • 

m,n _ _ 




n 1 . . 


From this formula, a result of extended validity can be obtained upon 
the assumption that the S phases (and consequently the absolute values of 

all other phases) are smaller than n, and that all differences!|< 
;r/2. In a symmetrical theory, owing to the alternation of attractive and 
repulsive potentials in even and odd states, one has then {5A31, 5,132) 


(_l)m+n.<r^(m,n)>0, 

whence ^ > 1: under the conditions stated, a symmetrK^l theory leads to 
a predominantly backward scattering, A neutral theory, in which all phases 
are positive, does not imply any such general property of the anisotropy 
ratio. 


* Similar, calculations have been carried out by HultH^N [43a, 44dl for an energy 
of 14,5 MeV and a meson mass of 200 m. However, he applied to the b-values for the S 
states certain corrections which later investigation has invalidated, so that these results 
cannot be retained. 
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The calculation of A has been performed for a range of energies from 
5 to 25 MeV and two different values of the meson mass» viz. 200 and 
300m, in both the symmetrical and the neutral theory. The results are 
collected, together with some others, concerning the 9 and 13 MeV 


8.33. Scattering of fast neutrons by protons: theoretical results 




jSymmetr. theory 

Neutral theory 


Energy 

Meson mass 

KM / 

A 

S 

A 

S 

Reference 

MeV 

MJm 


10 




5 


1.07 

1,63 

1.17 

1,65 


10 


1.34 

0,97 

1.06 

1,02 


15 

200 

2.01 

0,68 

0.96 

0.74 

HulthEN and Pais [466] 

20 


2,76 

0,52 

0,80 

0,59 


25 


3.73 

0,43 

0,73 

0.49 


5 


1,03 

1,60 

1,06 

1,60 


10 


1,09 

0,93 

1,05 

0.94 


15 

300 

1,22 

0,65 

1,02 

0,66 

HulthEn and Pais [466] 

20 


1.42 

0.50 

0.96 

0.51 


25 


1,68 

0.41 

0,90 

0,42 

1 


200 

1.3 

1.1 

1,09 

1.15 

HulthEN and Pais [466]* 

9 

225 

1.17 

1.03 

— 


Ramsey [47] 


300 

1.08 

1.06 

1.05 

1.07 

HulthEN and Pais [466]* 

13.5 

177 

2,58 

0.82 

0,86 

0.89 

Pais ( 46 |*** 


200 

1.70 

0.75 

1.0’"* 

0.85** 

) 

13,25/ 

225 

1.45 

0,74 

— 


^Ramsey [47] 


250 

1,29 

0.74 

— 

— 

) 

( 

300 

1.17 

0.76 

1,03 

0,77 

HulthEN and Pais [466]* 

18 

225 

1,90 

0.56 

— 


Ramsey [47] 


* Interpolated. 

Interpolated from Hulth^N and PAIS [466]. 

*** The S phases have been computed by FeRRETTI [43a]. 


neutrons, in table 8,33; their characteristic features are clearly exhibited 
by fig. 8,33-4, In the table, values of the total cross-section <S have 
also been listed; the comparison with the empirical values collected in 
table 6,413 is shown by fig. 8,33-5, While the total cross-section is 
quite insensitive to the range of the interaction and to its dependence on 
the isotopic variables, the angular distribution, as expressed by the aniso¬ 
tropy factor, becomes, at higher energies, very markedly different for 
neutral and symmetrical theories, and in the latter case it also varies 
appreciably with the meson mass. The study of the angular distribution of 
very fast neutrons scattered by protons is therefore, as already stated, one 
of our most powerful means of inquiring into the nature of nuclear forces. 

634* Photodisintegration of the deuteron and meson theory. As 
explained in 6,5U the photodisintegration differential cross-section consists 
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of two terms of different origins, the photoelectric and the photomagnetic 
effect, which can essentially be distinguished from each other by their 
different dependence on the angle of ejection of the nucleons with respect 
to the direction of the impinging photon. In fact, since the photomagnetic 



Fig. 8.33-4. Anisotropy 
ratio, according to different 
theories, neutral (N) or 
symmetrical (5), assuming 
a meson mass = 200 
or 300 m (as indicated by 
the number following the 
symbol N or 5). 



effect is spherically symmetrical (in the barycentric system*), while the 
photoelectric effect has a sin^iJ-distribution, the ratio of the intensities 

* For photons of not too high frequency (and therefore sufficiently small momentum), 
the barycentric system of reference can be identified with the laboratory system. 



8J4 


CHARGE INDEPENDENCE AND MESON FIELD 


177 


of ejected nucleons in directions parallel and perpendicular to that of 
incidence of the radiation will be given by 

i| _ __ , 

d0^^ + d<Pa{nl2) 


^m«gn ■§■ ^el 

Thus, the measurement of H. together with that of the total cross-section, 
would give us the contributions ^magn separately. Unfortunately, 

owing to the smallness of the effects concerned, such measurements are 
very difficult, and it has not yet been possible to attain the accuracy 
required for the isolation of 0in«gn froni the empirical data. All one can 
do at present is to compare the value of H directly measured, for a given 
frequency, with that calculated from theory. 

This parameter H is essentially suited to give definite indications about 
the isotopic factor of the interaction potential. In the first place, the eigen¬ 
functions of the states entering into the expression of the photoelectric 
cross-section will be different in a symmetrical and in a neutral theory, 
because of the different behaviours of the corresponding effective potentials; 
and this may be expected to affect appreciably the value of 0ei • In the 
second place the exchange magnetic moment occurring in 5>»agn» being 
obviously determined by the charged meson fields only, will vanish in a 
neutral theory. In the computations carried out by Pais [43], the former 
effect was neglected, and the latter exaggerated owing to a slip in the 
basic formula *, so that his results are not reliable. 

The diagrams published by Pais are here reproduced (fig. 834-1, 2) only 
to give a general qualitative idea of the relative magnitudes of the two cross- 
sections and ^magn and of their variation with the excitation energy. 
More accurate calculations have been started by Hulthen; for photons of 
2,62 MeV energy, he finds, assuming a meson mass Mm = 200m: 


8.34-1. Theoretical photodisintegration cross-sections for hv = 2,62 MeV 




^magn 

H 


10“* cm* 

10~*» cm* 


Neutral theory 

13,76 

3,08 

0,130 

Symmetrical theory 

12,07 ’ 

3,075 

0.H5 


Thus, the exchange effect proves to be quite negligible, and the change 
in (Pel produces only a relatively small variation of H : a great accuracy 
would indeed be required to bring it out. 

* Dr. Pais has kindly informed me that in the formula on p. 18, 1. 10 from bottom, of 
his paper, the factor ^ + n in the argument of the arctg should be y? + n + 1. 
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The first experiments on the angular distribution of the ejected particles 
consisted in investigating cloud chamber tracks of the photo-protons. 
Neither CHADWICK, FEATHER and Bretscher [37] using 2,62 MeV 
(ThC") y-rays, nor Richardson and Emo [38] with 3 MeV j^-rays from 
the Na (d, p) reaction, could in this way establish with certainty the 
existence of an isotropic component, but the accuracy was very poor owing 
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Fig. 8.34-1, 2. Photoelectric and photomagnetic disintegration cross-sections of the 
deuteron, according to PAIS [43]. (a means Mm/m*) 
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to the small number of tracks (about 60 in either case). The only indi¬ 
cations about the parameter H which can be derived from this work are 
as follows: 


for bv = 2.62 MeV. H < ^ 
bv = 3.0 MeV. H<0.16. 

The direct measurement of the angular distribution of the photo-neutrons 
produced by 2,62 MeV (Th C") y-rays was first attempted by Halban 
[38] and repeated with an improved technique by Graham and Halban 
[45]; the same method has also been applied by Myers and Van Atta 
[42], who, however; used an ill-defined continuum of X-rays reaching 
up to 2,43 MeV. A glass sphere filled with heavy water is irradiated by 
a suitable source and the ejected neutrons are collected by a system of 
boron chamber detectors, the orientation of which relative to the axis 
source-sphere can be varied; rather large and not quite certain corrections 
must be applied to the measured intensities owing to the geometrical 
conditions and the scattering of the photo-neutrons within the sphere. 
The figure given for H by Myers and Van Atta. viz. 0,87 ±: 0,07, has 
little significance; it may perhaps be compared with the theoretical values 
for the weighted average energy of 2,28 MeV. As to Halban's results for 
2,62 MeV, they arc unfortunately not concordant: his first experiments, 
with a sphere of 1 cm diameter, gave H 0,07 ±: 0,06; the second, in 
collaboration with Graham, were performed with two spheres of 
diameters 1,6 and 0,77 cm, and the result, extrapolated to zero diameter 
was H 0,20 zb 0,05 (with some indications in favour of a low value). 
Further improvement of these difficult measurements is thus needed before 
any theoretical conclusion can safely be drawn. 

At higher /-ray energies, the angular distribution of the ejected nucleons 
is expected to follow very nearly the sin^e^-law corresponding to the photo¬ 
electric process. For 6 MeV ;^-rays. the distribution of the ejected protons 
has been investigated by the photographic plate method (6,42) (GiBSON, 
Green and Livesey [47]). The analysis of 60 tracks in the angular range 
70*^ ... 180^ gives a result compatible with the sin^^-Iaw. 

The total cross-section of the photodisintegration of the deuteron is 
hardly known at all with any precision. The only existing estimates are the 
following: 


8.34-2. Measurements of total photodisintegration cross-'section 


Reference 

h V 

MeV 

Total cross- 
section 

Observations 

Halban 

2,62 

13 

Provisional value, not yet published 

Richardson and Emo [38] 

3,0 

(11) 

May be wrong by a factor 2 

Allen and Smith [41] 

6,2 

11,6 







180 


VIIK CHARGE INDEPENDENCE 


8.1 


For the capture cross-section of neutrons of 2,2 • lO® cm/sec velocity, 
Hulth^n finds the following results: 

for Mm = 197m. G = 0.294.10~24 cm^ 

for Mm = 295m. G = 0.303 • 10-24 cm2; 

the exchange effect is again entirely negligible. The comparison with the 
empirical value (6.52-18) would perhaps favour a high v^lue of the meson 
mass. However, a slight modification of the wave-function, within the 
uncertainty of the empirical value (6.22-32) of the slow neutron- 
proton scattering cross-section (assuming 22 instead of 21 for S in units 
10-24 cm2), is sufficient to bring the value of G for Mm 197m to 
0.308 . 10-24 cm2. 

8*4* Central nuclear potentiah summary of argument 

At this stage, it will not be superfluous to review the line of argument 
followed in the preceding analysis of the properties of two-nucleon systems. 
This analysis starts from the assumption that we have to do with a central 
nuclear potential; it is further necessary to assume a definite form of 
distance dependence, which in the simplest cases involves two para¬ 
meters, viz. the range constant and the strength. The available evidence 
then gives fairly complete information on the effective potentials in triplet 
and singlet even configurations; and in particular it supports the view that 
the analytical form of distance dependence and range value are the same 
in both cases, the strength alone being different (5.2). 

The proton^neutron potential is markedly spin dependent. On the very 
natural assumption that the lowest stationary states to which this potential 
gives rise are S states (6.7/). a large spin dependence is disclosed by 
the fact that the ground state of the deuteron belongs to the triplet system, 
as well as by the large cross-section of the proton for scattering or radiative 
capture of very slow neutrons. Indeed, the magnetic interaction between 
proton and neutron would depress the state below the state (6.13); 
whereas the large contribution of waves to the mentioned scattering 
and capture processes requires the existence of some (actual or virtual) 
tS level of very low energy (6.23. 6.52). The virtual character of 
this level, made probable by the study of the radiative capture process 
(6.52), is definitely established by the scattering properties of ortho- and 
para-hydrogen for slow neutrons (633). Thus, both the and 
effective potentials are attractive, but only the former leads to a stable 
stationary state of binding. 

For a given law of distance dependence and a given value of the range 
of force, we can determine the strength of the potential from the 
observed binding energy of the corresponding stationary state; the strength 
of the iS potential then follows from the value of the scattering cross- 
section of protons for very slow neutrons (6.437. 6.432). In principle, the 
value of the range might also be derived from the scattering cross-sections 
for faster neutrons, especially the D(d. n)-neutrons of 2 .. 3 MeV energy; 
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but the data available at present still leave a large uncertainty about the 
quantity in question. They are at any rate compatible with the assumption 
that the range of the proton-neutron force is the same as that of the proton- 
proton force (6.431). 

The proton-proton potential (exclusive of Coulomb force) can be 
determined with somewhat better accuracy, in range as well as in strength, 
from the experiments on proton-proton scattering; the meson type of 
distance dependence, however, constitutes a conspicuous exception: the 
theory of the scattering process proves to be very insensitive to large 
variations of the value of the meson mass (which fixes the potential para¬ 
meters) (7.13). The proton-proton potential is found to be attractive, 
and in fact (on the assumption of equal ranges) very nearly the same as 
the proton-neutron potential (8.1): this property is well-established for 
the well and Gauss types of potentials, whereas the meson potential, owing 
to the above-mentioned uncertainty, hardly permits any significant con¬ 
clusion for the time being. 

Finally, there is good reason to believe that the ncufron-ncutron 
potential is identical with the proton-proton one (apart from the Coulomb 
energy). This conclusion is reached chiefly by a comparison of the masses 
of isobars with neutron excesses + 1 and — 1: it is verified that the mass 
difference of such isobaric pairs consists solely of the electrostatic energy 
of the excess proton in the latter nucleus (3.3). Altogether, from the 
evidence on even states one can surmise with great probability that in all 
(even or odd) configurations compatible with the exclusion principle the 
effective potential is (with a possible deviation of a few percent) indepen^ 
dent of the charges of the interacting nucleons (8.1). The general form of 
the central potential operator is then given by (5.2-1); in this formula, two 
of the four parameters a remain as yet undetermined, due to insufficient 
evidence on the odd configurations. 

In fact, although the study of the scattering of fast nucleons is in 
principle suited to give us direct information about the odd state potentials, 
it has not yet reached the extent and accuracy needed for this purpose 
(7.131, 8.33). In order to complete our knowledge of nuclear interactions, 
we must therefore turn to other phenomena, pertaining to more complex 
nuclear systems. 




PART III 

NUCLEAR MODELS AND SATURATION PROPERTIES 
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SURVEY OF NUCLEAR MODELS 

Going over to the study of complex nuclei, we shall in the first 
place be concerned with the question as to which models can be used to 
describe the nuclear systems considered with more or less accuracy. We 
may state at the outset that no entirely adequate model has as yet been 
found; different approaches can be tried according to the point of view 
chosen and in each case the way is barred by mathematical difficulties. 
Nevertheless, many interesting results have been obtained, which we shall 
try to summarize in this Part. 

9.1. Description of heavy nuclei 

9JL Bohts droplet model It has already been stressed (2.22) that 
heavier nuclei — in contrast with atoms — must be regarded as systems 
of closely coupled particles, in some way comparable to liquid droplets; 
the analogy, however, is very rough, since the mobility of the closely 
packed nucleons is a consequence of their unclassical zero-point motion 
(2.3). Additional confirmation of this picture is afforded by the discussion 
of nuclear reactions, initiated by BOHR [36], The large probability of the 
capture of fast neutrons by heavy nuclei, together with the sharpness of 
the y-vays emitted in such processes, forces us to conclude that the duration 
of the collision leading to capture is very much longer than the time 
which the neutron would take to cross the nucleus. In other words, the 
collision first leads to the formation of a compound nucleus of great stability, 
in a highly excited state; the ensuing emission of radiation, by which the 
compound nucleus goes over to its normal state, is a secondary process, 
occurring quite independently of the way in which the compound nucleus 
has been formed. This behaviour is easily understood just by realizing that 
the particles within the nucleus interact so strongly with each other and 
with the impinging neutron, that the energy of the latter is rapidly 
distributed among all nucleons; the possibility for any of these to escape 
from the compound nucleus is then conditioned by the occurrence of a 
casual fluctuation leading to a sufficient concentration of energy on that 
particular nucleon. These considerations clearly apply to any type of 
nuclear reaction, initiated by the impact of some elementary or compound 
particle (deuteron, a-particle) or a photon on a nucleus with emission of 
some other particle or of radiation. Such a reaction will take place in two 
independent stages, of which the first will be the formation of the com¬ 
pound nucleus; the second will be one of a number of competing modes of 
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disintegration of the compound nucleus or of radiative transitions to its 
ground state. From the study of nuclear reactions, much information has 
in particular been gathered about the distribution of the excited energy 
levels of compound nuclei; this distribution exhibits just the characteristic 
features to be expected for a system with close coupling: a rapid decrease 
of the mean distance between neighbouring levels with increasing excitation 
energy; at the same time, an increase of the breadth of the levels (owing 
to the various possibilities of transitions from the excited states), so that 
the level distribution becomes continuous (fig. 9J1), 



Fig, 9.11. Schematic level system of a heavy 
nucleus. The dotted line in the lower “100.000 times 
magnifying glass” indicates the binding energy of 
a neutron in the nucleus, so that the levels above 
this line exhibit resonance with neutrons whose 
kinetic energy is given by the distance between 
the level considered and the dotted line. 


Of cot rsc, such a system of closely coupled particles, as an actual 
nucleus proves to be, is rather unmanageable by present methods of 
quantum theory, since the usual approximation procedures of this theory 
have chiefly been developed for the treatment of loosely coupled atomic 
systems of electrons. On the other hand, methods derived from the analogy 
with a classical liquid droplet cannot claim more than qualitative validity 
(Bohr and Kalckar [37]). In this connexion, statistical considerations, 
first advocated by Frenkel [36], have proved most fruitful. According 
to this point of view, the motion of the constituent nucleons is compared 
with the thermal agitation of ordinary matter: to the nucleus in any excited 
state of energy £* is attributed a temperature * T, related to E* according 
to the rules of quantum statistics. Assuming c.g. the excited states of the 

* We denote by T the temperature in the dynamic scale, i.e. the usual temperature 
in degrees times Boltzmann’s constant k. 
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nucleus to consist of a superposition of harmonic vibrations, the frequen¬ 
cies of which are uniformly distributed, and using Planck's formula for the 
mean energy of a harmonic oscillator, one finds 

E* = ^YaT\ ( 1 ) 

the constant representing 3/jr2 times the average energy difference 
between two successive proper vibrations. 

The entropy S(E*) of the nucleus in its state of energy E* is simply 
related to the density q{E*) of the energy levels at that energy by a 
formula of the type 

( 2 ) 

while the well-known relation 


1 cfS _ 1 
k dE^^ T 


(3) 


obtains between the derivative of the entropy and the temperature. Com¬ 
bining this last formula with the given relation, such as (1), between 
temperature and energy, we get an explicit expression for the function 
S(£*) or {)(E*). In our example, we get 

g(E^)^er2yjE*^ (4) 

a formula * in good agreement with the empirically estimated level 
densities, if we take ( Weisskopf [37]) 

y^^ ^ 0,1 MeV. (5) 

The emission of particles by the excited compound nucleus can be 
compared (Frenkel [36], Weisskopf [37]) with an evaporation process, 
and for sufficiently high excitations, its probability can be estimated by 
well-known statistical arguments. To take only the simplest case of neu¬ 
tron emission, it is found, in particular, that the mean energy of the emitted 
neutrons will be 2T, if T denotes the temperature of the nucleus left after 
the process. Owing to the relatively small number of constituent nucleons, 
this residual nucleus is considerably “cooled down'* by the evaporation 
process: if, e.g., the excitation of the compound nucleus was 20 MeV, 
that of the residual nucleus will be only about 12 MeV. According to 
formulae (1) and (5), its temperature will be 1,5 M^V, and the average 


This formula receives an interesting interpretation if we put the excitation energy 
E* equal to n* times the mean energy difference between successive proper vibrations; 
the resulting expression 

is just the asymptotic estimate of Hardy and Ramanujan for the number of partitions of 
the integer n*. See also BOHR and KalCKAR [37], p. 34, and VAN LlER and UhlenbeCK 
[37]. 
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energy of the emitted neutrons about 3 MeV, thus very much smaller than 
the initial excitation energy. This striking consequence of the statistical 
conception is likewise in qualitative and rough quantitative agreement with 
experiment. 

The above considerations will suffice to illustrate the kind of arguments 
which may be based on the droplet model and which in many cases have 
led to a very helpful global understanding of properties of heavy nuclei. 
The detailed form of nuclear interaction, however, clearly lies outside 
the scope of a description which treats nuclear matter as a continuous 
medium. We now turn our attention to another nuclear model which, 
though admittedly less rational than the droplet model, nevertheless in 
many respects gives a sufficiently adequate picture of heavy nuclei and 
allows of a much more elaborate treatment. 

9,12* The Fermi gas modeL It turns out that the behaviour of heavy 
nuclei is to a large extent so insensitive to the precise form of the inter¬ 
actions at close distances between the nucleons that it is correctly des¬ 
cribed — at any rate qualitatively — even if we begin by completely 
disregarding this interaction. To describe an excited nuclear state of 
temperature T, we thus start from an ideal gas of nuclear matter at this 
temperature, consisting of a given number A of nucleons enclosed in a 
volume of nuclear dimensions. In this initial approximation, the limitation 
of the system to a given volume is the only way in which the nuclear forces 
come into play. It may seem paradoxical that such an apparently inadequate 
picture of a nucleus should still possess fundamental features embodied 
in the liquid droplet model. The reason is that we are dealing with an 
assembly of particles obeying Fermi statistics in a strongly degenerate 
state: in fact, for all states of excitation commonly considered, the excitation 
energy (of 20 MeV, say) of an assembly of 50 or 100 particles of mean 
kinetic energy 20 MeV each (2.3) only means a slight departure from 
complete degeneracy. As a matter of fact, such a degenerate state resem¬ 
bles a liquid liiorc than a gas, since the exclusion principle prevents two 
nucleons with the same charge and spin from occupying the same place 
within the nucleus; this has just the effect, even in the absence of any 
forces, of keeping the nucleons of the kind considered a certain mean 
distance apart, a feature which we have recognized as characteristic of 
nuclear structure (2.22). 

In particular, it can be verified, as we shall see (9A3), that the degenerate 
gas of nucleons possesses the properties required to account for the course 
of nuclear reactions sketched above (9.11), For temperatures of a few 
MeV (corresponding to usual excitation energies), its viscosity is found to be 
so large that any vibration excited in it will be apcriodically damped, so that 
the excitation energy can only be kept in the form of heat. The heat con¬ 
ductivity is also very large: a local concentration of heat (such as produced 
by the impact of a particle) will rapidly spread over the whole nucleus. 
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Moreover, it is well-known (9A2) that the excitation energy of a degenerate 
Fermi gas depends on the temperature just by a relation of the form (1); 
the numerical value of the co-factor calculated on this model for 
A 100, is about twice as large as that corresponding to the empirical 
equation (5), but the discrepancy can be attributed to the influence of 
the nuclear forces (9A2), 

If we now turn to the consideration of the ground state of a heavy 
nucleus, the Fermi gas model will again offer us a useful starting point, 
at least for a qualitative discussion; for the actual calculation of mass- 
defects, it is, of course, less satisfactory. The nuclear interactions (for 
which some analytical expression, e.g. of the type (S.2-1), is assumed) 
are introduced as perturbations, and the calculation of the total energy of 
the system may be improved by applying a variational procedure, in 
which the assumed nuclear radius is treated as the quantity to be varied. 
Calculations of this type have been carried out as far as the second 
approximation {122); from a quantitative point of view, their outcome is 
rather disappointing, but they lead to qualitative conclusions of considerable 
interest. 

On the one hand, even the first approximation treatment suffices 
(together with a few additional considerations) for a general discussion of 
the saturation properties of the nuclear bonds, which enables us to com¬ 
plete the determination of the spin and charge dependence of the nuclear 
potential (Chapt. XI). On the other hand, the second approximation dis¬ 
closes a peculiar correlation between any four nucleons with different 
charges and spins, leading to the temporary formation of clusters resem¬ 
bling a-particles {12,23), This tendency to ‘‘a-clustering" illustrates from 
another side the inadequacy of the Fermi gas model: indeed, the con¬ 
siderable binding energy of such clusters is not properly taken into account 
in the computations based on the perturbation method. At the same time, 
it points to an approach to the problem of nuclear structure starting so to 
speak from the opposite end, viz. the so-called ''a-particle model”, in which 
the a-clusters (together with a few odd nucleons if necessary) are taken 
as fundamental units, held together by appropriate forces. For heavy 
nuclei, however, the latter model has no obvious advantage over the Fermi 
gas picture: its interest will first appear in the domain of lighter nuclei, 
which we shall now proceed to consider. 

9^2^ Description of light nuclei 

9*21 * The quasi'-atomic model. As is well-known, we possess for the 
treatment of many-electron systems in the electric field of an atomic nucleus 
a powerful method initiated by Hartree and modified by Fock to take 
account of exchange interactions (2,22), Each particle is assumed to be 
acted upon by a potential field of suitable form, representing in a certain 
sense some average of the total field exerted on the particle by the other 
particles of the system: this potential involves no other dynamical variables 
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than those of the particle envisaged, while it depends on the other particles 
in a schematical way, through certain quantities treated as parameters. The 
states of the particles in this field are thus described by individual wave- 
functions, and the eigenfunctions of the total system, in the initial approxi¬ 
mation, are linear combinations of Slater-determinants (4A4) built up of 
appropriate individual wave-functions. The eigenvalue problem can then 
be solved by the usual variation principle, the parameters of the potential 
field being varied and their “best*' values determined. 

The Hartree-Fock method has also been extensively applied to the 
treatment of light nuclei, in spite of the fact that it obviously loses any 
justification for such closely coupled systems; it is not surprising that the 
quantitative results obtained in this way are inconsistent and unreliable. 
The general scheme indeed differs essentially from the atomic case by the 
absence of any analogue of the central field of the atomic nucleus which 
constitutes a very considerable part of the Hartree field of the atom. The 
choice of the individual eigenfunctions of the nucleons is therefore to a 
large extent arbitrary: they are made to depend on certain adjustable 
parameters, which may be regarded as related to a fictitious average nuclear 
field. For instance, this field may be assumed to be quasi-elastic, so that 
the individual wave-functions of the nucleons have the form of (spatial) 
harmonic oscillator eigenfunctions, with arbitrary frequency parameters. 
The general picture of the nucleus corresponding to a Hartree-Fock pro¬ 
cedure will be called the quasi^atomic model. 

Formally, the quasi-atomic model and the Fermi gas model are very 
similar: they have in common the essential feature of starting from the 
consideration of individual states for the single nucleons; we may say that 
they belong to the class of individual nuclear models. In the Fermi gas 
picture, the individual wave-functions are simply plane waves confined 
to a region of nuclear dimensions; the parameters defining this region 
(nuclear radius, e.g.) play a similar role to that of the parameters of the 
Hartree-Fock, wave-functions, viz. in schematically representing the in¬ 
fluence of hc^ nuclear forces in the initial approximation. It is clear that, 
so far as they go, the quasi-atomic model is better adapted to lighter 
nuclei, the Fermi gas model to heavier ones. But no more than qualitative 
indications can be expected from either. 

922* Nuclear models of the collective type. Any adequate nuclear 
model must necessarily be of the collective type: i.e. the description of any 
state of the model, as embodied in the corresponding wave-function, must 
depend essentially on the variables of all the constituent nucleons. In some 
way the droplet model might be regarded as belonging to this class; but 
it is perhaps more correct to say that it falls outside the alternative; 
individual-collective, as it treats nuclear matter as a continuum. The most 
general and comprehensive form of collective nuclear model is the resona- 
ting group model {13,3). It attempts to analyze the states of nuclear systems 
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into a continually changing medley of all possible groupings of nucleons. 
In more technical language, the wave-function of any state of the system 
is set up as a superposition of all possible products of wave-functions 
representing smaller groups of, nucleons. A workable approximation is 
then eventually obtained by judiciously weighing the probabilities of the 
various groupings and dropping the unlikely ones. 

Thea-par^fc/e model (13A), for instance, falls under this general scheme: 
only a-clusters are retained as constituent groupings. It can be estimated 
that the stability of the temporary a-clusters is sufficient to justify such a 
treatment in many cases. Especially the study of the lightest nuclei which 
can be decomposed into a whole number of a-clustcrs (“a-nuclei*') may be 
carried out in great detail by methods borrowed from the theory of mole¬ 
cules. As the number of a-clusters increases, their cohesion becomes 
loosened by the interplay of the nuclear forces and the periodicity due to 
a-clustering, which is so marked in the domain of light nuclei, gets more 
and more blurred out. 

9*23* The Wignev approximation. The preceding approximate treat¬ 
ments of the nuclear problem do not involve any restrictive hypothesis 
regarding the law of nuclear force itself: they are rather concerned with 
some schematization of the structure of the system of nucleons assumed 
as a starting point for the computation of its binding energy or other pro¬ 
perties, Another principle of approximation consists in leaving the structure 
a priori undetermined, but introducing simplifying assumptions about the 
nuclear interactions. One can then consider the most general collective 
model from the point of view of its transformation properties for the 
groups allowed by the assumed form of the nuclear potential; and by the 
methods of group theory, one can derive qualitative or semi-quantitative 
features of nuclear states which have a wide range of validity. Wigner, 
w’ho has especially developed this method (10,14), has shown that a 
convenient starting point is obtained by first retaining only the ordinary 
and Majorana terms in the nuclear potential; the explicit spin and charge 
dependence, although by no means small, nevertheless appears to be of 
secondary importance for this kind of consideration. The Coulomb energy 
of the protons, however, will tend to disturb the symmetry properties 
essential for the application of the method and will therefore limit its 
validity for the heavier nuclei. The usefulness of Wigner s approximation 
for the study of light and intermediate nuclei is quite comparable with that 
of the analogous methods of group theory in atomic and molecular physics. 

9*3« A table of nuclear models 

It will be convenient to summarize in tabular form the conclusions of 
the preceding sections, the nuclear models discussed being classified from 
two distinct points of view: (a) according to their individual or collective 
character: (b) according as they are better adapted to the treatment of 



192 


IX. SURVEY OF NUCLEAR MODELS 


9.40. 9.41 


lighter or heavier nuclei. Further, the position of Wigner’s approximation 
has been indicated, the arrows pointing in the direction of increasing 
accuracy of the models. 


9.3. Nuclear models 


Heavy nuclei 

Light nuclei 

Continuous nuclear matter 

Liquid droplet model 


Collective models 

Resonating gro 

up model 

fc-particlc model 

1 Wigner 
approx. 

Individual models 

Fermi gas model 

quasi-atomic model _ 

4- 


9A, Elementary properties of Fermi gas model 

9.40. In this section, we shall discuss some properties of a strongly 
degenerate ideal Fermi gas, in a fprm adapted to the case of a gas of 
nucleons enclosed in a region of nuclear dimensions. This forms the initial 
approximation of the Fermi gas model. 


9.41. Kinetic energy of ground state (absolute zero). The ground 
state of the nuclear model under discussion corresponds, in the initial 
approximation, to the absolute zero of temperature. All the lowest indivi¬ 
dual states of neutrons and protons are occupied up to those with a 
maximum momentum given by the condition that the total number of 
occupied states be equal to the number of neutrons or protons, as the case 

may be. For each value of the momentum vector p there are two individual 
states, corresponding to the two possible orientations of the spin of the 
nucleon, and in the approximation here considered, these two states will 
have the same energy. On account of the pairing tendency of the nucleon 
spins (5.72), we shall expect that in the ground state as many spins as 
possible are saturated, i.e. that as many individual proton and neutron 
states as josiible are doubly occupied. Since we are only interested in 
asymptotic formulae for large numbers of protons and neutrons, we shall 
suppose these numbers even, and accordingly all spins saturated in the 
ground state. For the same reason, the form assumed for the enclosure does 

not matter and we can take a cube having the same volume ^ rj A as a 
spherical nucleus of radius R = roA^ (2.7--1). The constant ro may be 
treated as a variation parameter, no assumption being made about its 
eventual dependence on the mass number A. 

Consider now, e.g., the N neutrons of such a nucleus. The maximum 
value of the momentum of the occupied states is given by 



{9 Tin- 

2ro 



( 1 ) 


in this formula, gs denotes the number of occupied states of given 
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momentum p: in the ground state, therefore, gs — 2: but the formula is 
also applicable to the case (g$ 1) of all spins parallel, — a case which 

will occur in the course of a later discussion. The maximum kinetic energy 

we denote by and we find that the average kinetic energy 

K may be written 

= ( 2 ) 

Similar formulae obtain for the proton gas. 

It will be convenient to refer all quantities pertaining to any nucleus of 
N neutrons and Z protons to the corresponding ones for a fictitious nucleus, 
of dimensions such that ro = id (2.22-7), and consisting of equal numbers 
of protons and neutrons {N Z = ^A) with entirely saturated spins. 
The constitution of such a standard heavy nucleus corresponds to a com¬ 
plete neglect of Coulomb forces. In this case, the common value of 
and is 

pm = (9 Ity ~ (3) 

SO that 

K - iE„ = jQ(9ny jj-m 

= H.5 MeV, 


Em = 24,2 McV. (5) 

In terms of these standard values, the general expression for the kinetic 
energy takes the form 

this shows, in particular, that in the standard nucleus, the kinetic energy is 
proportional to the number of nucleons and has the value K per nucleon. 
More generally, if we express N and Z as ^{A n) in terms of the mass 
number A and the neutron excess n, and if we expand N'\ Z'^ in powers 
of n/A, we get 


K=zK 



(7) 


The deviation of K from linearity in A thus always remains quite small 
for stable nuclei, since even for the heaviest ones, the ratio n/A is only * 


* From (5.22-2), we estimate, for large A, 


n 

A 




10 r , 

2*17 + 


10 ro 


A* 

136 +A*' 


on account of (2.2/-5,6). 
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The order of magnitude of the mean kinetic energy per particle, as 
given by (4), corresponds to expectation on general grounds {23). In this 
connexion, it should be noted that, for a given nuclear volume, the initial 
approximation here discussed clearly yields the smallest possible value for 
the average kinetic energy. The effect of the neglected nuclear interactions 
will indeed necessarily be to cause transitions of certain nucleons to un¬ 
occupied states of higher momentum, resulting in an increase in kinetic 
energy; a more general formal proof has been given by Watanabe [39]. 


As regards the analogy of nuclear matter with He II, alluded to in 2.3, 
it should be noted that on the individual model an important difference 
arises with respect to the statistics obeyed by the constituent particles: 
Fermi statistics for the nucleons, Bose statistics for the He atoms. From 
this point of view, the analogy is much closer on the a-particle model. 


9*42* Kinetic energy of excited states. As is well-known, the kinetic 
energy of an ideal Fermi gas at temperature T differs from the zero-point 
energy just calculated by a term proportional to T^: 

= ( 8 ) 

The co-factor ‘y°^ has the general form 








(9) 


which for the standard nucleus reduces to 

71^ A 


y\ 


2E„ 


(standard heavy nucleus). (10) 


If we take the composition of the standard nucleus as representative of 
‘‘nuclear matter'’, the specific heat per unit mass of the latter is accordingly 


Cv= 


k 

MA 


y\T-- 


k 

2 ME„ 


T. 


( 11 ) 


For A ~ l 60 , the expression (10) gives, with (5), (/^)’"' 0,05 MeV, 

i.e. about half the required value {9.11-5). As already stated {9.12), it 
can be seen (Bardeen [37]) that the effect of the nuclear interactions 
will be just to decrease . In fact, the average force exerted on a 
nucleon in a specified individual state by all the others can be derived, as 
we shall see (73.3), from an effective potential which depends explicitly on 
the individual state in question. Thus the total energy of a nucleon in this 
state will have a further dependence on the momentum; and the (negative) 
potential energy will naturally decrease in absolute value with increasing 
momentum. This means that the derivative c/E/dp of energy with respect 
to momentum will be larger than when the nuclear forces are entirely 
neglected. Therefore, the constant , which is proportional to the average 
number of individual states per unit energy, i.e. to dp/dE, will have a 
smaller value than in the case of no force. 
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9*43^ Kinetic properties of nuclear matter. Let us, as above, consider 
a standard heavy nucleus as a '‘lump’* of nuclear matter of density * 

e = M/^r^ (12) 

fixed by the nuclear dimensions. We may then investigate the “mechanical'’ 
and “thermal” properties of this nuclear matter by the ordinary methods 
of kinetic theory, modified to apply to a strongly degenerate Fermi gas. 
The coefficients of viscosity ry and of heat conductivity x may be written 
in the familiar form 


= \ Q V An 

_ (13) 

H = ay, • ^ Q V Cv Ar* 

in these formulae, v is the mean velocity of the nucleons, C v the specific 
heat per unit mass, given by (11), the as numerical factors and the ^'s 
mean free paths associated with the transport phenomena considered. In 
the case of a degenerate Fermi gas, the latter quantities show a marked 
increase with decreasing temperature, because the number of possible 
collisions is very much reduced on account of the exclusion principle. In¬ 
deed, at a temperature T the possible transitions are limited to the states 
of the “Maxwell tail” beyond the maximum zero-point energy Em: in 
velocity-space, such states roughly fill a spherical shell of radius 

Vm = i2EmlM and thickness Av':=:^ AEjpm ^ T! ]'2MEm (t^m, pm are 
the maximum zero-point velocity and momentum, respectively). If 3 is the 
average collision cross-section corresponding to the transport process 
envisaged, we therefore have 


A 



M 1 

■g ‘ <S ' 



(H) 


Further using (11) and u a m, we may put (13) in the form 

x — 2 s,. f ‘ 

We see how the peculiar temperature dependence of the mean free paths 
determines a large increase of viscosity and heat conductivity at low 
temperatures. 

The rigorous calculation of 7] and x, starting from the Maxwell-Boltz- 


* In this subsection, it will be convenient to take the velocity of light as unit of velocity. 
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mann equation, has been performed by TOMONAGA [38]. Averaging over 
the scattering angles and relative velocities yields 




=jvT 




_ r 


v„,x); 


in these formulae, has the following meaning: if the differential 

collision cross-section for any nucleon pair is expanded in a series of zonal 
harmonics: 


dS = dQ2:ci(v)Ym. (17) 

/ 

one has 

c,(v) 1 Yrb'> = 0) p. (18) 

the summation extending over the even values of I only. 

To estimate the coefficients ci(v), we have to express the differential 
cross-sections dS in terms of the phases according to the formulae 
(6.27-10) and (7.77-15) for collisions between neutron and proton and 
between like nucleons, respectively. According to (18), only even /-values 
in the expansion (17) of <75, i.e. even powers of cos <9, are of importance. 
Putting therefore, as in (6.27-10), with the notation (S.33-21), 

^ n ^(.ven) F? F? ’a'"'' (19) 

I i> 

and introducing an analogous definition of ^ we write the proton- 

neutron cross-section in the form 

dSpJn = 2 dQ [3 (" 5 ^°""^ + ' 5 ^'"'“^) + 

O 1 (^^) 

+ o (odd powers of cos ) ]; 

the factor 2 accounts for the two possible relative orientations of the spins 
of the colliding nucleons. Assuming charge independence of the nuclear 
forces (5.7) and neglecting the Coulomb interaction altogether, we can 
express the like-particle collision cross-section in a quite similar manner; 
formulae (7.77-H, 15) reduce in this case to 

dSp-p = dS„-n = di2- 4(3- + '5''''"*): (21) 

there is here no factor 2 because the formulae quoted already contained 
such a factor, expressing that in the proton-proton scattering experiments 
the recoil protons are also recorded. In all, we thus get 

dS = 2dQ[9- ^5^***^**^ + 3 • + 3 • 

-b S (odd powers of cos 


( 22 ) 
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For the computation of the phases, Tomonaga assumes a nuclear potential 
of the form (5.2-1), J (r) being a well of width D = 2,2 • 10““i3 cm and 
depth J = 30,35 MeV. For the interaction parameters a, he makes the 
inadequate choice ao — a^ = 0 {1132), whence, by (5.2-9, 12), ’^p= — 
ip zzz —3, and he takes q = \. He further chooses for tq a value 0,53 d 
somewhat larger than the one here adopted. But a choice of more likely 
numerical values would not appreciably alter the results. 

Evaluation of the expressions (16), (18) leads to 

lO”^^ cm^, <5/2 * 10“"^^ cm^. (23) 

As to the numerical factors (irj , one gets 


(ifi 




(24) 


It should be noted that the collision radii derived from (23), as well as 
the particle wave-lengths, are of the same order of magnitude as the 
average distance between neighbouring particles, so that the kinetic 
methods employed strictly speaking lose their validity. Still, we may use 
the above results to get a general idea of the effects of the large viscosity 
and heat conductivity of nuclear matter. For this purpose, Tomonaga 
discusses two simple examples: 

(1) An elastic .vibration of circular frequency v and mean energy E 

__ O 4 

undergoes, owing to the viscosity, a mean energy dissipation dE/dt, such 
that the corresponding time of relaxation Tt} is given by 


E _ 3 q C^ 

d^t 2 tjv^' 


(25) 


C being the velocity of sound (referred to the velocity of light). The latter 
quantity can' easily be estimated (12,21^39) and one finds 


0,81-10-2. (26) 

Inserting (15), (23), (24), (26) into (25), and remembering the definition 
of E/n, one gets 

(27) 

Em Qv 


In an actual nucleus, the smallest vibration frequency is CjR, which, 
for R ^ 10^^^ cm, means a quantum 11 MeV. Since, by (5), 

Em ^ 24 MeV and the nuclear temperatures for usual excitations do not 
exceed T 2 MeV (say), we sec that the vibration will be damped 
within a time considerably shorter than its period. 

(2) Consider in unlimited nuclear matter a plane of discontinuity 
(0 I T) of temperature; assume for simplicity that the heat conductivity and 
specific heat have constant values corresponding to the temperature 
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The time r* necessary for the temperature variation at a distance / from 
the plane of discontinuity to reach the value \T is readily found to be 


_ J_ qCvV^ 


(28) 


Comparing this with the time //um in which a nucleon would on the average 
travel the same distance if there were no collisions, one gets, using (12), 
(15), (24), 





(29) 


with (23), To = 1,42 • lO-i^ cm, R ^ lO-^^ cm, this becomes 

"r 

i.e, for usual excitations (TjEm^ 1/12), 

illustrating the great rapidity of heat propagation. For very high excitations, 
however, such as are produced by impact of fast nucleons (123), the 
local increase of temperature at the point of impact may reach 7 MeV 
(excitation energy 250 MeV) and rxi^mjl ^ 17.5: in this case, a local 
“evaporation" may set in before the excitation has spread over the whole 
nucleus. 




CHAPTER X 


NUCLEAR MULTIPLETS 

10*L Classification of nuclear states 

10*10* The stationary states of atomic nuclei can be classified according 
to the invariance properties of the Hamiltonian with respect to different 
groups of transformation in a way closely analogous to that followed in 
atomic theory; this point of view has been developed independently by 
Huni> [37] and by WiGNER [37a, fe]. The classification will naturally be 
the more detailed as more specific assumptions are made on the form of 
nuclear interaction. We shall proceed in order of increasing specialization 
of this form. 

lO^lL General invariance properties. In the first place, it follows 
quite generally from the invariance of nuclear structure with respect to 
spatial rotations, that the total angular momentum in any nuclear state is 
characterized by a quantum number /, taking either integral or half-integral 
values, in such a way that the square of the angular momentum is equal 
to /(/ + 1) b-. If the mass number A is even, the allowed values of / are 
0, 1,2, if A is odd, one may have J 

Likewise, the invariance of the Hamiltonian for a spatial symmetry 
transformation with respect to a point entails a definite parity of the 
nuclear terms. In such a transformation, the eigenfunction is multiplied by 
+ 1 or — 1, and the term is then called even or odd, respectively. 

10 « 12 * Charge multiplets. There is a further quantum number of 
universal validity, expressing the invariance of the electric charge of a 
nuclear configuration. For this purpose, we can take an eigenvalue of the 
projection on the S-axis of the total isotopic vector 

T = (1) 

i.e. 

T 8 = iZrW. ( 2 ) 

which can simply be interpreted as half the neutron excess of the confi¬ 
guration. The eigenvalues of T 3 are either integers or half integers, 
according as the mass number is even or odd. 

The charge independence property of the nuclear forces allows us to 
proceed a step further: as long as we disregard Coulomb energy (and any 
possible deviation from charge independence of the proper nuclear inter¬ 
action), we can avail ourselves of the invariance of the (approximate) 

2 
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Hamiltonian for all rotations in isotopic space {8J). The operator 
then assumes an eigenvalue T(T+ 1), with integral or half-integral T 
(according as A is even or odd). To a given T correspond 2T + 1 terms 
of the same energy, forming a (degenerate) charge multiplet; these terms 
belong to the eigenvalues of T 3 , comprised between —T and + T, i.e. to- 
isobaric nuclei of different neutron excesses. Such a charge multiplet is 
split up into its 2T + 1 components by the Coulomb interaction. 

10*13* Spin multiplets. If we assume that the coupling between the 
spins and the translatory motions of the constituent nucleons is suffi-' 
ciently small, we get the usual grouping of terms into spin multiplets, 
characterized by the quantum numbers L, S of total orbital momentum and 
total spin; L can have integral values, S integral or half-integral values, 
according as A is even or odd. The terms of the multiplet have total 
angular momenta comprised between \L — S\ and L + S: the multiplicity 
is 2 S + 1 . 

Following Hund*s proposal, nuclear terms belonging to a spin and charge 
multiplet can be denoted by symbols similar to those used in atomic 
spectroscopy, with a slight extension to take account of charge multiplicity: 
e.g. is a term of charge multiplicity 5 (T 2), spin multiplicity 

3 (S = 1), orbital momentum L = I and total angular momentum / rr 0. 

In the quasi-atomic model (9.2i), we may introduce individual nucleon 
states with definite principal and azimuthal quantum numbers n, L All 
states with given n and / constitute an * orbital shell'", which can be filled 
by 4 (2/ + 1 ) nucleons. In any configuration built up of such states, the 
resultant orbital momentum L has a value derived from vector addition of 
the individual Vs, A characteristic difference from the atomic case lies in 
the general tendency in nuclei for the stationary states with lower L-values 
to be the more tightly bound: the reason is that the main interaction between 
the nucleons, in contrast to that between the atomic electrons, is an 
attractive one. 

10.14* Wigner supermultiplets. It has been especially emphasized by 
WiGNER [37a]* that it may be useful to consider a more comprehensive 
grouping of nuclear multiplets, obtained by neglecting all explicit depen¬ 
dence of the nuclear potential on spin and isotopic variables, i.e. by 
retaining only ordinary and Majorana forces (“Wigner approximation", 
9.23). The eigenfunctions of any (degenerate) spin and charge multiplet 
have the general form 

of.tW)r=-l i <?.(>) X.(af.TW) (3), 

y^x=i * 

of a linear combination of products of (orthogonal and normalized) 
spatial wave-functions (px and functions Xx of spin and isotopic variables; 
the linear combination' being such as to make W antisymmetric in all 

* Minor corrections to this paper are to be found in WlONER [37b],p. 951, footnote 9.. 
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coordinates. On Wigner's approximation, the energies of a number of 
spin and charge multiplets will coincide; and the resulting supermultiplet 
will be entirely characterized by the symmetry properties of the spatial 
wave-functions 0x with respect to permutations of the nucleons, i.e. by 
their symmetry character *. 

The symmetry properties in question are described by a partition 

+ -^2 + -^3 4“ ^4 — A (^1 ^ ^2 ^ A 3 ^ Ai) (4) 

pf the total number A of particles into four integers expressing that the <Py. 
may be made antisymmetrical with respect to groups of at most Ai, A4 
particles separately, or (what amounts to the same, since the total wave- 
function T must be antisymmetric) that the corresponding factors 

are symmetrical with respect to groups of at most At . A4 nucleons. 

Symbolically, we denote the “antisymmetrized normal form” of 0x by 
A (Ai + Ao + A3 + A4) and the “symmetrized normal form” of Xx by 
5 (A] + Ao + A3 + A4). The reason why the partition (4) contains at 
most 4 terms is that the X/ obviously cannot be antisymmetrical in more 
than four particles: the antisymmetrized normal form of Xx is therefore 
of the type 

A(4 + ... + 4 + 3 + ... + 3 + 2 + ... + 2+1+...+ 1). 



which just implies that the symmetrized normal form has the character 
S (Ai + A 2 + A 3 + A 4 ), with 

fcjz=:Aj A2, /C2 — A2 A3. ki = A^ A^, /c4 = A4. ( 5 ) 

The A s can simply be interpreted as the highest numbers of proton or 




k2 

Fig. 10.14. Configuration of symmetry character 
Ji + J 2 The schematic representation 
used in this figure is especially adapted to individual 
nuclear models. The horizontal lines symbolize indivi¬ 
dual states with the same spatial wave-function; the 
arroTvs indicate the spin orientations with respect to a 
^4 fixed spatial direction (z-components of spins), 
n = neutron states, p = proton states. 

neutron states with definite spin orientation occurring in the supermultiplet; 
a configuration exemplifying this interpretation is represented by fig. 10,14, 
which at the same time illustrates the connexion just utilized between 

* A very clear and elementary accoimt of the theory of symmetry characters has 
been given by HUND [27]. 


Aj A2 


A3 A^ 


+ 4 - 

+4 


■H-H 

■H-K 

4^-K- 

4-H- 
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A- and S-symmctry characters, as well as the relations (5) between the 
k’s and ^’s. 

Let us introduce, besides Ta defined by ( 2 ), the operators 

= ( 6 ) 

i 

and 

Y. = i2’T«>ay>, (7) 

i 

representing, respectively, the ^-component of the total spin and the diffe¬ 
rence of the z-components of the total neutron spin and the total proton 
spin. With the choice of the . 4 's indicated by fig. 10,M, the quantities 

P =-2r(^i+-d2—^3—^ 4 ) 

( 8 ) 

P'' = ±(A,-^A2-A,+A,) 

have the following meaning: P is the highest value of T3 (and. therefore, 
of T) occurring in the supermultiplet, P' is the highest value of Sz (and 
of S) compatible with the value P of T3, while P" represents the highest 
value that can take when the other two operators have the respective 
values P and P\ Since, however, the correspondence between the ^l*s and 
the spin orientations of the proton and neutron states can be established 
in different ways, by permuting the eigenvalues + 1 and — 1 of T 3 and oz, 
a more general interpretation of the quantum numbers P, P', P" is possible: 
P represents the highest value of any one of the quantities T3. S^, Yz 
occurring in the supermultiplet: P' is then the highest value of a second 
one of the three quantities compatible with the value P of the first, and 
P" the highest value of the third compatible with the values P, P' of the 
other two. 

On account of the definition (4) of the A s, one has (WiGNER [376]) 

iA^P^P'^|P"|. (9) 

It further follows from (4) and ( 8 ) that the numbers P, P', P" are integers 
or half ir te^ers according as A is even or odd, and that 

P + P' + P* is A = 4a 

( odd if A = 4a + 2 

(since P + P' + P" = 2Ai — iA). Clearly the set P, P', P" gives, 
together with A, a characterization of the supermultiplet equivalent to that 
expressed by the As, It will be noted that the values of P, P\ P" given 
by ( 8 ) remain unchanged when the A*s all change by the same amount. 
Physically, this change means adding to the original nucleus a certain 
number of sets of four nucleons with different charges and spins *; formally, 
as shown by (5), the antisymmetrized normal form of the Xx contains 
an additional number of sets of four coordinates with respect to which it 
is antisymmetrical. 

• Such sets of nucleons might loosely be described as ‘ a^particles*'* 
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T'he substates of a supermultiplet belong to eigenvalues of Sz, Ts and 
Yz* but — in contrast to the well-known case of the ordinary spin multi- 
plets — such a set of eigenvalues may belong to more than one substate. 
These substates are in fact split up by the forces depending on the spin 
and isotopic variables into different spin and charge multiplets, generally 
giving rise to several states with the same set of eigenvalues of Sz and T 3 . 
(In this splitting, states with different values of will in general com¬ 
bine, so that Yz ceases to furnish a quantum number.) 


10«2* Stationary states of light nuclei 

10 * 20 « The quantum numbers and energies of the stationary states to 
be expected for light nuclei can be determined by means of the quasi-' 
atomic model. Quantitative energy estimates can hardly be trusted, but the 
resulting order of the levels, i.e. the assignment of L, S, T values to the 
successive terms, might still be expected to come out right. The ground 
states and excited terms have been found in this way for nuclear confi¬ 
gurations corresponding to the successive completion of the first s and p 
orbital shells (as well as for some configurations in which also the first d 
shell is partly filled up). These results are summarized in the following 
tables, compiled from Hund’s [37] paper; similar results have been 
obtained independently by WiGNER [37a] and his collaborators (Feen- 
BERG and WiGNER [37a], Feenberg and Phillips [376]). We have only 
retained the enumeration of the possible stationary states in their probable 
order of excitation; for the (unreliable) energy computations, the reader 
is referred to the papers quoted. 

From the present point of view, the nuclei are conveniently divided into 
three classes, according as A is of the form 4 a db 1 , 4a + 2 or 4a. In the 
first column of each table the uncompleted shell is indicated by its symbol 
s, p, d with the number of nucleons in this shell as an exponent; e.g. d^^ 
represents the configuration configurations with k and f — k 

nucleons in a shell comprising f individual states have the same types and 
arrangement of levels (the latter configuration has k "holes” in the last 
shell). The second column gives the Wigner supermultiplets (P, P', P")» 
the ground state lowest. In the third column are found the corresponding 
partitions of the X^; the A s composing the partition S(Ai+A 2 '^A^ + A 4 ,) 
are only defined modulo 1 , and there is a corresponding indeterminacy in 
the number of 4’s occurring in the reciprocal symmetry character A(4 + ...). 
The subsequent columns contain, for the various possible values of the 
(absolute) neutron excess | n |, the possible types of levels, also arranged 
in order of (probable) excitation; levels connected by a =-sign coincide 
on Wigner^s approximation. 

Auxiliary tables give probable attributions of definite configurations to 
the known light nuclei of each class; the justification for such attributions 
will be found in 10,32, Finally, a small table is added to bring out the 
regularities concerning the ground states of the nuclei considered; for odd 
nuclei, it has been assumed that the spin dependent forces depress the 
triplet term {11,41), 



204 


X. NUCLEAR MULTIPLETS 


10.21 



Parity: when sord shell is filling, all terms even; when p shell is filling, all terms 
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10.21 L Light nuclei o{ odd mass number 


n ~ 


-1 +1 i| -1 +1 

s 

'7p >7o 

9 P 8 ^ 

^He 

jgNe 


P 

P^ 

lue 1 >5o '^N 

jBe ^Ll ! »C 

’58 ^Be '^C 'JB 

pU 

p’ 

p' 

d 

2>Na ^‘Nc 

,ji>a iqInc 

1 (2oCa) T,K 



10.221* Light nuclei of mass number A = 4a+2 


n = 


0 2 

0 2 

*2 




P' 

P* 

^Ll ^He 

‘?B '°Be 

'^c 

! 

p’® 
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Parity: all terms even. 
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10.23. Nuclei ol mass number A = 4a 

Shell 

filling 

Wigncr 

supcr- 

multiplet 

Partitions 

n = 0 

(even nuclei) 

+ 1 = 2 

(odd nuclei) 

|n| = 4 

(even nuclei) 


0 , 0.0 

A (4). 

S(I+1+1+1) 




p^p* 

2 . 1,1 

A{2+H-1).S(3+1) 

53p=35p=r33p=:r3ip 

53p= 35p= 33p 

53p 





= 13p 

= 3Jp 




A ( 2 + 2 ), 

S(2+2) 5 

51D=15£) = 33£)==11£) 

51D = 33D 

51D 


2 . 0.0 

515 = 135 = 335-115 

5IS = -3D 

515 




/ 

33p = 3lp=13p 

33p 3ip 



1.1,0 

A (3+1). 

S(2+l+I) j 

33£) = 31£)=13£) 

33D = 31D 





( 

33p = 3ip=13p 

"G 

33p = 3ip 



0,0,0 

A (4), 

S(l+1+1+1)] 

iiD 






l\ 

115 



p>2 

0.0.0 

A (4), 

S(I+1+1+1) 

115 



cf20 

0.0,0 

A (4). 

S(l+1+1+1) 

.1 




Parity: all terms even. 


10.231. Light nuclei of mass number A = 4a 


n = 


0 2 

0 2 

^ s^ 

P* 

p«2 

jHe 



^Be ^Li 

'to 

’^c 

' P* 1 


:§Ca 




10.24. 

Ground states of light nuclei 

Type 

of nucleus 

Ground state 

odd-mass 

\ s shell hliing 

25 

nuclei 

} p shell filling 

2P 

even nuclei 

15 

odd nuclei 

^n = 0 
/n + 0 

35 

3P 
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103* Ei^ergies of nuclear states 

103L Nuclear potential energy in a supermultiplet state. The nuclear 
interaction operator which underlies Wigner’s approximation is of the 
form (4341) 

i,k 

Since it does not affect the factors X/ of the eigenfunction (10.14-3), its 
expectation value in the corresponding state may be written 

avVw=-T i . 

t ^' = 1 ( 2 ) 

• {W + ’) U'"..... 

The evaluation of this expression may be effected by a method due to 
WlGNER [37b]. It is based on the fundamental property of the functions 
0x of given symmetry character to transform linearly among themselves 
when a permutation R is performed on the space coordinates: 

R 0, 5(^0 - 0. (R ^i/)) = i (R) 0X (x^^); (3) 

* A = 1 

the unitary matrices D(R) are determined (apart from a common trans'- 
formation D--^S~^DS) by the symmetry character of the 0x: — in the 
language of group theory they form an irreducible representation of 
degree f of the symmetric group. The expectation value of any operator 

VP :=^j with VP (x^^\ x^^^), can then be expressed in terms 

of VP^^'^^ only, as follows: 


av W = -Jr i i J/ (P: (P5 c“' PS?" " pf ’ 

t x=l i,k 

=Y 2 i2’DY(P"'’Pf’)D«,{PrPf’)/«^: 

I x,A/<=rl i,k 




or, since 2 Dh Dx,, = , 

K 


avW = * 2 /<Px* (x''») 0 X (x"') dv <»... 

^ t Z = 1 


H) 


We may now make use of the above-mentioned arbitrariness in 
the representation D to make all 0^. either symmetric or antisymmetric in 

—f 

xd), while retaining their orthogonality; if the first s functions 

are symmetric in jcd), :c^ 2 ) and the others antisymmetric, the matrix D 
will be diagonal, the first s elements being = + 1 and the others = — 1, 
so that s is defined in an invariant way by 

trD(Pl!'’) = 2s-f. 


(5) 
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(The trace of the matrix D(P<J^)) is called in group theory the “character” 
of the operation in the representation in question.) Let us denote by 

gs (x"». =: i- i /I <&, p ... <f„M) 

— 1 ' . 

t — 5 /=s+l 

the probabilities for two symmetrically or antisymmetrically coupled 

particles to be at a distance — jc^2)| from each other. 

Turning back to (2), we may write it successively, using (4), (3) 
and (6), 

avVw=- J iy (W + M P^x) dut'>... 

1. 2’ J(x'»-x<«)[W + MD«(PSc''*)] (7) 

^ f X = 1 

= 1 [(W^+M)s/p* J cfu'" £/«;<«+(W^-M) (/--s )Iga J rfu"* tfu®]. 

Putting 


E^U(gs±ga)Jdt/'^dv^. 
and taking account of (5), we finally get 


( 8 ) 


av Vw=~i'--{Wa+ + MG-)-S(WG- + MC+) 


(9) 


with 


2 


} tr DIPJ!''). 


The interest of this formula lies in the fact that the coefficient S is entirely 
determined by the symmetry character of the supermultiplet and can thus 
be calculated without knowing the eigenfunctions. 

The integrals cannot be evaluated on general lines, but they may 
reasonably be expected to vary smoothly with the mass number and the 
supermultiplet considered: the rapid irregular variations of nuclear energies 
with mass number should then be accounted for by we shall see 
presently how this conception has been put to the test of observation. If 
we assume J(r) to be positive for all values of r, and to vary sufficiently 
smoothly with r, both integrals will be positive. The bulk of the inte- 

grals is contributed by ,an interval of distances of the order 

of the range of force, which for large nuclei is small compared with the 
nuclear radius. The gs being in that case about inversely proportional to 
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the square of the nuclear volume, the will be inversely proportional 
to this volume: in other words, for large values of A, the jC's become 
inversely proportional to A. 

The explicit expression for E in terms of the quantum numbers P, P', P" 
of the supermultiplet is, of course, immediately given by group theory. But 
it can also be derived in a quite elementary way. In the first place, we 
may treat the problem on the fictitious assumption that the range of the 
nuclear force is so large, compared with nuclear dimensions, that the 
variation of J(r) over the volume of the nucleus can be neglected: we 
shall call this the long range fiction. In this case, + =z J and jC" = 0, 
so that (9) becomes 

aV V W, long range = [i A (A^l) W-^E M] 3. (10) 

The interpretation of the first term of this formula is evident; the second 
term shows us that we shall get an expression for E by calculating in a 
more direct way the expectation value of the nuclear potential energy for 
a pure Majorana interaction of long range. In fact, 

5'=-avi2’Px*’. (11) 

i,k 

and simple symmetry considerations (HUND [37]) lead to the following 
result: Let na be the number of antisymmetrically coupled pairs of coor¬ 
dinates in the antisymmetrized normal form of the spatial wave-functions, 
and ns the number of symmetrically coupled pairs in their symmetrized 
normal form. We may then write: 

tZ nQ —Hs. ( 12 ) 

We now go a step further in the schematization of the problem by 
assuming an individual model and choosing a specified stationary state of 
the giv#>n symmetry character; that corresponding to the configuration 
represerted by fig. 10,14 is especially suited to our purpose, because it 
permits an easy evaluation of the numbers n®, nsi the former is the number 
of pairs of like nucleons with parallel spins, while the latter is the 
number of bonds, this term denoting a pair of nucleons which belong to 
the same spatial wave-function. This result can be verified directly from 
(11) (Inolis and YoUNG [37]) by setting up the total wave-function 
which describes the stationary state in question as a Slater determinant 
(4,14) and by remembering that (4,341-^32) Px = —PaPr. From fig. 10,14 
we read off 


= Mi“l) 

1=1 

Hs = 6 ^4 4” 3 ^3 -|- ^2 

= 3 2 A2f 


(13) 
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by {10.14-5), so that 

S=nA,{A,-l) + A,{A,-3)-{-A,{A,-5) + AAA,-7)]. (H) 

Using (10.14-4, 8). we may also write 

^=l [iA (i A^8) + P (P + 4) + P' (P' + 2) + P^2] (15) 

or 


with 


E=iA^--2A^l+S' 

S' = HiP + 2)^ + (P'+l)^ + P^^]. 


(16) 


10.311* Supermultiplet quantum numbers of ground state. As we shall 
see in the following Chapter (11.33), we have reason to suppose that the 
parameters W and M in formula (1) satisfy the inequalities 


-M>W>0 (17) 

Since, on the other hand, the iS’s are positive and > iS””, the coefficient 
— (W'jG'‘ + M£+) of E in formula (9) will be positive. The maximum 
binding energy will therefore correspond to the minimum value of E or, 
by (16), ofiS'; i.e. the ground state will belong to the supermultiplet with 
the smallest possible quantum numbers P, P', jP" |* 

The neutron excess n being given, we therefore take 

P = i|n|: ( 18 ) 

the minimum value of P' and | P" | then depend on the parity of A. If A 
is odd, they are both ^ and the ground state supermultiplet is 

. (l-lnl, dr y) (odd i4). (19) 

To determine the sign of P", we notice that according to (10.14-4, 8 ) and 
(18), we have 

A2 = \N or Z\ ^20) 

^l -^2 = P' + P^^ 0 , 

the notation {N or Z) representing the larger of the two numbers N, Z of 
neutrons or protons of the nucleus. According as this number {N or Z} 
is even or odd, the minimum value of P' + P" is thus 0 or 1 . Hence the 
rule: for odd A, P" is or —J according as [N or Z} is odd or even. 
This rule may be expressed in other equivalent ways as follows: 


10.311. Sign of P" for odd A 


P=i 

l«l = 


.iV is 


2i + i 

2^ — 4 


even 

odd 

A = 4a -f- 1 

+ 

— 



+ 

A = 4a + 3 


+ 

n<0 

+ 

— 
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If A is even, the same argument immediately leads to the conclusion: 
the minimum values of (P', P") are ( 0 , 0 ) or ( 1 , 0 ) according as we have 
to do with an even or an odd nucleus (3,1). This result cannot be valid, 
however, for odd nuclei with zero neutron excess, since it would imply a 
smaller value for P. than for P'. In this exceptional case, we must there¬ 
fore abandon (18) and (20): but since, according to (10.14-10), the 
minimum value of P + P' 4- P"is then 1 , we may take (P, P\ P")=:(l, 0 , 0 ). 
Summarizing, we may state that the supermultiplet to which the ground 
state of an even mass nucleus belongs is fixed by the following rules: 



n^O 1 



\n\ = ‘iv 

( 

|n| = 4v-j-2 j 

n = 0 

II 

(ilnl, 0. 0) 

{i\n\. 1. 0) 

( 0 , 0 , 0 ) 

>!l = 4a + 2 

(ilnl, 1. 0) 

0 

0 

c 

(1. 0, 0) 


We can now draw a graph of E' against of P (=: n |) by joining 
by straight lines the successive points of coordinates (P,E'), the value 
of A being kept fixed. For odd A, such graphs will, according to (19), 
show a smooth increase with increasing P, while for even A, as shown 
by ( 22 ), this increase will be regularly interrupted by a succession of 
breaks. It is this characteristic difference which, so far as the approximative 
formula (9) may be trusted, would be responsible for the different 
behaviours of isobars of odd and even mass numbers (3.2). Likewise, it 
would account for the kinks occurring with a periodicity of 4 mass units 
in the mass-defect curve of the lightest stable nuclei (3.221). 

1032* Mass-defects of light nuclei on Wigriers approximation. To 
get the total binding energy of the ground state of a nucleus, we have to 
add to the nuclear potential energy term av Vw* given by (9), the contri¬ 
bution f ’oin the kinetic and Coulomb energies. The latter can be written 
in the simple form (2.27-1), with (2.7-1); i.e., since Z = ^A — Ts* 


G = Go[iA(M^l)~T3 (A-T 3 -I)] 


Go=: 


3 

5 



1 

Ai 


0,6 

AT 


MeV, 


(23) 


according to (2.27-6). For the kinetic energy, we shall adopt (for want 
of better) the estimate (9.47-7) based on the Fermi gas model approxima¬ 
tion. This shows that the.kinetic energy depends only on the mass number 
A, except for a relatively small correction term of the form kP-jA; 
although this result concerns only even nuclei of large mass number, we 
may extend it to light nuclei, the value of the co-factor k being suitably 
specified for the different types of such nuclei. Collecting all terms, we get 
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for the total binding energy an expression of the type 

i <S 1 = I S^(A) I - i ' a(A) + Go(A-T*-1) Ts - fc : (24) 

the coefficient jS (A) of S' is a positive, smoothly varying function of A\ 
the function <So(A) represents the sum of all the contributions depending 
only (or primarily) on A, which make up the greater part of the binding 
energy. Formula (24), which is due to WiGNER [376], is not expected to 
hold for heavy nuclei owing to the perturbing effect of the Coulomb inter¬ 
actions on the supermultiplet system; for A < S, the kinetic energy term 
becomes too uncertain and the formula becomes unreliable in this region 
too. 

For intermediate nuclei (up to A 50), Wigner’s formula has been 
extensively compared with experiment by Barkas [39a]. The observed 
mass-defects are first combined with the calculated Coulomb and kinetic 
energy corrections. The values so obtained for all nuclei with the same 
value of S' yield a graph of | Sq (A)| — S' H (A) against A. Comparison 
of such graphs for different S' gives the function 11(A). Once this is 
known, &q{A) can also be determined. The function 11(A) derived in this 
way exhibits a smooth decrease with increasing A, starting from a value 
of about 3,8 mMU for A = 8, and it asymptotically tends to the form 
50/A mMU (valid for A > 15), in conformity with expectation (1031). 

As regards the function |<So(A)l, it is found to increase with A in a 
roughly linear manner, corresponding in the interval A = 20... 40 to a 
value of the order of 9 mMU per nucleon. This increase is not altogether 
smooth, however: it exhibits two important breaks, one in the region 
A= 16... 20, the other at A 40. On the quasi-atomic model, such 
breaks can be interpreted as revealing the completion of orbital shells 
(10.13). If the Coulomb forces are sufficiently small, the stablest confi¬ 
gurations of even mass nuclei are those of zero neutron excess; as long as 
this is the case (i.e. up to A = 40), orbital shells can be completely filled 
up with sets of two protons and two neutrons with saturated spins. The 
Is shell would be completed with ^He; then would begin the filling of a p 
shell, which should be called according to the usual nomenclature the 2p 
shell: this shell would be closed in i^O. According to the evidence under 
discussion on the variation of mass-defect with mass number, the next 
shell would again be an s one, the 2s shell, terminating with It would 
be followed by a d shell, the 3d shell, completely filled up in ^^Ca. 

It must also be mentioned that Barkas was able to estimate the order 
of magnitude of the neglected variations of the spin dependent interaction 
within a group of isobaric nuclei and to correct the calculated binding 
energies for this omission. For this purpose, he compared isobars of mass 
4a + 2 with respective neutron excesses 0 and 2: the former is an odd 
nucleus, the latter an even one, the ground states of which, as shown by 
(22), both belong to the supermultiplet (1, 0, 0). In both, the two nucleons. 



214 


X* NUCLEAR MULTIPLETS 


1033 


in excess of a completely saturated configuration of 2a protons and 2a 
neutrons are symmetrically coupled as regards their space coordinates. 
But the nuclei will be expected to differ as to the spin multiplicity: the 
odd nucleus will be {11A1) in a triplet state, 5=1, while for the even 
one, 5 = 0. The effective spin dependent interactions will therefore be of 
the 3S and ^5 types, respectively. Their difference can readily be derived 
from that between the empirical mass-defects, when account is further 
taken of the easily estimated difference in Coulomb energy. In this way, 
values are found for the spin energy difference ranging from 4,6 mMU 
for the pair <>He — ^*Li to 0,6 mMU for the pair s^^Si — sop. The sign is 
such that the s5 force is a stronger attraction than the ^5 attractive force. 
The correction adopted by Barkas consists in adding half the difference 
to the binding energy S()(A) of the odd isobar and subtracting the same 
amount from that of the even one. The effect of the spin dependent inter¬ 
actions on the binding energies of the ground state thus appears on the 
whole to be rather small; this is somewhat surprising in view of the fact 
that the proportion of these forces in the nuclear potential should by no 
means be small compared with the ordinary and Majorana forces. Also 
in the interpretation of another important group of empirical data, pertaining 
to /^/-active nuclei {AL2), Wigner’s approximaiion meets with a larger 
amount of success than one might expect on that account. 

10*334 Rough estimate o[ spin dependent interactions. The contri¬ 
bution of the spin dependent forces to the expectation value of the 
potential energy in a supermultiplet state can easily be estimated in the 
crude approximation afforded by the long range fiction (1031), For if 
we replace the potential function J (r) by a constant J, we have just to 
compute the expectation values 

avi2'Pf’ . av-12'PT*' 

i,k i,k 

in a state with given spin and isotopic quantum numbers 5, T. Following 
a well-known procedure due to Dirac, one starts from 

a^ = av= 45(5 + l)-3A, (25) 

i,k i i 

whence 

av i 2'P^*’ = av i ^ + i A (A-4) + S (5 + 1). (26) 

i,k i,k I 

Similarly, 

avi^PP = iA(A-4) + T(T + l). (27) 

i,k 

Combining these results with formula (10), we find for the expectation 
value of the general interaction operator V = 3 0, with O given by (5.2-4), 

avV,o„g„nfl.=J|iA(A-l)ao+[S(S+l)-|A]2a,+[T(T+l)--iA]2a. 

+ [P(P+4)+P'(P'+2)+P'’='-S(S+l)-T(T+l)-iA] 2a,x|. 
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In deriving this expression, use has also been made of the formulae 
(5,2-5) and (15). 

1034* Coulomb energy of light nuclei. It has been noted in 3.3 that 
a marked influence of exchange Coulomb interaction on the mass-defect 
can be perceived for the lightest nuclei» Feenberg and GOERTZEL [46a] 
have recently analyzed this effect on more general assumptions; in par¬ 
ticular, their discussion does not involve the Slater-determinant represen¬ 
tation of the wave-function, on which Phillips and Feenberg’s just recalled 
interpretation in terms of exchange Coulomb energy was based. The more 
fundamental distinction, which replaces that between ordinary and 
exchange interactions, is that between symmetrically and antisymmetrically 
coupled pairs (10.31) of protons. Such pairs are characterized by the 
operators 


= 1(1+ Tii’ Tif’ 


A*;*’ = HI — Px^) T‘i’ t!!’ 


(29) 


the expectation values of which we shall denote by ps, pa: 

Ps =avlp^’ , pfl=:avAp^*; (30) 

these quantities are, of course, the same for any pair (//c), and iA{A —1) ps. 
IA(A —l)prt represent the respective numbers of proton pairs for which 
the symmetrized normal form of the spatial wave-functions is symmetrical, 
and the antrisymmetrized normal form antisymmetrical. 

The average contributions of the two kinds of proton pairs to the 
expectation value of the Coulomb energy will be denoted by 


Gs = — av 
ps 


p( 12 ‘) 


The total Coulomb energy. 


1 

Ga = - - av -r- 2 ) A 

Pa 


( 12 ) 
P • 


(31) 


G = = i A (A-l)av 

= ^A (A—I) (ps Gs + Pu Ga), 

can be decomposed into 

G = i A (A---1) [(ps + Pa) G^ + a Ps-i Pa) G -)]. 

with 

G"^ = Gs + f Ga 
G” = Gs — Gj. 


(32) 

(33) 

(34) 


The meaning of this decomposition will become clear if the limiting case 
of heavy nuclei is considered: in this case, Gs and Ga tend to become equal 
(their common value being Go)» while (as we shall see presently) the 

3 
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limiting value of the ratio ps/pa is -J-. This last circumstance justifies 
the choice of the combination G'^ to represent the main part of G; the 
term in G^ is then a correction* only important for light nuclei and exhibi¬ 
ting* as we shall show, a strong dependence on the parity of Z* 

In order to determine ps and pa, we have in the first place the obvious 
relation 

i A(A-^l) (ps + Pa) = k Z(Z^l), 

The difference ps — pa can next be found from 

i A (A-1) (ps-pa) = av ^ vpf ’ Tii> tL*» 

i,k 

i,k 

in virtue of Px = —PaPx and 


(35> 

(36> 


p^^k) i-(/) •y(^)_(37) 

In exactly the same way as (1033—26), we derive 

av i 2’ Pi'*’ Tli’ Tif’ = i- Z (Z-d) + Sp(Sp+l). (38) 

i,k ^ 

Sp being the quantum number of the total proton spin, i.e. 0 for even Z 
and i for odd Z, or 


5p = i[l-(-l)^]. (39) 

Inserting (38) and (39) into (36), we get 

i A (A-1) {ps-pa) = -i Z(Z-4) +1 [1- (-l)^J. (40) 

A first consequence of (35) and (40) is the property already mentioned: 

lim (ps/pa) = More generally, the coefficients of formula (33) can 
2 ^—► 00 

be expressed entirely in terms of Z: 

' G = iZ(Z-l)G+ + i[Z-i + M-lf]G'. m 

If we now assume (just as we did for the functions jS* in 1031) that 
and G~ are smoothly varying functions of A, we sec that the coeffi¬ 
cient of G'~ will give rise to fluctuations of the value of G according to 
the parity of Z, in qualitative agreement with the empirical data. The data 
on differences of Coulomb energy, obtained from isobaric pairs, would in 
fact allow us to determine empirically the variation of G"^ and G“ with At 
an element of uncertainty lies in the other possible cause of fluctuations 
in the value of Coulomb energies, viz. the variation of nuclear dimensions 
emphasized by Bethe (33), The detailed discussion, carried out by Fecn- 
berg and Goertzel, shows that no appreciable difference between Gs and 
Ga subsists for mass numbers larger than 17, and that the effect of this 
difference is considerable only for mass numbers up to 11. 
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SATURATION PROPERTIES OF NUCLEAR FORCES 

ILO* In this Chapter, we shall try to formulate necessary and sufficient 
conditions to be fulfilled by the nuclear potential (assumed to be a static 
central one of the same sign at all distances) in order that it should 
give rise to the saturation properties observed in heavy nuclei. For 
this purpose, the average interaction energy in a specified stationary state 
of such a nucleus must be set up, and this will necessarily involve the use 
of some approximate model. Since the conditions in question take the form 
of inequalities to be satisfied by the interaction parameters occurring in 
the general expression (5.2-1), a crude approximation such as that afforded 
by models of the individual type will do. It will turn out that it even 
suffices to fix the values of these parameters with considerable precision. 

11 .1« The saturation requirements 

ILIL Decomposition of mean nuclear energy into ordinary and 
exchange terms. In any individual nuclear model, the eigenfunctions of 
the stationary states are to be built up of individual nucleon wave-functions 
of the form * 

y>n (Q) = <Pn{x) Unit's), (1) 

the vs and us being defined as in 432, 4331. In order to satisfy the 
exclusion principle, we may write them as linear combinations of Slater- 
determinants 


each of which corresponds to a configuration of the kind represented by 
fig. 10.14. The nuclear interaction potential being of the general form 
(5.2-1) and, the Coulomb potential disregarded, any stationary state will 
belong to definite eigenvalues of the 3-component T 3 of the total isotopic 
vector (10.12-2) and of the z-component Sz of the total spin (10.14-6). 
But in general, it cannot be ascribed an eigenvalue of the quantity Yz 
(10.14-7), since the latter commutes only with the PaPvs, but not 
generally with the Pas and Prs separately. Hence it is necessary*to 
combine several Slater-determinants, since any such determinant is an 

* We do not consider any dependence on ^ 3 , since we work in the non-relativistic 
approximation. 



1 
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eigenfunction of also. Still, there are stationary states in which also 
is well-defined: they belong to a common eigenvalue 0 of all commutators 
fP( 7 » Yz]* [Pr* Yz]. This is obviously the case, e.g., if all 7 ^^^' are the same, 
i.e. if we consider a “nucleus'* consisting solely of protons or of neutrons; 
again, if all are the same, corresponding to a nuclear state with an 
extreme value ±: of the z-component of the total spin; more generally, 

if the configuration is such that — on account of the exclusion principle — 
no neutron-proton pair with opposite spins can be found which would 
allow an interchange (as an example of such a configuration, we may 
mention any one with saturated spins, as that of the ground state; a more 
general case is that represented by fig. 10J4; an instance of configurations 
not satisfying this condition is met with in 11,4 below). The eigenfunctions 
of such stationary states are single Slater-determinants of the type ( 2 ). 
Except in the last mentioned instance, we shall here exclusively have to 
do with states of this special class. 

For the state represented by the Slater-determinant ( 2 ), the expectation 
value of the nuclear interaction energy 

= (3) 

i,k 

i*! easily reduced to the following form 
VZI avenue. 

riu /la 

in this formula, the integral sign indicates summation over the spin and 
isotopic variables in addition to integration over space, while the summations 
over ni and ^2 independently extend over all the occupied individual 
nucleon states Owing to the special form (8,2-1) of we can 

perform explicitly the summations over spin and isotopiq variables and so 
express V, as a; sum of space integrals of the ordinary and exchange types. 
In fact wt observe that, according to (5.2-2), 

2 u^(l) a,(2) rO t(« a,(l) u,(2) = ± 1. (5) 

the sign being + or — according as the sign indices of the u's are the 
same or opposite for the two particles, and that 

2 u^{\) uJ2) rO) u^(1) u^I) = 2; (6) 

similar formulae hold for a(i) 0 ( 2 ). 

Beginning with the r-summation, we get the separation of IP into neutron- 
neutron, proton-proton and proton-neutron energies: 
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One finds 

V±t = l-xk(2) Vt , [;^„.(1);f42 );c„. (2)] 

«l /»* 

Po = 2"-* / z:,{l) xk(2) V-r Xn.{l) Xnl2) (8) 

Til 

- 2'-' / Xn. (1)4 (2) ^0*^" ;t«. (1) (2) ; 

nx n.i 

in these formulae, one has put 

Xn = 9n(x) vjo'z) (9) 

and the symbols represent summations extending over the 

occupied neutron states and occupied proton states, respectively. Further, 
the effective potential operators occurring in ( 8 ) are defined as follows: 

1 =[ao + ar+ (a^ + a^r) a<2)] J (r) 

— ar + (aa — a^r) a^^)] J (r) (10) 

yS-^:rz2[ar + a..o(*)^2)] J(r). 

We see that both the like-nucleon energy V+i and the proton-neutron 

energy Vq consist of two parts of the ordinary and exchange types, 
respectively; moreover, in the proton-neutron case, the effective potentials 
c;f ordinary and exchange types are themselves different. 

The spin-summation has now to be carried out in each of these various 
terms. By way of illustration, let us treat the exchange terms of Vq, which 
we denote by 

-^.xch ^ ^(-) I XnM) Xn,{2). (11) 

rii /Za 

The summations must further be analysed into summations over all 
occupied (proton or neutron) states of the one or the other spin orientation, 
which we shall denote by and We may then group together 

the terms for which the spin orientations in the two independent summations 
2 ’(+) arc the same, and those for which they are opposite. According 

n, rta 

to the formulae analogous to (5) and ( 6 ), the terms of the former group 
contain the factor 2 (aT + a^r), those of the latter the factor In order 
to write down the remaining space integrals, it is convenient to introduce 
quantities, called mixed densities, of the following type: 


) tpl (X<»)) <pn {Xt2)). (12) 

n 

and similarly the summation in (12), e.g., extends over all 

occupied neutron states of the specified spin orientation. If we put 
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ar(i) = X, we get the corresponding ordinary densities, which we 

may denote by the same symbols, but with a single argument x, c.g. 


^Q+ (x) (X x) = +2'‘+> <ph (x) qPn {x). (13) 

n 

With this notation, the (exchange) integrals occurring in may be 

symbolized in the following way: 

and the result takes the form 

yexch _ a^xch 

^W^ = 2(ar + a,.)[{l\^) + {l\t)] 

“vr"- da„ [(t|!) + (t|!)]. 

If we had considered the ordinary term e.g., the same procedure 

would have led to a expression of exactly the same type: 

= + (16) 
but the CO-factors in and would have been different com¬ 

binations of the as, and the symbols such as | would have had 
another meaning, viz. 

(t i -)ord (^") J(!x'"-^^>l)'^e- (^''>) . (i7) 

Quite generally, therefore, we get the expression 

Vmt = ’’VZ] + . (18) 

in which each term appears as a combination of integrals of the form 
(H) or (17), with co-factors depending on the as. The various com- 
binatiors bf integrals and co-factors are summarized in the following 
table: t.ie same combination of integrals has to be taken for the ordinary 
and exchange terms of the same type, the meaning of the symbols being 
given by (H) or (17) as the case may be: 


11.11—1. Decomposition of mean nuclear energy | 

Type of 

Combination of 

Co-factor 

term 

integrals 

Ordinary term 

Exchange term 


uai:)+(iiJ)] 

^0+®T+a,+a5T 


“v±i 

aii) 

^sr ^(TT 

2 K+a^r) 

’'Vo 

(:i^)+(iii) 

ao-aT+a<7-'“iT 

2 (ar+«/rr) 

'Vo 

, (:ii)+(ti!) 

ao-a--a,+a„ 
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A considerable simplification occurs for configurations in which all 
the nucleon spins are saturated. In this case, 

='‘■0± = i , (19) 

denoting the total (ordinary or mixed) density of the neutrons or 
protons; we are thus left with 4 different types of integrals only, which 
may be denoted by symbols such as 

( f J (ordinary) 

= ) ^ ^ ^ < 20 ) 
I J (exchange). 

Instead of the expression (18), we have, more simply, 

= ( 21 ) 

with the following integrals and co-factors: 


11.11—2. Decomposition of mean nuclear energy in states with saturated spins 

Type of 
term 

Integrals 

Co- 

Ordinary 

’actor 

Exchange 

^±1 

^0 

-i {+ 1 +) or i (- 1 -) 

(+!-) 

2 {bq + 

So —a. 

+ (ao+^rl + Q 

a^ + 3a,. = ao-a,.+i (q + 3) 


The equivalent^ expressions for the coefficients of the exchange integrals 
follow from (5.2-12). 

In particular, consider the ground state of a nucleus containing as many 
neutrons as protons; there is then just one ordinary and one exchange 
integral 


with 


1 = j Q (x^^^) J (r^^^^) Q (jc<^^) dv^^^ 

X=fQ (x^^K ^2)) J ^ (]^(2), ;^(i)) d^ii) , 


( 22 ) 


Q (x<‘>, Jt:*^*) = 2 <Pn (a:"') 9’ri(Ar®) , (23) 

n 

the summation extending over the occupied (lowest) states. The mean 
nuclear energy is then, by (7) and (21), since q+ = = q» 

\P zn 2bq I — J {bq "h 3^7 *4" 3aff -f* 9B'rr) X (241 

= 2ao/-~[2ao + |(l+q)]^; 


it depends only on ag (and q). 
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11 «12* Saturation properties of exchange interaction terms. The 
asymptotic behaviours for large numbers of nucleons of the ordinary and 
exchange integrals arc radically different. The former, depending on a 
product of two densities, vary, roughly, as the product of the two proton 
or neutron numbers, i.e. quadratically with A and consequently do not 
exhibit any saturation. The mixed densities, however, which enter into the 
definition of the exchange integrals, reduce asymptotically to a delta 

function indeed, for a very heavy nucleus, the summation in 

(12) may approximately be extended over all states which by the 
completeness relation just yields the delta function. In general, the number 
of neutrons being larger than the number of protons, the mixed neutron 
densities will be nearer their asymptotic behaviour than the mixed proton 
densities. If, then, we replace in (14) the mixed neutron density by 
the (S-function, we get 


= (25) 

a quantity approximately proportional to the number of protons, i.e. linear 
in A, as required to account for the saturation of nuclear bonds. This 
conclusion is clearly valid for all exchange integrals. 


According to this argument, a Wigner potential in the sense of 4341 
will give rise to an ordinary non-saturation interaction and to an exchange 
interaction exhibiting saturation: this is the well-known situation in the 
theory of chemical binding. If the potential is of the Majorana type, we 
have just the reverse situation: the ordinary interaction terms possess the 
saturation property. 


11 .12L Velocity dependent potentials. Another extensive class of 
energy operators with saturation properties has been pointed out by 
Wheeler [36] *. In general, an effective potential operator may depend 


both on the relative coordinates x and on the conjugate relative momentum 
operators grad of the nucleon pair. It can then also be expressed as 

an integral operator, as follows: 


J {x.7) = {2nh)-^JVMx.p) dvp. 


(26) 

(27) 


The equivalence of the two representations is easily verified by introducing 

—> 

in (27) the Taylor expansion of VeS with respect to p, substituting the 
result in the right-hand side of (26), transforming this by partial inte- 

grations with respect to f, and using the Fourier integral theorem, or the 

equivalent symbolic formula {N.13) for —|). 


• See also WAY and WHEELER [36], WAY [37]. 
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Now, the ordinary integrals for such a potential arc, according to (17), 
(13),in which we go over to relative coordinates by means of {4.311-2, 3), 
of the general form 


(! I l)ord = ^ ^2^-'hn,{X+ iZ) VI,(X—IX) J ix.l) • 

fll /Ij 

<p„, (1 + i 7) fnAX - if) dt^x (28) 


= ^}^eJX+lx.X + \^)J(x, f) (A' - i X. X- J f) dvx dv^ dv. 


They thus depend on mixed densities. In absolute value, a mixed density 

such as (12) presents a maximum at which becomes higher and 

narrower when more states arc occupied. The behaviour of the integral (28) 

is essentially different according as J(x:, f) varies more or less rapidly than 

the narrower mixed density factor when x — f varies. In the first case, 
v:e get no saturation: an extreme example is that of an ordinary Wigner 
—► —► —► ——>■ —► 

potential J (x, i) = J (x)()(x — |). But if the variation of J(x,^) is suf¬ 
ficiently slow over the domain in which the narrower mixed density is 
appreciable, we may (as above) replace that mixed density ('^ say) by 


=8d{.x- 


-f), and (28) becomes 


(t I X, =^I&J(x,x) (3^- i x) dVx dv^ 


(29) 


On the Fermi gas model, the density being approximately constant over 
the whole nucleus, (29) may be written 

• I^QAhdvx. (30) 

which exhibits the saturation property. 

-> 

The condition of slow variation of J(x, f) means that we have to do 
with an essential velocity dependence of the effective potential. In fact, 

according to (27), the function (x* p) must then have appreciable 

values for all p comprised within a domain | p | < Por if b/po represents the 
dimensions of the region in which the mixed density is ^ 0; on the Fermi 
gas model, this limiting momentum is of the order of the maximum 
momentum pm (9.41-3). We shall not further discuss this class of nuclear 
potentials giving rise to saturation effects, referring the reader to the 
papers quoted above. 

It may be observed that the Majorana potential might be regarded as 
belonging to the type (26), (27), viz. if 




( 31 ) 
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or 

J(lt) = J(x)d(x + f). (32) 

Although (30) also formally holds in this case, — actually reducing to 
(25), — we have here to do with a rather singular case, in which the 
velocity dependence embodied in (31) is only apparent, on account of 
the exclusion principle (4341-32). 

11 ♦13* The saturation requirements. The total energy of a stationary 
state is made up of three contributions: kinetic energy, nuclear energy and 
Coulomb energy: 

S=zK+V + G. (33) 

Since K and G are positive*, a state of binding (<S<0) necessitates an 
attractive nuclear interaction stronger in absolute value than the sum of 
kinetic and Coulomb energy. The absolute value of the binding energy is 
given by 

\g\ — \V\-{K + G), (34) 

The expression (9.41-7) for the kinetic energy practically satisfies the 
condition of being proportional to A, so that we may confine the discussion 
to the potential energy V + G* This energy is composed of terms linear 
in A and of terms approximately quadratic in A: these will be called the 
saturation and non-saturation terms, respectively. 

In the first place, we have to require that the non-saturation part of 
the potential energy should in no case give rise to an attraction, since for 
heavy nuclei this attraction would become preponderant and give rise to 
stable configurations not exhibiting the saturation property. The Coulomb 
energy is always repulsive, but numerically so insignificant that it can 
safely be left out of consideration. The first saturation requirement has 
therefor: ^o be formulated for the non-saturation part of the nuclear 
energy 

In the second place, we have to take care that, for stable states of actual 
nuclei, the saturation part of the nuclear energy yields an attraction, 
exceeding in absolute value the total positive contribution to the energy, 
arising from the non-saturation part of the potential energy and from the 
kinetic energy. This will be our second saturation requirement. 

11*2* The first saturation requirement 

11*21* Necessary saturation conditions. Let us consider the mean 
nuclear energy of some specified stationary state* In order to satisfy the 
first saturation requirement, we have to express that the non-saturation 

* Strictly speaking, the Coulomb interaction also includes an attractive exchange term, 
roughly proportional to Z. but this is usually quite negligible. 
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terms of this quantity must be ^ 0. Since the expectation value calculated 
on an individual model represents an upper limit to the exact eigenvalue, 
the condition so obtained is in any case necessary. Now, all ordinary 
integrals (11.11-17) occurring in''‘P^"^4-are positive, so 
that we finally get inequalities to be satisfied by the interaction parameters 
a. We take a nucleus consisting of equal numbers of neutrons and protons. 
If all spins are saturated, we get from formula (77.77-24), valid in such 
a case, the condition first enunciated by Breit and Feenberg [36b] 

ao^O. ( 1 ) 

But, as pointed out by Kemmer [37fc], we must also prevent the con¬ 
figurations in which all spins are parallel from exhibiting non-saturation 

binding; from table 77.77-1, considering that (^ ||) = (-| ^) == (I |-) 
in our case, we read off the corresponding condition 

ao + dr^^O. ( 2 ) 

We might further consider '‘nuclei'* containing only neutrons. For such 
“neutron clusters”, table 77.77-1 yields the instability conditions: 

(а) spins saturated (Breit and Feenberg [366]): 

^0 ar ^ 0 ; (3) 

(б) spins parallel (Feenberg [37c]): 

So + a- + acr + flcrr 0 . (4) 

But these conditions are weaker than (2). In the first place, from (2) and 
the first formula (5.2-12), we get the inequality 

ao ”1“ ar -4" a? 4“ a^r ^ y» (5) 

which implies (4). The condition (5), first noticed by Feenberg [37c], 
gets a simple interpretation when compared with the definition (5.2-9) 

of 3p: it means that the effective interaction in states of the type is 

necessarily a repulsion, amounting to at least of the absolute value of 
the attraction. As we have seen (5.7, 5.33), the proton-proton and 
proton-neutron scattering experiments are as yet inconclusive as regards 
Feenberg's prediction, although the latest results (7.737) would seem to 
fit it quite nicely. As to inequality (3), it follows from (2) and from the 
relation 

ar-a. = ^-^>0. ( 6 ) 

derived from (5.2-12) together with 1. 

In this connexion, it may be observed that the instability of neutron 
clusters, even when the like-particle forces are assumed to be equal to the 
proton-neutron forces in all common configurations, is essentially a con¬ 
sequence of (a) the exclusion principle, (6) the fact that the attraction 
between two nucleons is smaller in the than in the configuration 
(q<l) \ (c) the saturation character of the forces. Indeed, since the 

* It is not necessary that (as is actually the case) there should be no bound state 
in the configuration: the '‘dineutron” might be stable, provided its binding energy be 
smaller than that of the deuteron. 
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exclusion principle prevents an accumulation of the neutrons in the lowest 
nucleon states to the same degree as in a ‘‘normal*' nucleus, the lowest 
configuration of the neutron cluster (fig. 1121, (a)) has rather to be 
compared with a more loosely bound configuration, such as (b) in fig. 
1121, of the normal nucleus. The comparison is simplest when the latter 
configuration is one in which all spins are parallel: for the only difference 


* ' ' Fig. 11.21. Comparison of neutron 

f cluster (a) with normal nucleus (h). 

Symbolical representation as in 
n p n p fig. 10.14. 

(a) (h) 

in the interactions between pairs of nucleons is then that those of the 
singlet type (necessarily even) in (a) are replaced in (6) by interactions 
of the triplet type. But because of q <C 1» this means that when going over 
from (b) to (a), a repulsion between neutrons with opposite spins is super¬ 
posed on the forces present in configuration (6). This repulsion, then, 
being quadratic in the neutron number, becomes preponderant, and cannot 
be compensated by any attraction, since the latter would also be present 
in configuration (b) and imply a non-saturation binding in this con¬ 
figuration. 

Another important consequence of Kemmer's condition (2) is to exclude 
any nuclear potential energy consisting solely of ordinary central forces, 
even with spin dependence: such a potential would correspond to (S.2-1,4,5) 

ar = a>7T = 0, or M=H=0, 
so that (5.^-12) would give 


^0 ” 1 " — — 1 * 


in contradiction with (2). This means that forces yielding the type of 
saturation binding exactly similar to chemical binding are not sufficient, 
because they would not lead to an attraction in a triplet configuration: it 
is a well-known feature of the theory of chemical valency that the largest 
binding is obtained just between two particles with antiparallel spins. It 
is therefore necessary to introduce forces of the exchange type involving 
(at least implicitly) a dependence on the isotopic variables, as was done for 
the first time by Heisenberg and by Majorana. In contrast with chemical 
bonds, • brought about by spin exchange between the valency electrons, 
nuclear bonds also depend essentially on an exchange of charge between 
protons and neutrons. From the point of view of a field theory of nuclear 
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interaction, it is interesting to note that this conclusion from a very general, 
qualitative argument entails the existence of charged nuclear fields, and 
rules out any theory involving only neutral fields (831). 

As is well-known, — and can be verified by means of (8.2-12) together 
with (1), — a pure Heisenberg force (ao at, aa = aar 0) leads to 
an attraction in the ^5 configuration and to a repulsion in the con¬ 
figuration: a situation ruled out by the fact that the complete saturation 
of the nuclear bonds is first attained in the a-particle, and not in the 
deuteron. It was just this argument that led Majorana to suggest his type 
of potential (ao zz: ax = aa = aax). But again, a pure Majorana force will 
not do, because it does not give any splitting of the and levels 
(q = 1). 

It is not obvious that the necessary conditions (1), (2) should also be 
sufficient for the fulfilment of the first saturation requirement. Actually, 
it can be proved, under certain conditions, that this is the case when the 
additional inequality 


a.r^0 (7) 

is assumed. We shall now proceed to the proof of this statement. So far 
as the determination of the a’s is concerned, however, we shall not need 
the sufficiency theorem: the second saturation requirements, combined 
with the necessary conditions (1) and (2), will lead to a complete deter¬ 
mination of the a's. 

1L22« Sufficient saturation conditions. Conditions (1), (2) and (7) 
are, at least for an extensive class of short^^range potential functions J (r), 
sufficient for the fulfilment of the first saturation requirement. We have 
thus to show that in virtue of these conditions the non-saturation part of 
the nuclear potential energy V will not be negative. The proof will be 
carried out in two steps: we shall first prove the inequality just mentioned 
on the long range fiction (1031), i.e. treating J as a constant; since, 
however, the long range approximation of V is larger than its true value, 
this result must be completed by showing that an equivalent inequality 
still holds when the distance dependence of J(r) is taken into account. 

The first step is quite straightforward *. The long range approximation 
of V is given by (1033-28) in terms of the multiplet quantum numbers. 
Let us put 

s = SIA, r=TIA. p = PIA, p' = ...; (8) 

we have thus to show that 

i ao + 2 + 2 + 2(p^ + p'^ + — — t^) a^r ^ 0. (9) 

We begin by looking for the values of s, t, p, ... which minimize the 

* We follow hfere essentially the discussion given by BREIT and WlQNER [386]; it 
is, however, much shortened due to the use of the parameters a instead of the IV, B, H, M. 
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expression on the left; it will then suffice to prove the inequality for the 
minimum value so obtained* Because of condition (7) and of the inequality 
(6), we have only to distinguish between the following three possibilities: 

(a) ar > 0 , a? > 0 ; (b) ar > 0 . a <7 < 0 ; (c) ar < 0 , a^ < 0 . 

In case (a), the minimum is reached for * 

S =: T = p p' = 0 

and condition ( 1 ) is sufficient for the validity of (9). In case (b), the 
supermultiplet quantum numbers being first kept fixed, we have to make 
s as large as possible, i.e. s = p, and r as small as possible, i.e. r = 0 ; 
then we must take for p its largest value, p = i (10J4-9)* and for the 
other quantum numbers the smallest value p' p" rr 0. The left-hand 
side of (9) becomes l(ao + a<-), which is ^ 0 by condition (2). It will 
be observed that the configurations of minimum potential energy considered 
in the two preceding cases are just those from which the inequalities ( 1 ) 
and ( 2 ). respectively, were derived as necessary saturation conditions. 

Case (c) requires a little more attention; the supermultiplet being fixed, 
we must, since | aa | > | ai |, above all choose s as large as possible: s p; 
the largest value of t compatible with this is then t =: p'. so that the left- 
hand side of (9) reduces to 

iaQ + 2p2aj + 2p'2aT + 2p"2aaT. 

The choice p = p^ p" z=: 0 , which would correspond to independent 
variations of p, p'. p" is not acceptable, however, because it is not always 
compatible with the restriction { 10 * 14 - 10 ) imposed on the parity of 
P + P' + P". But. turning back to formulae ( 10 * 14 - 4 , 8 )* we see that by 
decreasing ^4 and increasing Ax by the same amount, we increase both P 
and P' without modifying either A or P"; we may therefore restrict our¬ 
selves to the cases for which Ajx = 0 , i.e. p" in p + p' — Taking then 
the largest value p m J, we have p" m p'. For the latter, we must take the 
largest or smallest possible value according as ai is < 0 or > 0 . Since 

conditic.n ^( 2 ), combined with the first formula (8,2-12), implies the last 
inequality, we have to choose p'm p" m 0 and find that condition ( 2 ) is 
sufficient, as in case ( 6 ). 

The result of the preceding discussion can be formulated by saying that, 
provided conditions (1), (2) and (7) are fulfilled, the mean long range 
potential energy in any multiplet state satisfies an inequality of the form 

X^long range , (10) 

in which the numerical factor a is positive; according to (10.33-28), we 
may in fact take 

(i [^0 ^ *4" if fisr ^ 0 

\ i [®o 4” 4“ At 4~ SffT ] if acr <C 0 : 


• We may. of course, assume for simplicity A to be even. 
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for it is clear that a can be computed, in each of the cases (a), (6), (c). 
for the special configuration which also minimizes the quadratic terms 
The inequality (10) means that the average interaction av V'lorg range does 
not yield a larger binding than the saturation effect represented by the 
right-hand side. The second step of the proof of the sufficiency theorem, 
indicated by WiGNER [36], will accordingly consist in showing that a 
similar inequality: 

v:^-Aar ( 12 ) 

with a suitable constant J*. still holds for the expectation value V of the 
nuclear energy when the constant potential J is replaced by a function of 
distance J(r) representing a short-range interaction. Actually, the theorem 
v/ill be established for a potential of the general form 

J (f) =J 9 (q) firlo) dg 

0 

u Cl \ ^ + for 

with f(x} = ■ 3 

( 0 for 2. 

In this formula f(x) represents the volume of the space common to two 
spheres of unit radius, whose centres are at a distance x from each other, 
while is an arbitrary, nowhere negative, integrable function. It is 

clear that the function f(r/{^). with fixed ^>. describes a special kind of 
limited range interaction; a superposition such as (13) of such potentials 
of various ranges 2^ and strengths ffio) should at any rate represent an 
extensive class of short-range interactions. 

Let us first consider an interaction of the special form ^(^) f (r/{>) with 
a fixed value of We have to compute 

V, = avig(g) (14) 

i.k \ g / 

being the operator (5,2-1). Owing to the geometrical meaning of 

f(x), we get. for any given configuration of the space coordinates x^^) of 
the nucleons, exactly the operator occurring in (14) by assuming that all 
nucleons within any sphere of radius q have the potential energy 

i0(0)4 (15) 

Q i.k 

(to be summed over all nucleons within the sphere), and integrating with 
respect to the coordinates of the centre of the sphere over all space: for 
the pair (f, k) will then contribute the interaction g(Q)lQ^ when, and 


* The value of a found for case {b) may be replaced by that corresponding to case 
(c); it is positive in virtue of (5), which is a consequence of (2). 
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only when, the centre of the sweeping sphere is situated in the space 

- 1 ^ 

common to the spheres of radius q and centres the volume of 

which space is just In order now to perform the integration 

with respect to the centre of the sweeping sphere, it is convenient to divide 



all space into A -p 1 regions, called Vs (s 0. 1,2, A), such that when 

the centre of the sweeping sphere is in Vs, this sphere contains s nucleons 
(see fig/ 11,22); obviously 

2sVs = A-^q\ (16) 


But for any position of the centre of the sphere within Vs, we are dealing 
with an interaction (15) of the ‘'long range" type between the s nucleons, 
the expectation value of which, according to (10) is not smaller than 


>sa 


g(Q) 


The total interaction, averaged over spin and isotopic variables, is there- 

-p—f Z a V,. i.e., by (16).^ 
r s=i 


fore! 


yap(^) A. Averaging over the 
space coordinates does not alter this result, so that 


(17) 

Integrating (17) over q, we indeed get (12), with 

r^‘^;-Jg{e)de = j(0), . (18) 

j 0 

according to (13)* 


* At this stage of the argtimcnt. we are dealing with the expectation value in a state 

corresponding to fixed values of the jc(0; but inequality (10) also holds for such a state, 
since it can be represented by a superposition of multiplet states. 
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113* The second saturation requirement 

1L30* The second saturation requirement will be more difficult to 
formulate by our approximate methods of calculation of the energy of 
nuclear states, since its fulfilment depends on a balance between the 
various contributions to this energy, which will partly depend on the 
choice of the nuclear potential, but partly also on the accuracy of the 
method. We must therefore not expect as clear-cut conditions as those 
expressing the first requirement. Nevertheless, we owe to VoLZ [37] a 
formulation of the second requirement which permits a rather accurate 
determination of the interaction parameters a. 

1131* Light a'^nuclei. Let us first consider some light “a-nucleus’" 
{922), such as If we calculate its binding energy by the quasi-atomic 
method {921), the average nuclear energy will be of the form {1 LI 1—24), 
so that we can expect from the formulation of the second saturation 
requirement in this case further information on the parameter If one 
chooses a nuclear potential of the Gauss type and takes as trial wave- 
functions of the individual nucleon states the eigenfunctions of the 
spatial harmonic oscillator, the interaction integrals I and X, as well as 
the mean kinetic and Coulomb energies, can be calculated explicitly. Adop¬ 
ting definite numerical values for the range of force, the potential strength 
and the ratio q, the variational procedure can be carried out for different 
values of Bq* Since I '> X, the calculated binding energy will decrease in 
absolute value as Sq increases; by requiring that the quasi-atomic 
approximation should at any rate be sufficiently good, for this nucleus, to 
give the right sign of the binding energy, one therefore obtains an upper 
limit ao for Bq. 

Volz took =: 2,17 . 10 -* A3 cm, J — 37,9 MeV, q = 0,5; but the 
use of better values {6A32) should not alter the order of magnitude of 
his result. He finds oq = 0,15 and states that even a slight sharpening of 
the condition imposed on the calculated binding energy leads to a con¬ 
siderable smaller value of ao- We thus get a condition of the form 

ao ^ ^0 ♦ ^0 1 * (^) 

The comparison of the limitations {1121-1) and (1) undoubtedly points 
to the determination 


ao = 0 (2) 

as the most likely one; a small positive value of ao can, however, not be 
definitely excluded. 

1132. Heavy nuclei, Wc next turn to a study of heavy isobaric 
nuclei (of mass number 200, say) with varying neutron excess; more 
specifically, we consider even nuclei in states with saturated nucleon spins. 
From table 1 LI 1-2, applicable to this case, we see that we have to do 

4 
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with the combinations of parameters ao + and Bq — or more simply, 
if we adopt (2), with the parameter ar only. It is indicated here to use the 
Fermi gas model, the nuclear radius being regarded as a variational para^- 
meter; all integrals occurring in the table 1 LI 1-2 can again be calculated 
explicitly if the potential is of the Gauss type. But we cannot be confident 
that the calculated binding energy <S will give a sufficiently exact idea of 
the value S' which should actually correspond to the nuclear potential 
adopted. To remedy this situation, Volz introduces the ratio 


IS'l + K+G 

IsT+k + g 

of actual to calculated nuclear potential energy (1L13-3A) and tries in 
each case so to adjust the variational parameter R as to get the minimum 
value €,o of this ratio, which he calls the “error coefficient”. The solution 
so obtained is the best one of the type considered which yields the value 
I S' I for the binding energy when the nuclear potential is eq times the 
assumed value. Since we always have | S | < | (S' |, the error coefficient Cq 
will be ^ 1. But if we now impose the value | S' | which we wish to 
obtain, the Eq resulting from a certain choice of potential could become 
< 1: this would mean, then, that this choice is inadequate. So Eq furnishes 
some measure, not only of the accuracy of the method of approximation, 
but also of the adequacy of the nuclear potential adopted *. 

Coming back to the even isobars of mass number 200, the error coeffi^- 
cient can be calculated for different values of the neutron excess and 
various choices of the parameter ax; for | S' |, one may take throughout 
the value 1,7 MU, corresponding to the (probable) mass-defect of the 
stable nucleus ^^Hg. For each value of ax, the stablest nucleus is that 
with the smallest error coefficient, so that we get an idea of the variation 
with ax of the neutron excess of the stablest nucleus of mass number 200. 
Volz' result is represented by fig. 1132, the main features of which should 



Fig. 11.32. Neutron excess n of stablest nucleus of mass number 
200 in terms of interaction parameter 


remain valid if better potential constants were used. As expected, negative 
ax*s favour large neutron excesses, due to predominance of non-saturation 


* The calculation of the error coefficient in suitably chosen cases ma,y therefore also 
serve to derive limitations of the as imposed by the [irst saturation requirement. Thus Volz 
deduced in his paper conditions practically equivalent to (//.2i-l,3). 
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attraction: but with increasing ar, the neutron excess diminishes rapidly. 
The empirical value 40) would correspond, according to fig. 1132, 
to a negative at of very small absolute value, but we cannot expect the 
method to yield such a precise determination of ar. We can at most exclude 
such ar's as would lead to neutron excesses smaller than, say, half the 
empirical value. This gives an upper limitation of at: 


3 t Ut » Or ^ 0,1 (4) 

(Volz gets at = 0,12). According to {1121-6), this condition implies an 
analogous limitation for aa: 

a, ^ 0 (5) 

(in fact, with q 0 , 6 , the upper limit ag = ar —J( 1 — q) becomes 
nearly 0). It would seem that a natural choice of the parameter aa, just 
compatible with (5) and with Kemmer*s condition (1121-2), combined 
with (2), would be, as proposed by Kemmer [376], 

aa = 0. (6) 

On the contrary, the determination ax = 0 , originally proposed by Volz, 
is in contradiction with Kemmer’s condition, on account of ( 2 ) and 
(1121-6), If, however, we combine Kemmer’s condition with the inequality 
( 1 ) rather than the equality ( 2 ), we cannot exclude the possibility of a 
small positive value for aa. 

11.33* Determination of interaction parameters. Once we adopt, in 
accordance with ( 2 ) and ( 6 ), 

ao = aa = 0, (7) 

the values of ax and aai follow from (8,2-12): 
a. 

a,,=:*(l+3q)^0.23. 

The final form of the nuclear potential operator is thus 

r(2) [ar + aar a^^)] J (r^^)), (9) 

the constants ax, aax being given by ( 8 ), whereas the analytical form of 

J(r) remains unsettled; it must be remembered that a small additional 

potential of the form 

V;uci = [ao + aa o0)>)] J (r<»2)), (10) 

likewise with positive ao, a^, would still be admissible. It will be recalled 
that the form ( 9 ) is just that corresponding to a symmetrical meson 
theory (5.33-17), whereas (10) corresponds to a neutral theory (5.32-16). 
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It is certainly remarkable that in spite of the inaccuracies affecting the 
preceding discussion, its outcome should receive such a simple interpretation 
on meson field theory. 

According to (5.2-5), the potential (9) actually corresponds to a mixture 
of the four types of exchange potentials (4341-34) in proportions given by 


W = i(3q-1)^0A3 M=-i(3(?+l)^^-0,93 

B = i M-0,46 H=2W::^ 0,26: '“' 

the most important term is thus a Majorana potential, but the Bartlett 
term is also of considerable weight. The effective potentials for odd states, 
derived from the operator (9), have already been discussed in 832; they 
are repulsive both for singlet and for triplet configurations. In fact, 
according to (5.2-9), we find 

---^p=:3q^l3. ( 12 ) 

while —3p takes its lowest possible value ( 1131 ) 


(13) 


11,4. Stability of isobars 

Quite independently of the saturation properties of the nuclear bindings, 
another set of conditions limiting the permissible values of the interaction 
parameters a can be derived from the consideration of isobaric nuclei. 
However, these conditions are obtained only in the very rough appro¬ 
ximation corresponding to the long range fiction (1031) and are conse¬ 
quently not as reliable as the saturation conditions just discussed. Still, it 
will be worth while to examine them too in order to verify their compa¬ 
tibility with the results arrived at in the preceding section. 

We have seen (321) that odd nuclei heavier than are unstable, 
whereas the neighbouring even isobars can both be stable. According to 
the stability condition 1,131, this situation is expressed by the inequalities 

W {N, Z] < W [N+1. Z-1], W [N+1, Z-1] > W lN+2. Z-2], ( 1 ) 

if [N, Z\ represents the composition of one of the even isobars. The in¬ 
equalities (1) imply the further one 

W[N, Z]-W[N+l. Z-l] < i \W[N. Z]-W[N+2. Z^2]i, (2) 

which, if we neglect unimportant terms arising from the variations of 
kinetic and Coulomb energies, reduces to an inequality involving only 
nuclear potential energies: 

V [N. Z] - V [N+l, Z-~l] < i I y [N, Z] -- y [N+2, Z--2] }. (3) 

The average nuclear energies of the ground states of the even isobars 
are immediately given, on the individual model approximation, by the 
formulae (IIJ 1-7,21) with the integrals and coefficients given by table 
llJI-2, Introducing the long range approximation in the definition 
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llA 

(11.11-20) of the integrals, and taking account of the orthogonality of 
the spatial wave-functions 9 P/ 1 , one finds that these integrals reduce to 
integral multiples of the constant potential J, specified as follows: 



vs;? 

VS';" 

+1 

number of neutron pairs 

number of neutron bonds* 

-1 

number of proton pairs 

number of proton bonds 

0 

number of neutron-proton pairs 

number of neutron-proton bonds 

* The concept of bond is defined in 10.31. 


The calculation of the different terms of IP for a given configuration thus 
becomes a simple matter of enumeration (Inglis and YoUNG [37]) 

The treatment of the odd isobar requires some attention, because the 
supermultiplet of the ground state (10.331) splits under the influence of 
the spin dependent forces into a singlet and a (degenerate) triplet term, 
and we have to calculate the energies of these two terms. For this purpose, 
we consider the two distinct configurations ((a), (b) in fig. 11.4) for 


II M -+1—^ 11 l i. ' 

n p n p n p 

fn) (b) (c) 

Fig. 11,4, Lowest configurations of odd isobars: 

(a), (b) resonating configurations with = 0; 

(c) configuration = 1. 

Symbolic representation explained in fig. 10.14. 

which the ^-component of the spin Sz = 0 : between these two configu¬ 
rations, which differ by the orientations of the spins of the odd proton 
and neutron, there will be a ''resonance'* corresponding to the separation 
of singlet and triplet stationary states. In other words, the eigenfunctions 
of these two states will be linear combinations of the Slater-determinants 
describing the resonating configurations, and we have to solve a secular 

• The integrals of table ll.ll-\ can be expressed in the same way; one has simply 
to add to the numbers occurriAg in (4) the qualification "with parallel spins" or "with 

antiparallel spins", according as one has to do with a or a 
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equation of the second order to find the eigenvalues of V. The diagonal 
elements are immediately given by the same argument as above, and have 
obviously the same value Vdiag in both configurations; as to the non- 
diagonal elements, an easy calculation yields, on the long range approxi¬ 
mation, the common value 2J{aa — aax). Therefore 

V[N+h Z- 1 ] = Vdug[iV+ 1 , Z<- 1 ] zfc: 2 J(a, -a,r). (5) 

The corresponding eigenfunctions arc proportional (as expected) to the 
sum and difference, respectively, of the Slater-determinants; the difference 
pertains to the singlet, the sum to the triplet state. It is readily verified that 
the direct calculation of the mean nuclear energy in the other triplet sub- 
states, corresponding to Sz = it: 1 , yields the same result as for the triplet 
sub-state with Sz = 0: in fact, the state with Sz =: 1, e.g„ is represented 
by a single Slater-determinant (configuration (c) in fig. 11 A), and the 
comparison of configurations (a) and (c), keeping in mind the rules 
contained in (4) and the accompanying footnote, immediately shows that 
the difference between V^(config. (c)) and Vdiag (config. (a)) is just 2J(as —aar). 

For the differences occurring on both sides of inequality (3), one thus 
finally gets, if one further makes the natural assumption that the neutron 
excess n of the isobar [iV, Z] is positive, 

i\V[N. Z]-V [iV+ 2 . Z~2] 1 = --2 J |a. (n + 3) + 3a.r! ( 6 ) 

V[N.Z]-V[N+l.Z-l] =-2J\[ar (n + 2) + a.+5a,r] ± (a,-a.r) \. 

the dr-sign referring to the triplet and singlet state of the odd isobar, 
respectively. Expressing that condition (3) must hold as well for the 
singlet as for the triplet state of the odd isobar, we thus get the inequalities 
(Breit and Wigner [38h]). 

3 a^r ar ^ 0, (7) 

2 aj ““ ar "d” aor ^ 0 * (8) 

Since, b r (^5.2-12), 

2aT —at -bacrT = i(ao + a7) + |(3q— 1), (9) 

condition ( 8 ) can be deduced from Kemmer’s condition (1L21-2), provided 
only q<\. 

Inequality (7), on the contrary, is not reducible to our saturation con¬ 
ditions {J/. 2 /-- 1 , 2 ). With the help of ( 8 . 2 - 12 ) (by forming the expression 
3 + q), it may be seen that, together with (//.2/-1), it implies (if.27-7), 
sc that (77.27-1,2) and (7) together can be considered (77.22) as a set 
of necessary and sufficient conditions for the fulfilment of both the first 
saturation and odd isobar instability requirements. Condition (7) is, of 
course, fulfilled by our final choice (77.33-8) of the parameters at, ajt; in 
terms of the exchange potential parameters (8.2-5), it takes the simple 
form 


H>M. 


( 10 ) 
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Combining (7) with the second formula (8.2-12), one derives the 
further inequality 

ao —3a» + q>0; (11) 

inserting (7) and (11) into the expression (5.2-9) of ip, one finds 

’p < q: (12) 

the iP effective potential is either a repulsion or an attraction smaller in 
absolute value than that in states. If one uses the equality (11.31-2) 
instead of the inequality (11.21-1), one gets further limitations on the 
p’s: from (5.2-9, 12) and (11.21-2) one then derives that (Feenberg [37c]) 

(13) 

from (5.2-12) and (7), that (Breit and Wioner [386]) 

-^p<i(4q + 3). (H) 

Grouping together (12) and (13), (14) and (11.21-5), we have then, if 
3q — 0, 

i^-^P<i(4q4-3) 

-3q^ >p<q. 

If further (11.32-6) aa = 0, —3p and ip reach, as we have seen 
(/7.33-12,13), their lower limits. 

11.41. Ground state of odd isobar. With our choice of interaction 
parameters, aa—aax < 0, so that, according to the estimate (5), the triplet 
state of the isobar lies lower than the singlet state. For the lightest odd 
nuclei (the only stable ones), calculations based on the quasi-atomic model 
(Hund [37]) confirm this conclusion, actually indicating the ground state 
to be a one. In the case of 2H, ^Li and it has been ascertained 
that, in agreement with this result, the total angular momentum has the 
quantum number / = 1. 
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\2SS* This Chapter contains a somewhat closer discussion of the 
Fermi gas model for heavy nuclei. It will be seen that in spite of its 
inadequacy with respect to quantitative determinations, this model yields 
a fairly comprehensive picture of the ground states of such nuclei. In the 
first approximation, various effects can be treated with a view to deriving 
a general expression for the binding energy, including the correction for 
surface tension and Coulomb interaction. The next approximation will be 
carried out only neglecting the latter effects, i.e. for the "standard 
heavy nucleus" {9A1), and besides furnishing a more accurate expression 
for the volume energy, will disclose in an interesting way the tendency 
to "a-clustering" already referred to above (9.J2). Finally, the penetration 
of fast nucleons into a heavy nucleus will be investigated; in particular, 
a derivation will be given of the formula used in 7A4. 


12A* Mass^defects and nuclear radii 


12*1L The volume energy. In first approximation, we get the total 
volume energy of the nucleus [N, 2] simply by adding to the kinetic 
energy given by {9A1-7) (with gs = 2, corresponding to complete spin 
saturation) the average value of the nuclear energy, which can be 
calculated with the help of formulae (11J1-20, 21) and the accompanying 


table 1 LI 1-2. The individual wave-functions q?n(x) being plane waves: 

( 1 ) 




the integrals (11.11-20) occurring in the nuclear energy can ultimately be 
expressed in terms of certain Fourier coefficients of the nuclear potential 
Jw(>cr). For this purpose, let us first introduce the Fourier expansion of 
the law of force 


w{xr ): 


:J'wp{p)i 




the Fourier coefficients are of the form 




dVn 


Wp{p): 


vj 


w{xr) e 


h - 

^ dv: 


2n 

VV 




( 2 ) 


(3) 


F(a): 




sin ui d^. 


with 
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Next, we calculate the matrix-elements of the nuclear potential: 

\M\ 7 M) = f U<") J(r"«) 9^^, (X<»)9.^ clt;'»c/p® 

- p(2) p{p p(2) 

= ^ J<»+pW-;0)_p(2,) J W 

with 



With this notation*, the formulae (llJl-20) take the form 


[22 IJI (ordinary) 

1 p(l) p{2) 

^ ^ ) (+) (—) —► -> 

i 2 2ip^^^p^^^\J\p^^^p^^^) (exchange). 

( p(np{2) 


(5) 


Accordingly, the ordinary integrals reduce to Jwp(O) times or 

NZ, as the case may be, so that their total contribution to the energy, 
according to table 1 LI 1-2 in which {1131-2) ao = 0. is proportional to 
the square of the neutron excess {N — Z)^\ and since Wp{0) is inversely 
proportional to A, this contribution is, more precisely, proportional to 
A • (n/A)^, just like the analogous term in the kinetic energy. As regards 
the exchange integrals, which involve summations (or integrations) over 
momenta up to the maximum values p^^K for neutron or proton states 
(9,41-1), we arrive at the same conclusion: for these integrals will ulti¬ 
mately be functions of the pj^), which only depend on the ratios 

NjA, ZjA, i.e. on njA, If, therefore, assuming that we have to do with an 
even nucleus of relatively small neutron excess, we expand such ex¬ 
pressions in powers of n/A, the lowest power occurring (besides a term 
independent of n) will be the second, because the volume energy, as long 
as the Coulomb interaction is disregarded, is symmetrical with respect to 
its dependence on N and Z, We thus arrive, for the volume energy, at 
an expression of the form suggested by the empirical distribution of mass- 
defects, i.e. a mean energy per nucleon —fi[l— y(n/A)^ (2,21-3), 


12A2* The surface energy. The model hitherto considered does not 
give rise to any surface effects, since it corresponds to considering the 
nucleon assembly under the influence of a fictitious constant (and negative) 
potential abruptly rising to zero at the boundary of the domain occupied 
by the nucleons. In order to account for the surface energy, one may 
(B6B, §29) replace the sharp rise of the potential by a gradual one. 
More definitely, let us call x a length measured along the normal to the 

* The indices r, f refer to the "initiar' and "final” state, respectively, of the transition 
to which the znatrix-'element is related. 
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boundary, and varying from a value 0 outside (i.e, where the potential 
takes the value 0 ) to a value Z, at which the potential assumes its constant 
negative value; let us assume the potential to vary linearly with x 
throughout the surface layer. If the thickness I is large in comparison with 
the wave-lengths of the nucleons, i.e. we can apply to any volume 

element of the layer the statistical arguments leading to a relation between 
the maximum value of the momentum at that point (depending on the 
fictitious potential) and the particle density: the latter quantity being 
proportional to the cube of the maximum momentum will therefore vary 
as calling constant value of the density inside the nucleus, 

we have thus, within the layer, 

j? = eoW'^ (6) 

The mean kinetic energy at x will be proportional to so that the 
mean kinetic energy per unit volume will be proportional to If the 

density were throughout, without boundary layer, the volume of the 
nucleus would have a value V such that QqV is equal to the number of 
nucleons, and the kinetic energy would have a corresponding value 2C. 
From the density law (6), we easily derive the change of kinetic energy 

dK=z-^K-y. (7) 

S denoting the surface of the nucleus. We have just seen how the mean 
nuclear energy can be expressed in terms of the maximum momenta; we 
therefore know its expression as a function of x within the layer and are 
thus able to calculate the variation due to this layer. In this way, the total 
contribution from surface effects to the average energy can in principle 
be estimated. It would be pointless, however, to go into further details of 
such calculations, since we cannot expect them to yield reliable quantitative 
results. 

It must sjtill be observed that there is, besides the term (7), another 
surface contribution to the kinetic energy, which has nothing to do with 
the variation of the potential energy at the boundary: it simply arises from 
the discreteness of the eigenvalues of the momenta of the individual 
nucleons and can be estimated by performing the summations over the 
momenta to a greater accuracy than that obtained by replacing them 
simply by integrations. Such estimates, performed by Feenbero [ 41 c ], 

yield, besides a main term of the form (9.47-7), [l 

K(id/rQ)^, a surface term addi¬ 

tional term CqK^^'^A (with a numerical constant cq^ 1 )» which apparently 
cannot admit of any simple geometrical interpretation *. 

* Sec further a paper by VOLKOFF [42a], in which the influence of the shape of the 
nucleus on the kinetic energy is also discussed. 
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1243t Nuclear radii. The expression finally obtained by adding the 
volume and surface contributions from kinetic and nuclear energy, as 
well as the Coulomb interaction between the protons, shows the expected 
dependence on the proton and neutron numbers. It remains to be seen 
whether at least the order of magnitude of the different terms comes out 
about right. If one assumes a definite distance dependence for the nuclear 
potential, with given numerical values of the strengths and range, the only 
remaining parameter is the nucleon radius Tq (it also occurs in the potential 
energy terms through the maximum momenta). We may then look for the 
‘‘best’' value of Tq, i.e. that which minimizes the total energy. 

It proves convenient to take as variational parameter the dimensionless 
quantity 

( 8 ) 

the maximum momenta can then simply be expressed as 

pWor,Z,=,p(0,(l±^)‘'\ (9, 

with 

p'o» = I?«r. (10) 

SO that all terms arising from the nuclear interaction immediately appear 
as functions of r. The mean total energy per nucleon has therefore the 
general form 

.(r) = - e,(r) [1 - y(r) (n/A)^] + o{t) Z\ (11) 

£o being a constant. Strictly speaking, the best value r should be found by 
solving the equation //(r) = 0, i.e. 

(r) = [eirV (n/A)2 + o' . (12) 

As a first approximation, we may take the value Tq for which 

e\(ro) = 0: (13) 

this corresponds to a constant density of nuclear matter, irrespective of 
the mass number. Since, on account of (13), 

el(r)=(r-ro)ar(ro). (H) 

we get the next approximation by inserting in (14) the value (12) of b[ (r), 
in which we may replace r by ro. This gives 

I ^ [xj + j' 

in this formula, G (ro) denotes the value of the Coulomb energy for r = ro 
while C represents the velocity of sound in nuclear matter, referred to the 
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velocity of light as unit. This quantity is indeed defined, q being the 
density, by 


C2 - i- o2 - JL r2 . 

Af® dg^ ~9M ° dtl ' 


( 16 ) 


the last equality follows from the preceding one because of ^ rj and 
(13). Relation (15), which has been derived in a less complete form by 
Feenberg [41a] and as above by Present [41], shows that one would 
expect a slight increase of the nucleon radius to with increasing mass 
number. In fact, the three correction terms in (15) all work in the same 
sense: the increase of the relative neutron excess with increasing A means 
looser binding and smaller density; the contraction of the nucleus due to 
surface forces becomes smaller in heavier nuclei, again resulting in a 
decrease of the density; and the Coulomb repulsion of the protons clearly 
produces the same effect. 

Explicit calculations according to the above scheme have been carried 
out most extensively with the Gauss potential. On the determination of 
To from (13) and of fi(ro) we shall say more in the next section, aftet 
we have calculated the next approximation to for the first approximation 
turns out to be completely inadequate. Even then, it will appear that a set 
of values of J and « consistent with the empirical values of Tq and 
would correspond to a much tighter binding than indicated by the analysis 
of the two-nucleon system. Adopting such values for J and we find that 
to account for the empirical value of the surface tension (2.2/-5), we 
should have to take I ^ 4,8 ro, an improbably large value. Finally, 
Present’s estimate* of the correction terms in formula (15) leads to the 
expression for the radius 

ri = r. j^l + 0.8 +0,010 (17) 

the factor between brackets increases by 9 % from sope to 2^'^Pb. 


12«14« Variation of density within a nucleus. The Coulomb repulsion 
between protons must obviously give rise to a tendency for the proton 
density to vary within a nucleus from a minimum value at the centre to 
a maximum near the boundary. A non-uniform proton distribution may 
be expected to create forces which distort the neutron distribution and tend 
to make the two particle densities vary in the same manner. This density 
variation has been analysed by Feenberg [416] neglecting surface 
effects. It is then permissible to assume that the deviations from uniformity 
of the proton and neutron distributions arc small. The only further 
assumption that must be made is that the total volume energy may be 
written as an integral/V(^^"1, Q^P))dv, the integrand being a function of 

* Present’s treatment differs slightly from the above in some particulars; but it is not 
worth while working out the resulting modifications in formula (17). 
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the neutron and proton densities only* Besides this volume energy, 

there occurs a correction term of kinetic energy, which is easily found to be 


rr(grad(?<'*))2 (grad 

"T- - 


2AfJ L 


,(n) 




dv ♦ 


( 18 ) 


and the Coulomb energy, which, including the exchange term calculated 
by the statistical method, becomes 




Q^P^(x) Q^P\x') 


dv dv' 


\x—x 


8^V/3 

64 j ^ 




{Q^P^^dv. (19) 


The variational method may now be applied, using for trial 

functions which are chosen in the form of simple polynomials in the radius 
vector r, satisfying the boundary conditions 


^An) and (p) 

for 

dr 


t^R 


( 20 ) 


as well as the normalization conditions 


/ Q^^^dv = N , f Q^P^dv:=:Z* (21) 

(nucl) (nud) 


The final result is that both densities are found to vary in a parallel 
manner, tending toward the formation of a hollow centre within the 

nucleus. For the nucleus ^soHg, e.g., one finds 


e'-'W) 

e''"( 0 ) 


1,20 


enR) 

e<p>(0) 


1.43. 


( 22 ) 


The resulting changes in energy and nuclear radius are quite insignificant: 
the change in total energy of ^soHg is only about —7 MeV. 


12*2, Standard heavy nucleus to second approximation 

12*20* In carrying the approximation now a step further, we shall 
disregard all surface effects as well as Coulomb energy, which means that 
we consider the ground state of the "'standard heavy nucleus", as defined 
in 9dl (except for the fact that we provisionally leave the value of the 
nucleon radius tq undetermined). We shall begin by deriving a more 
accurate value of the mean volume energy per nucleon e^; we shall then 
discuss more closely the distribution of the different nucleons in this state, 
first as regards their momenta, then as regards their positions and spins. 
Especially in the latter respect interesting results are obtained, 

12*21* The volume energy. In the calculation of the energy, we have 
been applying the usual perturbation method, using as a perturbation para¬ 
meter the strength of the nuclear potential. In the expansion 


( 1 ) 
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in powers of this parameter, the initial approximation is sfmply the 
unperturbed kinetic energy; the next one, is the first approximation 
(the only one hitherto considered) to the average value of the 
potential energy, while the second, <§(2), consists of contributions to kinetic 
as well as to potential energy, 2 C^ 2 ) and which are very simply 

related to each other: 


= = . (§<»)= VO) 

6(2) = k<2)+V(2) ^ = 

In the ground state of the system, the second order correction 

g(2)^_K(2)-~.|^(2) (3) 

is always negative, i.e. is equivalent to a tightening of the binding. 

In order, therefore, to obtain the energy & up to the second appro¬ 
ximation, it is sufficient to calculate the potential energy up to that 
approximation, and since the potential energy is itself of the first order, 
it suffices to use the first order approximation for the wave-function of 
the ground state. The latter can be written in the form of an expansion 

W= (iPo + V'f.) (4) 

in terms of the Slater-determinants !Po» corresponding to the initial 
approximation for ground state and excited configurations. The only 
excited states Wf* which combine with the ground state are those in which 
two individual states, say n^}\ nfK occupied in the ground state configu¬ 
ration, are replaced by two others, n^j\ unoccupied in that configuration. 
The corresponding expansion coefficient is, in first approximation, for 
a nuclear potential of the general form (S.2-1), 

(n<') nf) IO J(r) | nf nf) - (n'‘> n</> 10 J(r) | nf nf) 

E = p2/2Af denotes the energy of the individual state of momentum p. 
Using the abbreviations i, [ for the two sets of values of the spin and 
isotopic coordinates 0 ^*^', this may be written, more explicitly, 

(*-|a/.|/^) = 

(.•|O|f)(>p</>lJ(r)|p0>p»>)-(,1OP,P.|f)g»>pf|J(r)|?^ 

Ei" + + E^"’) 

The expectation value of any operator (such as the nuclear interaction 
energy) of the form 

W=2l- 2 ( 7 ) 



12.21 


STANDARD HEAVY NUCLEUS 


2A5 


in the state (4) can be written (this particular form will presently be useful 
for another purpose) 


av W = i A(A-1) / / p(Q'>'.Q®) 

j 7(Q"».Q'«)= /.../ ?P‘(Q(').QM)) !P(Q<».QMt). 

or, using again the same notation i, f for the spin and isotopic coordinates. 


avW= iA{A- 1) / JpC) duO> 2 («| | ^) (f | 2>) | f) 

{i 1 I /^)= /... / i; Q(3).QW)) 5P(X"U»); {-. Q(«. 

q(3) q<A) 

For reasons which will soon be apparent, we shall call p the correlation 
operator. In the state (4), its two first approximations are 


1 (occ) -> -► 

(« 101 f)® = Afi . [(' IM /) 


1 

A(A-l) 




( 2 )' 


yi)' 


( 10 ) 

(occ) (unocc) -► -► -> 

• 2 iR 2 " 2 92 ^,„(a:<'>) yX.,J 2 f'^’) 9’-*-,„(jf*'’) jAr<^>) («| | /") ; 


pfpfpfpf "i 


(1)' 


5(2) 


;o)' 


5 (?) 


in these formulae, the summations are to be extended, according to the 
indication (occ) qj, (unocc)^ ajj occupied or all unoccupied individual 

states of momentum p in the configuration ]Pq, each state being counted 
only once (such summations can be replaced, as usual, by integrations 
over the corresponding domains of phase space). 

From the formulae (9) and ( 10 ) we derive for the total energy the 
well-known expressions 


— r- —r —r —r 

2 [(p<»p»MJ(r)|p">p«))trO 

p(U p(2) 


- (?>' p® I J(r) I p® pD) tr O P, P.] 


_ (occ) 

6(2)=^ V(2) = -| 2 

P®P® 


(unocc) 

2 

t(!)p») 


Ej!'+ £•;>-(£</* + £?')’ 


with the abbreviation 


(11) 


\¥PpT\ J(r) |pJ!>p';>)P tr 


( 12 ) 


-{pPpT I j(r)i ?y>p<?') (^« pp mipfppr tr o^p, Pc. 
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In <5^1^ as well as there occur an ordinary and an exchange term; 
the formula for is actually the same as (IlJJ-24), in which the 
coefficients trO and trOPaPt, as given by (S.2I-13), had been deduced 
by a more elaborate analysis. Let us use again the notations (I2./3~8, 10) 
and express all momenta in terms of by 


or 




(13) 



The cofactor ivp(po) occurring in the expression (12,11-4) for the matrix- 
elements of the nuclear potential then takes, according to (12,11-3) and 
(14), the form 

“'p(po) = X ‘ ^ ^ ^ 


The formulae (11) accordingly reduce to 


5 (.) A 3 [it O-I--ttOP,Pr- /i" h(r)] 

/S,.W [-1) jd..jd,, F(r II) 

(both integrals to be taken independently over the spheres uS. 1, u S 1), 

= - 32^- A [tr • Ap) -tr P, P. • f^Mr)] 


r( 2 )/..- 15 , [F(ra')P 

/t>rd(0 — “q T I dVu' dVii>> 

^ u'(u' + u"-u) 

ri2) ... ... F(ru')F(r\u'+u''-Zi) 

/exch(^) — ft < I dVtif dVu** ' ^ ^ 

u'(u' + u"-u) 


(17) 


(domain of integration defined by the inequalities * 

u^l, 1, |u—u'l^I, ja' + a"|r^J). 

In this form they have been derived by Euler [37] for the special case 
of the Gauss potential 


* Wc have put u = == ip^P — ^ pt,2)Jt/f >). 

i tn i f tn i m 

** A factor 5 has been introduced in our definition of the functions f^a fexoh 

4N»ly in order to conform with Euler s definlUons. 
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Volz' saturation condition (1131-2) implies, by (5.27-13), tr 0 = 0 
and so causes the non-'Saturation term in to disappear; moreover, it 
gives, on account of (S.2/-13) and (5.2-12), 

trOP.Pr = 6(l +q)^9,6, (18) 

thus completely fixing the constant factor in At small densities of 
the nuclear matter, the factor becomes rV6» i-c* increases pro¬ 

portionally to this density. But for large densities, it tends asymptotically 
towards a constant value. This behaviour, which is in conformity with 
the saturation property of nuclear binding, is conditioned by the fact that, 
according to the definition (12A1-3) of F(u), the main contributions to 
the energy come from transitions in which the transfer of momentum po 
smaller than i.e. Po/p^m ^ small densities, the occupied states 

are few and their momenta therefore not widely different, so that the 
required transitions are possible from most of them; at high densities, on 
the contrary, only a small fraction of the nucleons can take part in 
such transitions: any nucleon can exchange its momentum with only 
(po/pjjj)^ ^ of the others, which just compensates the increase (^ r^) 
of the binding energy due to the diminution of the average distance 
between the nucleons. The general properties of are clearly illustrated 
by the explicit expression which can be obtained for a nuclear potential 
of the Gauss type. This corresponds to 

F(a) = iy«e-“*'^ (19) 

The evaluation of is then elementary and yields 

flUr) = 2 / e-'' dl + ^ [2-3 + (r^-2) e': (20) 

0 r 

one has {(x) z=z}ln. 

Going over to we first determine the coefficients trO^ and 

trO^PaPr with the help of the formulae (5.2/-16) and (1133-12, 13), 
the latter depending on both saturation conditions (1133-7); we get 

trO^ =^( l+3q^) = i2A53 

tr02p.P.z=:2(~l+3q2) = 2 0,153. 

The numerical values correspond to q = 0,62, the value which, according 
to table 6A32, fits with the two-nucleon data in the case of the Gauss 
potential. This means that 5(2) depends on the combination 

0.036(22) 

SO that the exchange contribution is of little significance. 

It has been observed by Watanabe [39] that a very slight modification 
of Kemmer's saturation condition aor = 0 (while maintaining = 0) 
would suffice to get rid entirely of second order exchange effects. In fact, 
one can make tiO^PaPz exactly zero, i.e. satisfy the condition 

9V + y = 3(l + q2) (23) 

5 
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by 

a^ = TV[9q-l-y3(7q2_6q-t-7)] = 0.0087. (24) 

as is easily found by inserting in (23) the values of 3p and ip in terms 
of aj and q deduced from (5.2-9,12), with ao = 0. Moreover, the con¬ 
dition (23) implies only a slight change of tr 

i tr 02 ;= f (1 + _ 2,076. (25) 


The discussion of the f( 2 )'s has only been performed for the case of 
the Gauss potential. Their calculation requires a lengthy procedure of 
approximation, for the details of which the reader is referred to Euler’s 
paper. The behaviour of is found to be quite similar to that of : 

= [forr<l]. 

~ 10 (1 -log 2)-| r-^ + i r-" + 0.16 r'* (26) 

[for 1,6, with an error < 2%]. 


The saturation feature is again due to the limitation of the possible 
transitions resulting from the short range of the nuclear force and the 
exclusion principle. As to (r), it is the same as at small r: then it 
becomes smaller than , reaches a maximum and tends asymptotically 
to zero for r OD. It can further be verified that the higher approximations 
of the energy all show the same behaviour as 

Summing up. we are now in a position to write down the complete 
expression for the volume energy per nucleon in explicit form for a Gauss 
potential. It will be convenient to revert to our notation (5.11-9), involving 
the quantity as unit of energy. Remembering that the mean 

kinetic energy per nucleon is just = 0,3 (\}'^x-/M) r-, we have*, by 
(16). (17). (18). (21), (22). 

M 

(27) 

= 0,3 r^-0,685 b /^"Ur)-0,00857 [/iJ’,(r) - 0,036 fl^Ur)] : 


this is (apart from the numerical values of the coefficients) the formula 
established by Euler; and f^id given by (20) and (26), respec¬ 
tively. 

For a given nuclear potential, i.e. for given b, the best values of rj^ 
and r (and consequently of ex and Tq, h being also given) are determined 
by (27) together with the condition of stationary energy 


dr 


= 0 . 


( 28 ) 


* Witii Watanabe’s modification (23), (25), the last term would be 

—0,00826 
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The data resulting from the analysis of the two-nucleon system (table 
6.432), 

x-‘ = 1.9-10-»cm . J = 43.7MeV. (29) 

correspond to ^-x^/M =11,5 MeV, and therefore 

h = 3,80. (30) 

However, if we adopt this value for b, and draw the graph >?i(r), we find 
for the extreme 

ro^l.84 . 0,464 

or ro~0,56£f . 5.3 MeV. 

i.e. too large a nucleon radius Tq and, above all, much too small an average 
binding energy* The relative contributions of to this result * 

are, in units • A, 

<§(0) = 0,97 . (§«') = — 1,H, (§(2) zz: 0,29 : (32) 

Such figures illustrate at the same time the considerable improvement 
effected by the second approximation (without it, we would get a maximum 
value of El 1,95 MeV) and the very poor convergence of the method. 

Conversely, we may try to determine the nuclear potential for which 
Euler’s formula would be in agreement with the empirical values of Tq 
and El. For this purpose, it is more convenient to take as energy unit the 
maximum zero-point energy which depends only on ro; we put 

accordingly, taking account of (72.75-10), 

Vi — (0) — Vi f — (0) — r2 ^ (33) 

and rewrite Euler’s formula and the condition of stationary energy in the 
form 


ri\ = -0,6 + 0.685 b' f^L (ro) + 0.00428 b'^ 0,036 f!Sc^] 

- j (34) 

0 = -1.2 + 0,685 b' To ^ h + 0.00428 b'^ rl -0.036 fili,]. 

arQ citq 

The second equation (34) allows us to determine 6' in terms of Pq, the 
first one subsequently to calculate the corresponding ri \. The empirical 
value rj'i = 0,60 is found to correspond roughly to 

roJ^2,6 , 6'2,05 (b;^6,93) (35) 

i.e. 


2,4 • lO'"*^ cm, J 49,6 MeV : (36) 

both range and strength of potential ought thus to be chosen appreciably 
larger than is indicated by the experiments on two-nucleon systems. As a 


* More exactly, we quote the values for r= 1,8. 
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kind of compromise, one might adopt for the purpose of numerical 
estimates, the set 

ro = 2,5 , fc = 4,2 (37) 

used by Watanabe [39]. Assuming Tq = id, the value ro = 2.5 corres¬ 
ponds to a range 2,33 • 10-^3 cm. The value b = 4,2 is that which, 

for such a range, would yield about the right binding energy for the 
deuteron But, of course, this range is much too large to Jbe compatible 
with the scattering experiments, and the average binding energy comes 
out much too low (:::i 4,1 MeV). 


From (34) we may derive an explicit formula for the velocity of sound 
in nuclear matter, as defined by (12.13—16): 


C^ = 


2Em 

9M 


0,6 + 2,055 b' r“3 [r^ _ 4 (r^ + 3 rg + 4)] 


(38) 


With the set of parameters (35), this gives 

*10-^ (39) 

12 . 22 , The momentum distribution. In the initial approximation, 
corresponding to the absolute zero of temperature for the degenerate 
Fermi gas of nucleons, the distribution of the momenta of these nucleons 
is simply described by saying that all the lowest states are occupied up 
to a limit fixed by the total number of nucleons. The effect of the nuclear 
interactions, by causing transitions from these states into unoccupied ones, 
will be to spread out this distribution in the neighbourhood of the limiting 
momentum lowering the density in momentum space below and 
giving rise to a *‘tair* in the distribution above this value. A quantitative 
study of this effect is due to Watanabe [39]. 

We again restrict ourselves to the consideration of a standard heavy 
nucleuf, i|i the stationary state described by the formula (4) above. Let 
Nn(n) denote the number (0 or 1 ) of nucleons occupying, in the con- 

figuration any one of the four substates of momentum p, characterized 
by an index n which stands for the spin and isotopic coordinates. The 

probability F{p) ■ 4.V{2n^)-^ dvp for a nucleon to have its momentum in 


the interval (p, p + dp) is then clearly defined by 


with 



avB[e-j-2'|a#.P 






e=l ifp<p(«l , « = 0 ifp>p<«. 


(40) 


* From a table (B &B, table III, p. Ill) calculated for a deuteron binding energy of 
2,15 MeV, it can indeed be inferred that when the range of the Gauss potential increases 
from 1,9 to 2,3 (10“^®cm), the b^value will become about 10% largeiv 
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the average having to be taken over the substates n. Assuming 

(41) 

a condition necessary for the rapid convergence of the approximation 
procedure embodied in formula (4), we may write (40) more simply 

F(p) = 1 11 _ av„ 2-1 a. P [1 - N.(n)] I (p < p'“') 


^(p) = X ^ 1 ^ 

/I u 


(P>P'°'). 


or, according to (6), 


F(p) = i- 1 


(occ) (unocc) 


(py)pp>|a|py»p«) 




pu) py py 


ip < P'S) 


(<^c) (un^c) {p^p pP \¥l\pp pp) I 


(?>(«)• 


In these formulae use has been made of the notation (12); the factors 
i account for the fact that the indicated summations over momenta are 
to be carried out independently of each other, whereas each pair of 

momenta pp, pp or pp, pp ought to be counted only once when performing 
the summation over the configurations ju in (42). The traces occurring in 

the numerators {pppp \ il\pppp) given by (12) arise from the averaging 
over the spin and charge substates; as above, we shall neglect the exchange 
term, with the coefficient tiO^PaPx* Performing again the variable sub¬ 
stitution (13) or (14), with the resulting formula (15), we finally put the 
expressions (43) into the form 

Pip) = X n — /? 9’occ(a:r)] (p < p<°>) 

(44) 

Pip) = X ■ ^unocclajr) (p > p<°>). 


^^itrO^.^[F(0)P 


[a'{a' + a"-u)r 


and 
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the domains of integration being defined by the inequalities 

for 9occ 
for 

9^unocc* 

The evaluation of these intricate integrals, carried out by Watanabe in 
the case of a Gauss potential, yields the expected results: he finds that, 
for any fixed value of r, (pocc increases when u increases from 0 to 1, 
while for u increasing further from 1 upwards, (p^nocc decreases rather 
steeply, tending to zero roughly as for u ^ co. For u = 1, there 

is in general a discontinuity of F(p); e.g. for the set of parameters (37), 
one has 



(Pocc(0)=:0A9 , 9^occ( 1) = 4,51 . (punocc(l) = 3,90, (48) 

while according to (45), (19) and (25) /Sr::: 0,116 : the corresponding 
distribution function F(p) is represented in fig, 72,22. 



Fig. 12.22. Momentum distri¬ 
bution in standard heavy nucleus; 

- zero-point Fermi 

distribution, 

-distribution due to 

nuclear interaction, 

. Fermi distribution at 

„equivalent” temper¬ 
ature. 


By allowing us to calculate a more accurate value of the kinetic energy, 

the determination of F(p) affords an alternative method of estimating the 
second order approximation to the nuclear energy. In fact, we get 


K/A=J 


(2«bf 


m 


= K\\+5 


du 97unocc(u;ro) f u^du <Pocc(«;ro)]!; 
i 0 


the correction term is just i.e„ by (3), — 6 ^ 2 )/^, For the para¬ 

meter values (37), Watanabe gives 


= 2,95/5 = 0,34, (50) 

but there is a serious discrepancy between this figure and that (;::^ 0,21) 
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resulting from (27) for the same choice of parameters. As, however, all 
numerical data of this section can have only an illustrative significance, 
we shall nbt try to remove this discrepancy. 

The modification of the momentum distribution brought about by the 
nuclear interactions is qualitatively of the same kind as that due to thermal 
agitation. It is interesting to compare the distribution (44) with that 
pertaining to an ideal Fermi gas (without nuclear interactions), the 
temperature of which is chosen so as to correspond to the same average 
kinetic energy (49). On account of the formulae (9.42-8, 10) and (50) 
with (9.4Z-4), this condition fixes the ‘"equivalent” temperature Tq by 

whence 

To = 0.29 Em ^ 7 MeV (52) 

by (9.41-5). It appears from fig. 12.22 that the graphs of the two 
momentum distributions offer indeed a striking similarity. 

We can finally estimate in how far the convergence criterion (41) is 
fulfilled. We have 


(occ) 

2'|a^P = i 2- 

I i 


(uoocc) ^ 

[eT'T if-lEF* + Ef )P 


= I u^du 9?occ(u:ro) = ^ A§ j du<p unocc (a:ro). 

0 1 


(53) 


which yields, according to Watanabe, 

2:\a^\^=lA8A^ = 0A37 A (54) 

for the parameter values (37). The convergence is thus quite bad, even 
for small integral values of A, and gets worse for heavier nuclei: the 
individual models become in fact more and more inadequate as the number 
of nucleons increases, and the saturation properties of the nuclear inter¬ 
actions come more and more to the foreground. Still, as observed by 
Watanabe, the relation (54) shows that results derived by the perturbation 
method on the Fermi gas model should formally be valid for A 1, and 
this remark may possibly lead to less pessimistic conclusions with respect 
to certain quantities depending in some simple way on the mass number. 

Thus, it follows from the fact that the probability F(p) • 41 /( 2 ^ 11 ? )~3 . 
according to its definition (40), is independent of A, that the same pro¬ 
perty holds for the expectation value of any quantity (e.g. the kinetic 
energy) additive with respect to the different nucleons : we would there¬ 
fore expect the pertubation method to yield a fair approximation for such 
expectation values. 
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In particular, this conclusion should apply to the average binding energy 
per nucleon, which, as we have seen, is also independent of A, in con¬ 
formity with the saturation character of the nuclear forces. If in spite of 
that no satisfactory quantitative agreement with the empirical data can be 
reached, it is because the model does not allow sufficiently for the 
markedly local character of the interaction of any particular nucleon with 
the others. It must be emphasized, however, that even Euler’s approximation 
means a considerable step towards the due recognition of the importance 
of local fluctuations in the distribution of the nucleons, arising from their 
mutual interaction: this will appear from a closer discussion of the spatial 
correlations between the individual nucleons, which are found in this 
approximation. 

12«23« The spatial correlations. In order to study the spatial distri¬ 
bution of the nucleons, we have to turn back to the correlation operator 
introduced in formula (8) or (9): in .fact, the diagonal matrix-elements of 
this operator (which is obviously spherically symmetrical) give the pro¬ 
bability for two nucleons of specified charge and spin to be at a distance 

r = 1^1 = — x(2)| apart. We shall distinguish two cases, according 

as the nucleons considered have or have not the same charge and spin 
orientation, i.e. do or do not belong to the same isotopic and spin substates. 
Two nucleons with the same charge and spin we will call corigruent if 
they differ either in charge or spin or both, they will be called non- 
congruent. The spatial correlation of a pair of congruent or non-congruent 
nucleons will then be measured by the total probability 

0(r) = ^(«l^|i). (55) 

the sum extending over the spin and isotopic states which correspond to 
congruence or non-congruence of the nucleon pair: congruent nucleons 
can be in any of the four states ^(r)±i ^(cf)±i» non-congruent nucleons in 
any of "^he other 12 possible states. Quantities pertaining to a pair of 
congruent or non-congruent nucleons will be distinguished by the respective 
suffixes 

In terms of the ordinary and mixed densities defined by (11.11-12, 13, 
23), the initial approximation to the correlation operator, given by the 
first formula (10), may be written 

Now, one leadily finds, with the eigenfunctions (1), 
e{x) = y 

e(x>'Kx<«)=:^G(r). (57) 

Like nucleons are nucleons of like charge, irrespective of the spin orientation (0.2), 
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with 


and therefore 


G(r) = 


3 

(rxr)^ 


(sin rxr—rxr cos rxr). 


ii\g\fr^-^y 2 [(‘Ml AP.I/) G^(r)]. 

The spatial correlations are, in this approximation, 

P® (r) = • 


(58) 


(59) 


We see that, even in the absence of any nuclear interaction, there is some 
correlation between congruent nucleons: while non-congruent nucleons arc 
uniformly distributed, congruent ones tend to repel each other (fig. 12.23): 
it is this well-known effect of the exclusion principle which, as shown by 
(58) in connexion with (9), gives rise, in the next approximation, to the 
exchange energy and thereby to the saturation property of the nuclear 
forces. 




Fig. 12.23. Spatial correlations between 
congruent and non-congruent nucleons. 
The dotted lines represent the initial 
approximations gi^), in which no account 
is taken of nuclear interactions. 


The next approximation * 

= [Kioiflo™ W-(. |OP.P,|flG<«Jr)] 


= I (A)’/"-" (60) 

. Giurt = 5 (^)’ r*' I ■?+i) 

\ / J u'{u' + u" — u) 

(domain of integration defined by 

shows that the nuclear interaction, besides modifying the spatial correlation 


• This approximation has been Investigated by VOLZ, but only a short account of his 
results, including fig. 72 . 23 , has been published (V. WEIZSAcker [ 38 ], p. 216 ). 
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between congruent nucleons, also brings about a spatial correlation between 
non-congruent nucleons; in fact, using the expression (5.2-7) for O, we 
find for the relevant coefficients 

2L («• IOI 0 = 2L (t 10 P, P. 11) = - 4. V = i 

(11011) = - 3 {H + ‘s) - Cp + V) = -1 (61) 

2^ {i \OP.Pr\i) = + 3 (h + >5)_(3p + ip) = 6 (1 + q) —I. 
the numerical values following from (11.33-12, 13). Accordingly, 

■ gm 


1 


= + 


4^2 

1 


ferp 

4 

bro 


4V^ 4n^ 


iiGz-G^:u) 




(62) 


Clearly. > 0; since, moreover, b > 0 and > 0, we see that 

the effect of nuclear interaction is to widen the ‘‘hole'* in the spatial dis¬ 
tribution of congruent nucleons around a given one, while non-congruent 
nucleons tend to accumulate in the vicinity of this nucleon (fig. 22.23). 
In other words, the density fluctuations resulting from the nuclear inter¬ 
actions favour the formation of clusters, the simplest (and therefore most 
frequent) of which consist of four nucleons in the four different spin and 
isotopic states; such clusters, which have a structure akin to that of a- 
particles, we shall call a-c/usters. 

The second order contribution g(-) to the nuclear energy is intimately 
connected with the spatial correlations between the constituent nucleons. 
By inserting (60) into (9) and expressing the G(^)’s in terms of the 
with the help of (62), we can indeed put into the form 


g(2) I . AWnll / J(r) rfp( 2 ) [a^pO)(r) + (r)]: (63) 


the coefficients a_, are easily calculated, taking account of (21); 


1 +3q + 7q^ + 9q ^ 

1+q 


l+q^ 

1 + 


(64) 


The negative correlation function has a positive coefficient, and vice 
versa. The fact that <S^2) is thus always negative receives a simple inter¬ 
pretation in that the formation of clusters has obviously the effect of 
increasing the binding energy (in absolute value). As a matter of fact, one 
may say that the reason why the above estimate of leads to such a 
poor quantitative result is that the individual nuclear model used as a 
starting point, although implying a tendency to a-clustering, does not 
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allow one (so to speak) to take advantage of this feature in calculating 
the binding energy: the strong binding of the particles forming an a-cluster 
is not properly taken into account. In fact» it is just this clustering which 
allows the full saturation of the nuclear bonds to come into play and 
thereby accounts for by far the greatest part of the binding energy. In 
the nucleus for instance, from a total mass-defect of 127,16 MeV an 
amount of 112,80 Me^ could be attributed to four a-clusters with the same 
binding as normal a-particles. The question therefore naturally arises 
whether a model in which the existence of a-clusters would be recognized 
from the outset would not yield better results. This leads us to an 
examination of the a-particle model and other models of the collective type 
(9.22), which will be dealt with in the next Chapter. 

On account of its connexion with the density fluctuations or spatial 
correlations of the nuclear system, the second order energy 6^-1 has been 
termed by Euler fluctuation energy and by Wigner correlation energy. 

The correlation energy has especially been discussed by WiGNER 
[34a, b] in connexion with the problem, formally very similar, of the 
metallic state. In this case, one has simply (for electrons) 

ZC + -‘U y {[p<?'(r) + 9'^(r)] + i [^"’(r) + 9'^{r )]! 

and the correlation turns out to be negative for electrons with opposite 
spins as well as for those of like spins, i.e. any two electrons tend to keep 
as far apart from each other as possible. As a result, the electrostatic 
repulsion between them is decreased, and the correlation energy accordingly 
means a tightening of the binding. The effect of correlation is also of some 
importance, as pointed out by GOMBAS [43], in calculations of the energy of 
the stationary states of heavy atoms and ions by means of the Thomas- 
Fermi method: the correlation energy here appears as a generalization of 
the polarization effect met with in the treatment of the Helium atom 
(Bethe [33], p. 339). 

12.24* The virial theorem. As in atomic theory, the virial theorem 
yields an exact relation between the mean kinetic energy K and the 
potential energy of a nuclear system: its usefulness in this field has first 
been emphasized by Hill [37]. For a potential of the type 

the virial theorem can be expressed in the form ( Watanabe [39]) 

K = i av grad«>) (i H i av « ~ . (65) 

/ i,k 

Now, we may certainly assume that the distance dependence of the 
attractive nuclear potential will be such as to imply, quite generally, 

av^(;.|V„„ci|)<0; (66) 

therefore 

(67) 
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This inequality seems indeed to hold generally for actual nuclei. Since 
the mean kinetic energy per nucleon K, in the initial approximation of the 
Fermi gas model* is about equal to the empirical value of the total energy 

per nucleon* the ratio KI\V\ should be about J in this approximation 
in order to yield the correct binding energy: and any improvement bn this 
approximation will tend to increase it {9A1). 

12*3* Penetration of fast nucleons into heavy nuclei 

12*30* With the view of interpreting the disintegration **stars" observed 
in photographic emulsions exposed to cosmic radiation {7,14), HEISENBERG 
[37] has performed a detailed analysis of the collision between a heavy 
(Ag or Br) nucleus and a very fast nucleon (with an energy of a few 
100 MeV, say). In passing through the nucleus, the impinging particle 
v/ill communicate part of its energy to several constituent nucleons, which 
may be knocked out of the nucleus and thus produce in the photo¬ 
graphic emulsion a **star** of tracks diverging from the spot occupied by 
the nucleus. Owing to the strong coupling between the nuclear particles, 
only those nucleons will actually be able to leave the nucleus which have 
acquired a sufficient energy in a collision taking place near the surface. 
The energy distribution of these nucleons, which can be derived 
empirically from a detailed study of the tracks (Wambacher [40]), will 
primarily depend on the cross-sections for the collisions between the 
impinging fast nucleon and any one of the constituent nucleons, the states 
of motion of which may be assumed to form a Fermi distribution at the 
absolute zero of temperature. Our first task will therefore be to calculate 
this cross-section for a given transfer of momentum. 

12*31* Differential collision cross-section. In computing the differential 
cross-section, we shall use the non-relativistic expression (8.2-1) for the 
nuclear potential: this is permissible as long as the momentum transfer is 
small com^pared with M, — a condition not very well fulfilled for the 
largest m<|mentum transfers possible with an impinging nucleon of a few 
100 MeV energy. For such large momentum transfers it would be desirable 
to carry out a more refined calculation with the help of the meson field 
theory of the nuclear interaction: however, we shall presently restrict our¬ 
selves to cases in which large momentum transfers occur with negligible 
probability. We shall further assume that we have to deal with a standard 
heavy nucleus, and we shall neglect any electrostatic interaction with 
the impinging nucleon. Since this nucleon is a very fast one, Born's 
approximation may be used, and the differential cross-section takes the 
form 

<‘S = -^v-^\V\V,^lf)l’d„r. , ( 1 ) 

V is the volume of the nucleus, the initial velocity of the impinging 
particle, dn/ the number of stationary states per unit energy of the system 
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after the collision, and («|Vnuciff) the matriX'element of the nuclear 
potential, which, according to {12.11-4), can be written 

(i\Vn^x\f) = J«'^)ii\0\f)-Ju>p{p’)(i\OP.Pr\f) (2) 

With P = P/’—P/’ • p' = p‘/’—p*/*. (3) 

the momenta further satisfying the conservation law 



(4) 


We are at liberty to take either of the quantities p or p' as representing 
the transfer of momentum involved in the particular collision we are 

considering; the initial momenta being given, either p or p' (together with 
the spin and charge variables) completely specifies the final state. In fact, 
by (3) and (4), we have, e.g., 


P/’ = P'/*—P • P/’ = Pr^’ + P- (5) 

Let us introduce polar coordinates in momentum space, choosing p^^*^ as 

”>• 

polar axis and measuring the azimuths from the plane The angular 

coordinates of the vectors p^p,pmay be denoted by (©,0) and ('&»<p)» 
respectively; we put 


and get from (5) 


C = cos ^, z = cos © 


pirn p(l)2 -f- p2 — 2pp^/^ C 

p^P^ = p( 2)2 -j- p 2 ^ 2 p pW [z C + y 1 —1 cos 9?] . 


( 6 ) 

(7) 


On account of (7), the equation of energy conservation * 


£}'> + £f>=r£y' + Ef (8) 

establishes a relation between p, 93 , f and the initial momenta; consequently, 
p' can in principle be expressed in terms of the initial momenta and of 

two of the variables p, <p, C- In particular, for p<?^ = 1 : 0 , the right-hand side 
of ( 8 ) depends only on p and f, so that, for a given momentum transfer p, 
the number dnf of final states per unit energy is simply 


V 


dC 

d(WTEr) 


'{2nf!) 


nr(*) 

,p^dpd<p-^, 


( 9 ) 




It will be convenient here to use relativistic energies, denoted by the letter H. 
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on account of (8) and (7); for small momentum transfers, the 

factor between brackets reduces to unity. The value of ^ in terms of p 
and p^/^ derived from (8), shows that in the case of small p, 

f<l (forp<p(^)); (10) 

this means that in most collisions (for small momentum transfers are the 
most frequent), while the deviation of the incident fast particle is only very 
small, a struck nucleon initially at rest recoils in a direction almost at 
right angles to the path of the fast particle. Since in our case all pf<^p^Pf 

this conclusion (10) remains valid when the restriction pf = 0 is dropped; 
likewise, the expression (9) for c/n/ remains approximately true. 

The absolute square of the matrix-element (2) contains the absolute 
squares of its two terms, with coefficients \(i\0\f)[^ and \{i\0PrPr\f)\^, 
and two cross-terms, with coefficients (i\0\f)(f\0 P^ Pr 1 1 ) and 
(ilOPcrPrlf) (f|O|0* If we are only interested in the average cross- 
section for any spin or charge state of the interacting nucleons, we have 
to sum over the different final spin and charge states and to average over 
the initial states. This amounts to replacing the coefficients of the absolute 
squares just mentioned by the trace tr O'*-’ and those of the cross-terms 
by I’g- tr O'^PaPu A considerable simplification is obtained by adopting 
Watanabe’s device (12,21-23) of putting the latter quantity equal to zero, 
and thus getting rid of the cross-terms. The value of tr 0- is then given 
by (12,21-25), Using the notation (12,11-3), we may therefore write the 
average differential cross-section in the general form 


cf<S = 0,52 D2 


^ L i?* . 


+ 


t}x 



+ p^-M\ 

..... 


pdpd<p, 


( 11 ) 


with 



L 


l 

X * 


( 12 ) 


For small momentum transfers, i.e. p pp, the contribution from the 
second term, involving p', will be much smaller than that from the first 
term, since p' will be larger than p and the Fourier amplitude F(p/f}x) is 
a decreasing function of its argument. Formula (II) therefore takes in this 
case the simpler form 


dS^ 032 


yjpMi 


pdpd<p (p <?•/>). 


(13) 


For a collision of small momentum transfer involving a definite spin and 
charge transition, the differential cross-section is obtained simply by 
replacing in (13) the average factor 0,52 by \(i\0\f)\^* The collision 
process can then be analyzed somewhat niore closely. If account is taken 
of the saturation conditions (11,33-7), the factor l(t|01 HP can be split 
into a function of the spins only and a further factor j(f1 f)p 
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depending only on the charges of the colliding nucleons. If we average 
this last factor over the initial isotopic states of the struck nucleon, we find 
i 2 *|(f \f)\^ independently of the final isotopic state of the nucleon. 

This means that after the collision, the struck nucleon is as likely to be in 
a proton as in a neutron state. On the other hand, the relative probabilities 
of the impinging nucleon remaining or not in the same isotopic state after 
the collision are as 1 to 2 . 


12*32* Total collision cross-section. Let us now calculate the total 
cross-section 5iE) for all collisions in which the final kinetic energy of 
the slower nucleon is ^ E. The condition ^ P, P being the momentum 
corresponding to the energy E, fixes the lower limit po of integration over 
p; if P is assumed to be small compared with p^^ we may use ( 10 ) and 
get from (7) 

p2 = p2 _ p(?)2 — 2 pg pf ]' 1 cos 95 ( H) 

i.e, 

Po ^ i 1 ’-' 2 ? cos 9 + )/P^ — p</>2 (sin^ (p + cos^ cp), (15) 


The upper limit of integration over p is the absolute value of the momentum 

transfer p^ corresponding to an equal distribution of momentum in the 

—► —► _ 

final state, We have thus to integrate d§ over p from po to pj, 

and average the result over the Fermi distribution of the initial 
momentum p^p. 

The calculation can most easily be performed upon the assumption that 
large momentum transfers play only a negligible role; for this means that 

one may use the reduced form (13) for dS and integrate over p up to 
infinity instead of p^, which affords considerable simplification. On the 
other hand, this assumption is only fulfilled for types of nuclear potentials 
involving a sufficiently fast decrease with increasing distance, i.e. a suffi¬ 
ciently fast decrease of the Fourier coefficients F(p/hy^) with increasing p. 
We shall presently see that this condition means a considerable restriction 
in the application of the theory, and it would certainly be desirable to 
extend the calculations beyoud their present scope. Starting from formula 
(13), we write 


/“c/5 -0.52 g(polh>c)d<p, 

Po 


Q{x) EE fp^ia) u du; 


accordingly, 


+1 


nW 


2 * 


S{E)==0,52T)^-ifdz--^JpT^dpfjg{polflx)d<p. 


(16) 


(IT) 


Po being given by (15), and pjj? denoting the maximum momentum of the 
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zero-point distribution, as given by {12.13—10, 8); the corresponding 
maximum kinetic energy will be called Expressing momenta in terms 
of pj®, we put 

y/n t'm ' t/n 

Formula (17) then takes the form 

5{E) = 0.52 • I f dz f dy f dtp g{rBo). (19) 

-10 0 

with Uq = Po/Pm given, according to (15) and (18), by 

Uq = — y y 1 — 2 ^ cos (p + (sin^99 + co^tp) . (20) 

This last formula, as well as (19), can be put into a much simpler form 
by a change of variables indicated by Bagge [39]: it consists in going 
over from the polar coordinates (y» &*<p) to cylindrical coordinates 
^xis of which is the perpendicular to the axis of the polar 
coordinates in the plane of origin of the azimuths (p: A is the distance from 
the origin measured along this axis, q the normal distance from the axis, 
and yj the azimuth around it. Therefore, 

X = y sin & cos 9 ?, Q= iy ^—, cos rp = -- cos @ (21) 

and 

uo = — ^ + : (22) 

further, the integrations in (19) must be replaced by 

27% \ + 

I dtp f Q dg / dk,..» 

0 0 

Thus, with the new substitutions 

JC = ruo = r (—2-h g*) 

a = ry'l— 

(19) is reduced to the form 

S(E) = 0.52-|DV(r.»?). (23) 

with 

r Vr"(9''-l) + «'' + « 

f{r,rj) — 2nr~^fudtt / Q(x)dx 

= ^r-3 I [2rHv^-h\)-:^-:^{rf-mQ{x)dx. 

T K»-I) TT 


( 24 ) 
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the second expression for following from the first by elementary 

transformations. 

The cross-section <S(E) directly gives the number n(E) of secondary 
particles with a kinetic energy ^ E produced on the average within the 
nucleus by a single impinging nucleon: 

n{E) = ^g(E). (25) 

However, only a fraction of these secondaries will be able to escape from 
the nucleus, the rest dissipating their energy in the form of “heat” by 
collisions with other constituent nucleons. We shall now try to get an 
idea of the efficiency of such collisions in slowing down a nucleon pene¬ 
trating into nuclear matter. 


12.33« Energy loss of a fast nucleon in nuclear matter. The mean 
energy loss of a fast nucleon of initial velocity per unit of path in 
nuclear matter is 


-dr=-v- I A-.bT 3 “/ iET-E?)ds, 


V 


„( 0)3 

t'm 


(26) 


dS being given by ( 11 ), and the integration over p extending from a 

lower limit defined (on account of the exclusion principle) by 

up to the upper limit pj. With the same restriction as above, we may 

replace dS by its reduced expression (13) and the upper limit of 
momentum transfer by infinity; using the unrelativistic expressions for the 
energies E^p and E^, and taking account of ( 10 ), we can then put (26) 


into the form 
dE{'* A 


ds 


V 


rr(0) 


+1 


J • 0,52 £)^ I dz / dy f d(p • 


-1 


(27) 


• / F^(r u) u c/u [u^ + 2 u y y 1 —cos 9 ?]; 

Vi - 2“ COB y 

going over to Bagge’s variables ( 21 ), we get 


dET . 

ds 


V 


-( 0 ) 

-m 


0,52 02 • 




r 2 0 


+ V)-e' 
fgdg I dX ■ 


(28) 


,f _ F?(a) u.d« (u* + 2rAu). 

r(-X+ 

After performing the variable substitution 

jc'=:r(— A+ yi —p^), tt' = r yi—(p 

and some obvious partial integrations, and using (72./3-10), this finally 
becomes 

5 ®"’ = ~~ 0.52 02 • ■ a ( 29 ) 


6 
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with 

y’ 


FHu) du . 


(30) 


It is remarkable that we would have obtained exactly the same result 
if we had assumed all struck nucleons to be initially at rest. In fact, 
wc should then write 


ds 


7 {Ef-M)d8 





which is just (29), (30) This result is in conformity with a general 
property first enunciated by WILLIAMS [38]: the mean energy loss per 
unit path o[ a fast nucleon within a nucleus is the same as though the 
constituent nucleons were at rest and independent of each other, irrespec-^ 
tive of their actual interactions and states of motion. The physical reason 
for this behaviour is primarily the short range of nuclear interaction. When 
considering the passage of a fast nucleon of velocity /Jc at a distance r 
from a constituent nucleon, one has to compare the “time of collision'* 

(r//Jc) ]/1—with the “natural period" 2ro/v of the bound nucleon; the 
latter time is that necessary for the nucleon of mean velocity v to cross 
the “cell" of dimensions 2fo within which it is on the average confined 
by its binding to the other nucleons. If the time of collision is long com¬ 
pared to the natural period, we have “adiabatic" conditions and the course 
of the collision is essentially affected by the state of binding of the con¬ 
stituent nucleon; in the opposite case, when we have a “sudden impulse", 
the collision takes place as if the colliding particles were free. This last 
behaviour thus prevails as long as the distance of closest approach r is smaller 

3 c 

than seme^ critical distance of the order of magnitude • 2ro* 

yi_^2 V 

But if the impinging nucleon is very fast (j8;::^ 1), this critical distance 
is many times larger than the range of the interaction between the colliding 
particles. As the distance of approach increases, any interaction will 
therefore altogether cease long before adiabatic conditions could at all 
set in: inside the range of interaction, we have just the conditions of sudden 
impulse. This argument makes it clear that Williams’ theorem should be 
of yery wide scope indeed. 

It will be observed that the integral U exists only if F(u) decreases 
faster than u~2 for large u; this limitation on the admissible types of 
nuclear potentials is a necessary condition for the validity of our simplified 


* Baqqe [39] verifies the same property lor the special case of a Gatiss potential in 
an unnecessarily complicated manner. 
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treatment (Rosenfeld [45^]). In fact the breakdown of the theory caused 
by the divergence of H cannot, in view of Williams* theorem, be attributed 
to the use of the Fermi gas model; nor is there any cogent reason to doubt 
the legitimacy of Born’s approximation in calculating the collision cross- 
section. The divergence of H is an indication that we have to take a more 
careful account of the contributions from collisions with large momentum 
transfers. The table 1233, which contains the explicit expressions for the 
quantities F(u), Q-ix) and H for various types of nuclear potentials, 
shows that the restriction imposed upon the choice of the distance depen¬ 
dence of the potential by the convergence of ff is a very severe one; in 
particular, it is unfortunate that the meson potential has to be excluded. 

In the case of the well and meson potentials, the logarithmic divergence 
of H can be traced to the occurrence of an infinite field intensity at some 
point (at the boundary of the well or at the centre of the meson field of 
force), as a result of which the frequency of large momentum transfers is 
increased. To be sure, it would be possible to avoid this by a slight 
modification of the potential: in order to make H convergent, we have just 
to “round off” the shape of the well: 


w{^) =1-4 for 0 ^ ^ 1 

w(^) = 4 for 1 ^ f , 

or to “cut off” the singularity of the meson potential: 

const for 

w(^) = for f > fo • 


(31) 


(32) 


But, of course, the convergence of H alone is not sufficient to justify the 
application of our approximate treatment. Actually, the Gauss and 
exponential potentials are about the only important instances of nuclear 
potentials for which this treatment can be trusted. 


12.33, The quantities F{u), ff(x) and H for some types of nuclear potentials 


Potential 

«>(« 



H 

Well 

- 

— [sin u — a *os u] 
a ji a 

~ [sin^ X - jc sin 2 jc + 

CO 

Gauss 

e-f 


- c-*“/2 

Jl 



2 


4 

Meson 


2 

l+H* 

2 

1 + x^ 

! - 

00 

Exponential 

e-2t 

1 • 1 

1 1 

1 

2 (l+i«|2)2 


6 
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12.34. Range of fast nucleon in nuclear matter. The right-hand side 
of equation (29) contains the energy £•'> through the factor 



which occurs in according to (12).The integration of (29) consequently 
yields for the range of the nucleon of initial energy in nuclear 
matter 




1 


I • 0,52 


-JL(iy 

(xropVM/ 


ro 


(33) 


Working out this formula for a Gauss potential, with the numerical data 
(12.21-29) and tq = id, we find 


(E?^-Mf 
ME?^ ' ■ l6T-ro-3 ■ • 


(34) 


The exponential potential (table 6.432) lea(ds to a very similar result, the 
factor 2,64 in the denominator being replaced by 2,97. In order to traverse 
a 80Br nucleus a nucleon must, according to formula (34), have an initial 
kinetic energy of at least 155 MeV. On the other hand, for a kinetic 
energy of about 50 MeV, the range amounts to only 0,1 of the diameter 
of the Br nucleus. 


1235* Theory of disintegration stars. In view of the last estimates, 
we shall assume, following Heisenberg, that only the secondaries released 
in a superficial spherical shell of thickness (47t/3)i ro ^ 1,6 Tq with a 
momentum directed outward are able to escape from the nucleus, provided 
their total kinetic energy E is larger than the mean potential energy | ^ | of 
the nucleus. In the nuclear model here adopted, the latter quantity is 
+ e being the absolute value of the mean binding energy of a nucleon 
(2,21); the ejected nucleons of energy ^ E are therefore observed 
outside the nucleus to have a kinetic energy ^ Eo» with 

Eo~E-(E^^ + b), (35) 

Their mean number per impinging nucleon is 

~ \1 volume of shell 



( 36 ) 
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owing to (25). Inserting (23) with the expression (12) forD, we get, 
for the Gauss potential, and tq = ^d. 


The distribution function t;) can in this case be evaluated expli^ 

citly; it was first derived by Bagge [39]. Putting it may be 

written as 


with 


fairo^v) = — 9[i^a{v+^)] 

g{x) = iv^-iy + («?^ + D- 1 ] [ 1 -<I»(a:)] 


(38) 


and 


“ 32 ^^ _ 


2/?? 




JCC~ 


0 


For ^ I. /5 q > 2. it reduces approximately to gli/Sgiv 1)]. while for 
one gets, with the help of the asymptotic expansion of 0(x), 


£t ^ V 




(39) 


Take, e.g., a nucleon of initial kinetic energy 465 MeV (i. e. £}'VAf 
= 3/2) colliding with a ^Br nucleus; the minimum kinetic energy of the 
expelled secondaries is, according to (35), Em + « with c 8.6 MeV, 

corresponding to 1/1 + v ^ (9.4/-’5). Since, moreover, 

r C/71 

y = 1.8. 1.6-^ = 1,01, /o(2.07; 1.16) s; 0.88. 

we get from (37) for the total average number of secondaries per collision 

no(0)^^O.H; (40) 

this represents 0,35 • (2,07; 1.16)//^ (2,07; 1) = 0,35 • 0,88/1,44 = 0,22 

of the total number of secondaries generated within the nucleus. 

The experimental material has been carefully analyzed (Bagge [39], 
Ortner [40]) with a view to obtaining statistics of the numbers of 
particles of definite energy composing the disintegration stars. The order 
of magnitude (40) derived for the total number of particles seems rather 
too low to account for the results of observation. This discrepancy led 
Bagge [39] to suggest a somewhat less direct mechanism of production 
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of the stars: the impinging cosmic ray particle would, by an “explosive* ** / 
process, give rise to several nucleons of high energy, which would then 
release by intranuclear collisions the particles constituting the star. 
This hypothesis would in any case uphold the proportionality between the 
mean number of star particles of energy ^ Eo and the function f (r, 
which characterizes the underlying collision process and in particular 
embodies the dependence of its cross-section on the range of the nuclear 
potential. Such a proportionality 

"no(Eo)-^M (41) 

is all that is required to derive from the observed numbers of particles 
no(Eo) a determination of the range. 


1236* Determination of range of nuclear force. The available statis¬ 
tics (Ortner [40]) extend from Eo=10MeV to Eo = 50MeV; taking 
again e = 8,6 MeV and allowing for the variation of E^^ around Em 
for varying tq, we are interested in values of rj lying in the interval 
1,1 < ^ < 1»85, while we expect to lie between 2 and 2,2. Now, when 
fj and Tq vary within these intervals, it appears that the function fgivQt rj) 
can to a fair approximation be represented by 

By (12.13-10), {18), (35), wc have 


^G = ^^h = ^2 Em . + const, 




SO that * 


logio fo - const 0,233 ^ j q jg 


or, expressing Eq in MeV, 

logic fo — const — Eo j^O, 


0288 


{xdy 


+ 0,0096 




(43) 


It will be observed that, although fg strictly speaking involves not only h 
but ako fo* it is so insensitive to variations of the latter parameter as to 
provide a practically unique determination of the former; at any rate, any 
uncertainty as to the proper choice of the numerical value of Tq is by far 
outweighed by the margin of error of the experimental data 

The range determination for the Gauss potential with the help of (43) 
has already been discussed in 7.14. 


* It seems as though the difference (35) between Eq and E had disappeared from 
the expression for logiof^; but actually, the numerical coefficients would be different for 
another range of variation of 

** This point is not sufficiently stressed by Heisenberg nor by Bagge. 
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COLLECTIVE NUCLEAR MODELS 
13«L The €;;-particle model 

13*10* The occurrence of a-clusters (12,23) in a nucleus is, of course, 
something quite different from a structure built up of a-particles keeping 
their individuality: the a-clusters lack the permanence of such a-particles: 
the nucleons which at some time have joined to form an a-cluster will 
soon separate and enter other transient clusters. Even so, one might 
presume that the life-time of an a-cluster would be sufficiently long to 
cause the nuclear structure to bring out at least some features of a model 
consisting of an assembly of permanent a-particles (and additional loose 
nucleons) bound together by suitably defined forces: compared with the 
individual models, such an idealisation would approximate the true nuclear 
constitution so to speak from an opposite direction. In the early work 
along these lines, the interaction between the a-particles was assumed to 
have the properties of the van der Waals attraction between the molecules 
of a liquid: in particular, most of the argument was based on the assumption 
that the a-particle forces were additive, i.e. that the total interaction 
of a system of a-particles was the sum of the interactions of adjacent 
pairs. A closer investigation, however, shows that this will not be the case 
unless the elementary law of interaction between two nucleons involves a 
sufficiently strong residual attraction of the ‘ordinary’* (non-exchange) 
type and of longer range than the bulk of the force. If this rather artificial 
assumption is not made, it is found that the van der Waals force between 
two a-particles, in sharp contrast with that between molecules, has a 
shorter range than the first order “exchange” forces: and this fundamental 
difference makes the analogy of the assembly of a-particles with a liquid 
droplet quite untenable. The resulting situation would rather suggest a 
comparison of a-particle interactions with the chemical binding forces 
between atoms: just as the latter arise from exchange of electrons between 
atomic systems, the former are primarily conditioned by the exchange of 
nucleons between the a-clustcrs. The properties of a nucleus envisaged 
as a quasi-molecular aggregate of a-particles are, then, not so rigidly 
dependent on the conception of these particles as permanent units: its state 
of motion, e.g., will be describable in terms of rotations and vibrations, and 
for a legitimate use of such a description, it will suffice that the periods 
of these motions be short in comparison with the life-time of an a-cluster: 
this condition will allow us to determine the validity of the conclusions 
which can be derived from-the model In this section, we shall in turn 
discuss the different points of the preceding argument. 
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13.11* Empirical evidence on a'-particle interaction* Wc shall begin 
by an examination of the empirical evidence bearing on the problem of 
the interaction between two a-particles. This material which has been 
subjected to a critical analysis by Wheeler [41a, b], consists of data on 
the scattering of a-particles in Helium [41a] and on the nucleus 
[41b], On the conception under discussion, the latter nucleus would just 
consist of two a-clusters and thus be comparable to a symmetric diatomic 
molecule. However, its ground state is not a state of binding, but a iS 
virtual level of about 0.125 MeV energy. Further, the existence of an 
excited state of about 2,8 MeV above the ground state, first recognized by 
Dee and Gilbert, has been well established by subsequent experiments. 
Additional information on this and other excited states of the system of 
two a-clusters may be derived from the analysis of the scattering experi¬ 
ments. 

The scattering of a-particles by Helium can be treated quite similarly to 
the proton-proton scattering discussed in 7*11, with the simplifying circum¬ 
stance that the identical scattering partners in this case have no intrinsic 
angular momentum and obey Bose statistics (1,22). Accordingly, only the 
waves of even orbital momentum contribute to the scattering cross-section, 
and from formula (7.11-14), — in which a now means 4e-cll)v owing to the 
double charge of the a-particle — we readily find that the ratio of observed 
to purely classical (Rutherford) scattering cross-section can be written 
as I SR 1SR being the complex quantity 


^ = % (©) + 91, g _ @) + 2* 91/ (0) (1 -e^ 

^ even / 


%m=- 


COS'* 


g—/a log sin* 


] sin^ 0 + cos^ 0 

<»)=-T ^ 2 ») e ' i. : 


( 1 ) 


the two first terms represent pure Coulomb scattering, the interference 
between them giving rise to the characteristic deviation from Rutherford's 
formula, first predicted by Mott; the last sum is the contribution from the 
anomalous scattering due to the proper nuclear interaction between the 
a-particles 

In an Argand diagram, 5R is represented by a vector, the length of 
which is known from observation in terms of scattering angle 0 and 
energy E of the impinging particles. On the other hand, it appears, accor¬ 
ding to (1), as the resultant of a number of vectors, of which those 
representing Coulomb scattering are completely fixed for any given 0 
and E, while those representing anomalous scattering are only known in 


One has yU) — : 


: 2 arctg a/k. 

k:sl 
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length, their directions depending on the phases Provided we can 
restrict ourselves to the consideration of the few first values of / (in fact. 
/ =:: 0, 2, 4). it is then possible, by an elegant graphical procedure described 
by Wheeler, to determine for each energy value one or several sets of 
possible values of the corresponding phases The analysis of 

the available experiments, which for a number of scattering angles in the 
interval 5® ... 45°. extend over a range of energies E 1.5 ... 8,5 MeV, 
finally leads to two * acceptable sets of phase functions (E). 
tfW(E). 

In order to make a choice between these two, account has to be taken 
of the excited state of the ^Be-nucleus at about 2.8 MeV: this leads us 
indeed to expect a resonance phenomenon in the scattering of a-particles 
of about 5,6 MeV kinetic energy. According to general dispersion theory 
(for details, cf. Wheeler [41a]). the phase of the partial wave having 
the same orbital momentum as the state in question will increase by about 
n in the vicinity of the resonance energy. Only one of the two solutions of 
the scattering problem satisfies this requirement, and is thus definitively 
accepted: the phase exhibiting the resonance behaviour is <5(0), indicating 
that the Dee-Gilbert level of ^Be, like the ground state, must be a level; 
this conclusion, as shown by Wheeler [416], is in agreement with other 
evidence concerning the yields of nuclear reactions which involve this 
excited state. Moreover, its half-width can be estimated, by a closer study 
of the variation of 6(o) energy, to be V 0,8 MeV (corresponding 
to a mean life b/c/’i^0,8 • 10~2i sec), also in agreement with previous 
inferences from nuclear reactions. 

The behaviour of 5(2) (E) points to the existence of a much broader 
excited state of ^Be with excitation energy of about 4 to 5 MeV. From 
the fact that the phase 5(4) takes appreciable values only for E > 6 MeV, 
i.e. [by formula (5.74-28), applied to the Coulomb potential] for a distance 
of closest approach shorter than 9 • 10~i3 cm. one can finally infer that 
this last figure represents an upper limit to the range of interaction 
between two a-particles. 

1342^ Theory of the interaction between two a^-particles. Unfor¬ 
tunately, there is as yet no complete theoretical treatment of the interaction 
between two a-particles, and therefore no quite definite conclusion about 
the character of this interaction can be reached; in fact, on the basis of the 
fragmentary discussion hitherto performed by various authors, either of 
two sharply opposed standpoints can still be maintained. The procedure 
followed in all the published ** investigations of this problem is a simple 

A third set of phases which also gives a good fit with observation must be rejected 
because the phases <5(2), decrease instead of increasing for small increasing values 
of the energy. 

A treatment based on the method of resonating group structure (13.3) has 
been announced by WHEELER [37a]» but not published. 
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application of the Hartree-Fock variational method (9.21) to the system 

of eight nucleons constituting the two a-particles: the vector R joining 
their centres of gravity is, however, — just as in the analogous mole¬ 
cular problem, — regarded as a parameter. The interaction energy 
between the a-particles is obtained as the difference between the total 
energy of the system and that of two separate, non-interacting a-particles 

(calculated by the same method). Let ( 1 '= 1,2, 3,4) be the radii 
vectores from the centre of gravity of an a-particle to its constituent 
nucleons. The Slater-determinant of our ^Be-system, considered as an 
aggregate of two a-clusters, will then involve only two distinct spatial 

eigenfunctions of individual nucleons, viz. (p(x^^^) and <p(R — 

(i =: 1,2, 3, 4), which must be multiplied by the appropriate spin and 
isotopic eigenfunctions; since these spatial wave-functions are not ortho¬ 
gonal, the Slater-determinant gets an additional normalizing factor 

{1 — [/ <p(x) qp(R — x)dvp)-^. 

The result of the first approximation of this calculation will very sensi¬ 
tively depend on the ‘'exchange*' properties and distance dependence of 
the elementary law of interaction between two nucleons. The difference 
between the potential energies of the ^Be system and the two separate 
a-particles represents an attractive potential for all values of the distance 
R between the a-particles, with approximately the same range as the 
nucleon interaction potential; the repulsive contributions from the differen¬ 
ces of kinetic and Coulomb energies will clearly predominate both at small 
distances, owing chiefly to the increase of the kinetic energy of the ^Be 
system, and at large distances, where only the long-range Coulomb energy 
subsists. But the behaviour of the interaction energy at intermediate 
distances will, as emphasized by Inglis [41], critically depend on the 
properties of the nucleon interaction potential in the domain of distances 
exceeding ks range. If this potential has a sufficiently strong “tail’*, or 
residual intensity, the attractive part of the a-particle interaction may 
become large enough at such intermediate distances to overcome the 
Coulomb repulsion; if, moreover, the “tail** of the nucleon potential is of 
the ordinary type, the resulting net attraction between a-particles will 
have the additivity property of intermolecular van der Waals forces. In 
general, however, the outcome will be a first order repulsion at all 
distances, and in order to account for the binding of a-particlcs it will be 
necessary to investigate higher approximations. 

As a potential giving rise to additive first order attraction between 
a-particles, Inglis suggests a superposition of two Gauss potentials of 
different ranges: 

V = J\-iP, + i Pa.Pr.} - J' 

J=7L4MeV, J'=:3,lMcV 

= L34 • 10^*3 cm, = 2,24 


with 


( 2 ) 
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His only argument for the occurrence of the longer range '‘tail** is taken 
from the analysis of proton-proton scattering (7,13); in fact, the effective 
potential derived from (2) closely approximates the meson potential 
proposed by Breit to account for the scattering data, i.e. that corresponding 
to the meson mass Mm = 326 m. Quite apart from the small probability 
of such a high value of the meson mass, the special form of spin 
and charge dependence of the operator (2) is widely arbitrary; it is 
compatible with our first saturation requirement (11,13, 11,2), but it is 
not clear whether it satisfies the second (11,3), Inglis only shows that it 
gives about the right binding energy of the deuteron and the a-particle. 
It should especially be stressed that there is no reason for assuming the 
“tail ' to be just an ordinary Wigner force. Inglis' argument for first 
order attraction between a-particles is thus far from convincing. 

The straightforward assumption of a nucleon interaction represented 
by a simple Gauss potential has been discussed by Margenau [41]. For 
the parameters fixing the spin and charge dependence of the nucleon 
interaction, he takes, in conformity with the saturation requirement 
(11,31-2) and the relation (11,21-6) directly connected with the deuteron 
properties, bq = 0 and ar — aa = 0,\; he further leaves aa undetermined 
and finds that the result of the variational procedure, in the first stage of 
approximation, is practically independent of this parameter. As trial 

functions for <p(x) he adopts, as usual, an harmonic oscillator eigen¬ 
function involving a variational parameter. The values of the potential 
constants minimizing the energy of a single a-particle are 

J = 35,6 MeV, = 2,25 • 10-'^ cm; (3) 

as expected (9,21), they are not in very good agreement with those 
derived from the two-nucleon data (6,432), The final result, as already 
stated, is that in the first approximation, the a-particles will show no 
tendency at all to attract each other: there subsists a repulsion at all 
distances. 

This behaviour finds an explanation of rather general scope (Werge- 
LAND [41]) in the closed structure of the a-particles (analogous to 
rare gas configurations of atomic systems): mutual attraction can 
only arise through virtual * “polarisation" or ‘ activation" of such 
structures, — a feature first appearing in the second approximation **. 
According to the well-known formalism of perturbation theory, this 
second approximation may be expressed as — avV^jSm, the quantity 


* The word "virtual” indicates (1,321) that we are not here concerned with actual 
polarization or activation processes, but only with formal features of the perturbation 
method involving the matrix-elements of transitions to intermediate states of excitation 
of the particles, which also essentially determine the probability of actual occurrence of 
such processes. 

** The importance of virtual a-particic activation in the nuclear case, i.c. when the 
interacting a-particles (in contrast *to the case of the He 2 molecule) come close together, 
has already been stressed In an early paper by Elsasser [34]. 
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av being the expectation value of the square of the potential energy of 
the system, while <Sm denotes a suitable average over its excitation 
energies. The tedious calculation of av has not been carried out by 
Margenau at full length: in the first place, instead of considering the 
appropriate linear combination of exchange operators 1, Pa, Pt, P<tPt in 
the nuclear potential, he treats the four types of potentials separately; 
moreover, he neglects the exchange terms in av which means that he 
only retains the a-particle interactions with the longest range. Within 
the scope of this estimate, he shows that the second order attractive force 
between the a-particles has a decidedly shorter range than the first order 
repulsion. This is the essential difference from the case of intermolecular 
forces: in that case, the analogous term has the longer range and is thus 
predominant in a certain region of intermediate intermolecular distances, 
in which it just represents the van der Waals attraction, with the additive 
property inherent in interactions of the ordinary type. We see that in the 
a-particle case the situation is completely reversed: exchange forces of any 
order of approximation will here be expected to play just as essential a 
part as the ordinary van der Waals attractions, with the result that there 
can be no additivity of the interactions between more than two a-particles. 



Fig. 13.12. Idealized potential for 
a pair of a-particles. 


We shall return in a moment to this aspect of the problem. But first 
we must conclude the discussion of the system of two a-particlcs, for which 
the question of additivity does not arise. According to the above results, 
we shall in any case expect the interaction potential to reduce practically 
to the Coulomb repulsion at large distances, to become attractive at inter-- 
mediate distances and to go over very steeply, at still smaller distances, 
into a strong repulsion. In order to investigate in how far this general 
behaviour of the interaction is able to account for the observed properties 
of the system, Margenau adopts the schematic representation given by 
fig. 13.12; he states, however, that the results he obtains by means of this 
rough approximation are not essentially influenced by wide variations in 
the shape of the potential. For R > Rq, a pure Coulomb fidd is assumed, 
and the ‘range*' /?o is fixed at Rq — 4,5 . lO-is cm. The depth Va is fixed 



/3J3 THE a-PARTICLE MODEL 275 

in terms of Ri by the condition that there should exist only one stationary 
state of about zero energy {13.11). Then the phase can be calculated 
for various values of Ri in the interval (0, /?o)* at low energies there is 
general agreement as to order of magnitude with the result of Wheeler’s 
analysis, but the model fails to yield the increase of in the resonance 
region. It can be seen that the range Rq is too small for the type of potential 
under consideration to give rise to any resonance level of as low energy 
as ^ 3 MeV. We here meet with one of the many shortcomings of the 
a-particle model in respect of quantitative description. 

13A3. Binding energies of a-^nuclei. It is a striking fact, brought out 
by the work of Wefelmeier [37a, 6] and of Hafstad and Teller [38], 
that the binding energies of the a-nuclei would allow of a direct inter¬ 
pretation on the assumption of additive van der Waals interactions be¬ 
tween a-particles. The structure of such nuclei, on the a-particle model. 




13.13. Binding energies 

of a-nuclei 



Nucleus 

Number 
of a- 
particles 

Configuration 

Number 
of bonds 

a-binding 

energy 

10'* MU 

a-binding 
per bond 
I0-* MU 

8Bc 

2 

straight line 

1 

-0.87 ±0,70 

_ 

12C 

3 

triangle 

3 

77,00 ±0,87 

25.67 ±0,29 

160 

4 

tetrahedron 

6 

154,40 ±1,24 

25,73±0,21 

KNe 

5 

trigonal bipyramid 

9 

204.05 ±2,16 

22,67 ±0,24 

2<Mg 

6 

tetragonal bipyramid (octahedron) 

1 12 ; 

310.5 ±5,0 

25,9 ±0,4 





365,3 

22,8 

28Si 

7 

pentagonal bipyramid 

16 

or ±5.5 

or ±0,5 





387,3 

24,2 

«S 

8 

sphenoidal bipyramid 

( 

19 

499,9 ±3,2 

1 

26,3 ±0,2 

56Fe 

13 

centered icosahedron 

42 

931 ±21 

22 ±2 


can be compared with that of “geometrical models” consisting of close 
packings of rigid spheres: each such structure is characterized by a certain 
number of “bonds”, or pairs of adjacent particles, and on the additivity 
hypothesis the binding energy of the model would simply be proportional 
to the number of bonds. Empirically, this binding energy can be computed 
as the difference between the mass of the a-nucleus and the total mass of 
the constituent a-particles. As the accompanying table shows, almost all the 
lighter a-nuclci (the only exceptions being *^Be and -^Ne) actually exhibit 
a surprisingly close proportionality between the empirical “a-binding 
energies” and the numbers of bonds; also the heavier cepe nucleus, which, 
apart from 4 extra neutrons, would correspond to a symmetrical arrange¬ 
ment of 12 particles around a central one, obeys the same law. 

Margenau’s results about the interaction between two a-particles rule 
out any simple explanation of this remarkable regularity. As pointed out 
by GrOnblom and Marshak [39], it must in reality arise from a quite 
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complicated compensation between energy terms of different orders of 
approximation, essentially involving non-additive features of a-particlc 
interactions. In the case of the threc-a-particle system constituting 
for instance, there occur among others in the second approximation, virtual 
transitions in which a proton from one a-particlc and a neutron from 
another go over into an excited state of the third: and the contribution 
from this type of transitions turns out to be of the same order of magnitude 
as that corresponding to second order interactions between pairs of 
a-particles. The latter will in fact just about compensate the first order 
repulsion, so that the main effect will be of the non-additive, many-body 
type; however, since the number of many-particle “bonds” increases more 
rapidly with the number of a-particles than the number of adjacent pair 
“bonds”, there must also clearly occur partial compensations of the second 
order contributions by third order terms, and so on. The a-particle model 
would thus not seem to offer any more promising starting point than the 
statistical model for a quantitative calculation of nuclear energies, 

13414* Lability of a^clusters. Another aspect of the two-a-particle 
problem, strikingly illustrating the importance of the lability of the a- 
clusters in the determination of the energy of the system, is brought to 
light by the method of attack proposed by Wergeland [41 ], which avoids 
the calculation of the second approximation. Observing that the true struc¬ 
ture of the ^Be nucleus must be, so to speak, something in between an 
399rc9ate of two a-particles and an assembly of eight independent nucleons, 
Wergeland chooses as trial eigenfunction for the application of the vari¬ 
ational principle a linear combination of the eigenfunction of the 
a-particle model, discussed above (13,12), and that, Ts, corresponding 
to the individual model; in the latter, the individual spatial wave-functions 
are again harmonic oscillator eigenfunctions, but we have now, besides 
that of the ground state of the oscillator, which alone occurs in the a- 
particle model, also to introduce that of the first excited state. We thus put 

■ ' + (4) 

and consider X as the variational parameter. The oscillator parameters 
on the other hand, are not varied independently, but related in such a way 
that for infinite separation of the a-particles (i? co), the energy of the 
a-particle system is about equal to that of the 8-nucleon system: this some¬ 
what arbitrary relation takes account of the fact that in the latter system 
four of the nucleons, being promoted to an excited oscillator state, have 
on the average larger momenta than the others. Assuming, for simplicity, 
a pure 'Majorana potential of the Gauss type, with the range and (approxi¬ 
mately) the strength given by (3), Wergeland finds, under the conditions 
stated, an extremal value X = 1,34, together with 

d-/Fa !Pi = 0,304. (5) 

* Wergeland assumes anisotropic oscillator eigenfunctions, with two parameters. 
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This result can be interpreted, following a suggestion of v. WeizsAcker 
[38], by saying that the a-particles are partly "dissociated” in the (liquid) 
nuclear matter; the "degree of dissociation” on this picture would be given, 
according to (4), (5), by 


® —‘ 1^2 — 


0.25. 


( 6 ) 


Such a figure once more confirms our previous conclusion as to the 
unsuitability of the a-particle model for energy computations. 


13A5* Rotations and vibrations of a>-nucleL Notwithstanding the 
negative conclusions of the preceding discussion, there is a class of more 
qualitative predictions for which the model under discussion furnishes a 
sufficiently firm basis, viz. those which follow from the behaviour of the 
system under spatial rotations and symmetries. The justification for 
applying such considerations to an a-particle system depends in fact only 
on the relative stability of the a-clusters during time intervals larger than 
the periods of vibration and rotation in the stationary states of the system. 
Let us consider, for instance, the n-th mode of surface vibration of the 
nucleus, with wave-length X ^ InRjn (R denoting the nuclear radius); we 
assume, of course, that n is small enough for A/2 to be larger than the 
dimensions of an a-cluster (n < Al). A classical formula of Lord Ray¬ 
leigh gives, for the corresponding circular wave-number cv, 

co2 = „(n-l)(n + 2)0-~-j^~^. (7) 

whence for the period 

A*-0,4- 10-21 sec, (g) 

if we use the value of the surface tension O deduced from (2.2/~5). We 
may then, as proposed by Wheeler [37a], define the lability of an 
a-cluster in this state of vibration by the time t required by such a cluster 
to exchange a nucleon with a part of its surroundings moving in opposite 
phase: this will be, in order of magnitude, the time required for a nucleon 
to ‘‘diffuse" through a distance A/2. Classically, we should have a diffusion 
formula of the type 

my^^Aavt. 

V being the average nucleon velocity and Aa a suitably defined mean free 
path; taking v of the order of the limiting velocity Vm of the Fermi distri- 


bution and At ~ fo. we should get in this way 


t s; n~^ • 0,6 • 10“^’ sec, 

(9) 

or 


\,5tx 

(9a) 
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for the modes of vibration we are considering, even this classical estimate 
would give t > t. But the potential barriers due to the surrounding nucleons 
will be very effective in further reducing the rate of diffusion, at least in 
states of low excitation energy: for the probability of concentration on the 
diffusing nucleon of the “activation energy** ^::^ |£| 10 MeV (2.21) 
necessary to surmount the barrier will contain a factor the tempera¬ 

ture T not exceeding 2 MeV for the excitations obtainable in ordinary 
transmutation experiments. We may therefore conclude that the condition 
for treating the nucleus as a system of permanent a-particles is fulfilled 
when one has to do with vibrational or rotational stationary states of 
sufficiently low excitation. As the excitation energy increases, however, 
the a-clusters will tend gradually to dissolve and the nuclear properties 
will become more and more comparable to those of a liquid droplet without 
cluster structure. 

An estimate of the vibrational quanta to be expected on the a-particle 
model may be obtained, according to Wheeler [37a], by equating the 
potential energy of the quasi-elastic forces responsible for the different 
modes of vibration of the nucleus envisaged, taken for an amplitude 
roughly corresponding to the dissociation of an a-particle, to the absolute 
value of the binding energy of this particle to the residual nucleus, as it 
results from comparison of mass-defects, plus the zero-point energy of the 
nuclear vibrations: for the lightest a-nuclei, such an estimate yields quanta 
of the order of a few MeV, just as those of the lowest (n = 2) mode of 
surface vibration of the nuclear liquid drop according to (7). As regards 
the order of magnitude of the rotational quanta b^//s, we get for the 
moment of inertia Is of a spherical homogeneous distribution of the nuclear 
mass 

Is = iMAR^ = lMrlAK ( 10 ) 

whence 

* W = |-]^-A--~54A-:McV. (11) 

i.e. several hundred keV for the lightest a-nuclei, but only a few keV for 
heavy nuclei. 

The additional invariance with respect to certain rotations or sym¬ 
metries introduced into the nuclear system by the assumption of an a- 
particle structure will, especially in the case of light a-nuclei, cause a 
considerable reduction in the number of low-lying levels. For instance, 
only the wave-functions corresponding to even values of the angular 
momentum satisfy the requirement of Bose statistics for the two-a-particle 
system ^Be. The states excluded in this way on symmetry grounds are 
nevertheless present in the spectrum of the a-particlc system, but they 
appear at higher levels of excitation than in the spectrum of the corres¬ 
ponding system of nucleons without a-particle structure; for their eigen- 



13.15 


THE a-PARTICLE MODEL 


279 


functions can only be given the required antisymmetry with respect to all 
nucleons by excitation of a-particles or subdivision into other than a- 
clusters. At higher excitation energies, the spectrum* as already mentioned, 
merges into that of a vibrating fluid continuum: this tendency toward a 
purely classical behaviour for high energies is just an aspect of the general 
correspondence argument of quantum theory. 

Such an exclusion of low levels is, however, not likely to occur in the 
case of heavy nuclei, since these nuclei will generally not have any parti¬ 
cularly symmetrical configuration. In view of the small value of the 
rotational quanta for such nuclei, this would at first sight seem to involve 
a serious difficulty, for the existence of states of such small excitation 
energies would be in flagrant contradiction to various observations 
(Teller and Wheeler [38]): on the one hand, the spectra of natural 
a- or )8-radioactive bodies show no trace of a fine structure of this order 
of magnitude; on the other, when j8-rays are emitted by internal conversion 
in a transition from a metastable level to the ground state, they are never 
accompanied by /-rays of slightly less energy, as should be the case if 
there were low-lying rotational levels which could be reached from the 
metastable state by radiative transitions. Somewhat more indirect, but still 
of great weight is the evidence derived from the ^-active nuclei of very 
long life-times and (Konopinski [43]) and from numerous cases 
of nuclear isomerism (FlOgge [41]); in all such phenomena, the small 
probability of a transition to the ground state is due to the large change 
of angular momentum involved, — an explanation which could not be 
upheld if there were competing transitions to rotational states of very low 
excitation. In fact, all the evidence concordantly points to an order of 
magnitude of a few hundred keV for the lowest excited states of even 
the heaviest nuclei. 

The effect of symmetrical arrangement of the a-particles in pushing 
upward a number of levels of excitation of the system is, however, as 
emphasized by Teller and Wheeler [38], supplemented by another 
interesting mechanism, very effective in producing the same result. Suppose 
that there is a rotation by which the nucleus is brought to a configuration 
not exactly but nearly coinciding with the initial one: a relatively small 
translation pf the constituent particles will then suffice to restore the initial 
configuration. We have then to do with a '"resonance*' between two 
equilibrium configurations separated by a potential barrier, and if this 
barrier is sufficiently low for the frequency of oscillation from the one to 
the other configuration to be larger than the frequency of the correspon¬ 
ding rotation, a considerable disturbance of the rotation level results, the 
effect of which will be the same as that of a higher symmetry of the 
nucleus. 

A simple example will seiwe to illustrate this peculiar resonance pheno¬ 
menon. Consider a system of two particles attached by rigid rods of equal 
lengths to a pivot, around which they may rotate in the plane of the rods 

7 
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and oscillate with respect to each other under the action of a potential V. 
Suppose there are two equilibrium positions of the system for the values 
and 2n —of the angle 4 between the rods: the potential V{^) 
has then the form represented on fig. 13.15. The possible energy eigen¬ 
values of this system are 


E = En + YiK^^Bn. ( 12 ) 

(I moment of inertia, K rotational quantum number, En energy of harmonic 
vibration energy around the equilibrium positions, Bn energy change due 
to resonance between these two positions) and the corresponding eigen¬ 
functions 


(13) 

{(p angular displacement of centre of gravity of particles). If the particles 
obey Bose statistics, W must remain the same when the system is rotated 
through an angle n and brought from one equilibrium position to the other. 
Accordingly, the only energy values allowed in this case are 

E = En + Yji^^-i-if.Bn: (H) 

the odd rotational levels are raised, the even ones depressed. As soon as 
the (circular) frequency 2Bnc/b of the exchange between the two equili¬ 
brium configurations becomes larger than the rotational frequency bc-fC/A 
the order of the successive levels K — 1, /C is inverted. On further increase 
of Bn» we shall finally find that a number of even levels will all lie below 
the first odd level, — a situation approaching that of the rigid system 
with #0 = for which only the even levels subsist. 



Fig. 13.15. Resonance between 
rotation and translation through 
potential barrier. 


Coming back to the case we were discussing, let <5 be the displacement 
which restores the initial configuration after it has been rotated through 
an angle tp; this means that the latter rotation just corresponds to a 
linear displacement d and therefore to an increase in kinetic energy 

, Por the purpose of a rough estimation, we may identify 
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this with the energy change due to the resonance; let us further take <p Sin 
and d Si Ta, ro being the average half-distance between two a-particles 

r«s;4iroSS 1,6 ro. • (15) 


The excitation energy of the state considered will thus be about * 


n^ 

2MArl 


40 


MeV, 


(16) 


i.e. Si 0,2 MeV for A = 200, which is indeed of the order of magnitude 
indicated by the empirical evidence. The quantum number of the first 
excited rotational level would accordingly be given by 


or, by (10), (15), 


2 Is ~2MArl' 


/e„ ~ 1.26 Ai (/„c ~ 8 for A 200). (17) 


Another characteristic /-value is that above which the order of the rotation 
levels will not be disturbed, and the nucleus thus will rotate as a rigid 
body; we may call this value /cou the limit of ^‘collective motion’*. It is 
defined by 


i.e. 


2 Is 


[/cotl (Jcoll + 1) — (/coll-1) /coll] ^ 


2MArl* 


/cou~i/.xc~1.56A«, 


(18) 


— a condition just expressing (in agreement with the preceding argu¬ 
ment) the equality of the frequencies of the rotation and exchange 
oscillation leading from the one to the other configuration. For A =: 200, 
(18) yields J„nSi 27, corresponding to a rotation energy 2,5 MeV. 


13.2. Nuclear states on a^particle model 

13.21. Stationary states of lightest a^nucleu For the purpose of 
ascertaining the possible sets of quantum numbers and the parity, as well 
as the approximate positions, of the lowest vibrational and rotational levels 
of a-nuclei, it is permissible, according to the above discussion, to treat 
these nuclei as simple configurations of a-particles, to which the well- 
known methods of molecular spectroscopy may be applied. This has been 
done fairly completely for the three lightest a-nuclei, ^Be, and 
and to some extent also for the next, 20Ne. We shall give here a brief 

• The same order of magnitude for the excitation energies can also be derived on the 
Individual Fermi gas model; cf. TELLER and WHEELER [38]. 
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review of the main results, referring the reader to the original papers for 
a fuller account. 

Beryllium (Wheeler [37a]). The nucleus ^Be is compared with a 
simple dumbbell configuration. There is one non-degenerate mode of 
vibration; the rotation energy has the form (b2/2/c)/(/+l), h being the 
moment of inertia around a symmetry axis perpendicular to the line joining 
the centres of the a-clusters. Only the levels with even / are allowed; they 
are of even parity. 

Carbon (Wheeler [37a]). The equilateral triangle configuration 
representing the nucleus has two distinct fundamental modes of 
vibration: a non-degenerate mode, corresponding to an isotropic dilatation 
and contraction of the triangle (quantum number n^), and a doubly 
degenerate mode, describable as a tipping * of the triangle (quantum number 
n 2 ). The rotation is that of a symmetrical top, with energy 





(I) 


the moments of inertia /a, h refer to the symmetry axis perpendicular to 
the plane of the triangle (figure axis), and to a symmetry axis in this 
plane, respectively; A denotes the quantum number of the projection of 
the angular momentum on the figure axis, an integer limited by the 
condition ) | < /. 

The parity of the allowed levels is given by the following table; it is 
characterized by a parameter p, which has the value + 1 or — 1 according 
as the level is even or odd. The notation dr 1 means a pair of coinciding 
levels, one of them ^ven, the other odd; and n(rt: 1) denotes n such pairs. 


13.21. Parity of levels of 

Ml 

/ 

0 

Hi = 0, 1, 

1 

2... ; n2 = 

2 n 

2n+ 1 

0 ^ 

even 

odd 

+ 1 

’ 

+ 1 

It 

31 

any 

(- 1)^ 


(-1)^ 

+ 1 
— i 

3i± 1 

any 

• 

± 1 

n(±l) 

n(± 1) 


Oxygen (Wheeler [37a], Dennison [40]). The regular tetrahedron, 
which represents the nucleus, has 3 distinct fundamental modes of 
vibration: a non-degenerate isotropic dilatation and contraction (n^), a 
doubly degenerate motion, in which the a^-particles are paired into two 
dumbbells twisting with respect to each other j[n 2 ). and a trebly degenerate 

^ In this mode of vibration, one side of the triangle shrinks and at the same time 
jmoves away from the third ct-partide. 
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vibration, in which one dumbbell shortens while the other lengthens {n^)* 
The rotation is that of a spherical top, with energy (f?/2/s)/(/+ 1 ), /» 
being defined by (73./5~10). Besides the sum of rotation and vibration 
energy, and the usual interactions between rotation and vibration (which, 
for i®0, would be as large as 0,5 ... 1 MeV), two other perturbations 
must be taken into account. One correction arises from the fact that the 
third mode of vibration has an angular momentum; Dennison shows, e.g., 
that for the state =: no = 0 > n 3 1 , / = 1 , it amounts to « The 
other correction is due to the effect, discussed in 13,15, of exchange 
between two inverse configurations. In the case of the inversion may 
be produced by a vibration of the third kind, and the additional energy 
term has the form G /73 with the upper or lower sign according as the 
wave-function of the state remains invariant or changes sign when the 
inversion is performed; Dennison estimates that for = 0 , Gq is of the 
order of 1,5 • 10~3 times the quantum of vibration of the third mode, 
and for ^3 1, Gi 25 Gq* 

Neon (Teller and Wheeler [38]). When no vibration is excited, the 
bipyramid configuration of 20 ]SIe behaves much like 12 C: the rotation 
energy has the form ( 1 ) and the allowed levels are given, with their parity, 
by the n 2 = 0 column of table 1321, There is an additional energy term 
due to the exchange between two resonating configurations (fig. 1321), 




Fig. 13.21. The two resonating con¬ 
figurations of the “®Ne nucleus. 


It has been evaluated by Teller and Wheeler for the states without 
vibrational excitation; they find 


(£ = 2 for ^ 17^0 , 6=1 for ^ = 0). 

and give an estimate, probably too high, of G s; 0,16 MeV. 


( 2 ) 


13«21L Comparison with experiment. Although a number of excited 
states of the nuclei just discussed have been disclosed by the study of 
nuclear reactions, and their excitation energies determined, the comparison 
of these results with the theoretical predictions is rendered difficult by 
the deficient information on the parities or angular momenta of these 
states. Only in the case of could the properties of the excited states 
formed in the reaction ol)^\0 be analyzed in a sufficiently com- 
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pletc way (Oppenheimer and Schwinger [39]). Starting from these 
data, Dennison [40] was led to definite assignments of the vibration 
frequencies and the moment of inertia of the nucleus; the latter is found 
to be rather smaller than would result from formula (73J5-11). 

The moments of inertia of the other nuclei can also be estimated, pro¬ 
vided a plausible assumption is made in each case about the ratio of the 
axes of the spheroid of inertia. In fact, by comparing the moments of 
inertia of a spherical and a spheroidal mass distribution of equal volumes, 
it is easily proved that 


2// 2Ic~ 2Is* 


(3) 


i denoting the ratio of polar to equatorial diameter of the spheroidal mass 
distribution. The following table gives the results pertaining to the four 



Pig. 13.211. Excited states of tx-'nuclei. 

The empirical data arc represented on the left, the theoretical spectrum on the right (all 
excitation energies being given in MeV). Each state is characterized by its quantum 
numbers, as indicated below the corresponding spectrum {p denoting the parity factor, 
+1 for even states, —1 for odd states). The ilevels marked with an asterisk a^re 
those on which Dennison's analysis is based. 
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lightest a-nuclci; the f-values are those proposed by WHEELER [37a] and 
Teller and Wheeler [38]. The values of ^2/2/5 calculated by (13.15-1 1 ) 
have been multiplied by a correction factor 1,6 in conformity with Denni¬ 
son’s analysis of the spectrum; there is, of course, much uncertainty 
both in this correction and in the choice of the 



13.211. 

Rotation parameters of light a^nuclei 


Nucleus 


l?2 

h2 

b2 

2/s 

2/c 

2Ia 2Ic 

SBe 

1,5 


1,34 

1,07 


'2C 

0,67 


0,69 

0,74 

-0,21 

'«o 

1 


0,43 

0,43 

0 

20Ne 

1,46 


0,30 

0,24 

0,14 

Energies in MeV 


The degree of agreement between the computed spectra and the 
empirical evidence may be judged from fig. 13.211; as regards the three 
lightest nuclei, this diagram embodies the results of Dennison’s discussion 
(modified as regards ^Be in conformity with 13.11). The theoretical soNe- 
spectrum is restricted to the rotation levels, without vibrational excitation; 
the resonance correction (2) has been omitted, since it is presumably very 
small. The experimental data concerning 20Ne and heavier a-nuclei are 
collected and critically discussed in a paper by GuTHRlE and SACHS [42]; 
it would be premature in those cases to attempt any theoretical identifi¬ 
cation of the observed states of excitation. 

13.22. Stationary states of nuclei of mass number 4a ± 1. The sym¬ 
metry and invariance considerations which led to the above results for the 
light a-nuclei have been extended by Hafstad and Teller [38] to the 
neighbouring nuclei * of mass number 4a ±: 1, considered as aggregates of 
a-clusters and an additional loose nucleon or an a-cluster lacking one 
nucleon (cluster with a ’’hole”). As long as electrostatic forces are 
neglected, it does not matter whether the loose nucleon or hole is a 
neutron or a proton **. The method is based on the observation that, owing to 
the short range of the nuclear forces, a loose nucleon will interact strongly 
with only one a-particle at a time: it will therefore be possible to express 
its individual wave-function as a linear combination of wave-functions 
representing the loose nucleon in the neighbourhood of each separate 
a-particle. The latter wave-functions have each a node through the centre 
of gravity of the respective a-particle; the state of lowest energy of the 
system of mass number 4a + 1 will correspond to the particular linear 

* The treatment of mass number 19 is sketched by SACHS [39J. 

** An estimate of Coulomb energies on the present model (leading to less satisfactory 
results than on the Individual models (3.3)) has been carried out by BROWN and 
Incus [39]. ' 
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combination (of the required symmetry) which has the least number of 
nodes. In the case of mass number 4a— 1, the wave-function of the hole 
will be built up quite similarly, but in order to get the smallest energy, 
we have to choose that with the largest number of nodes. A closer dis-* 
cussion of symmetry properties of such functions for the different mass 
number values leads then without difficulty to an enumeration of the 
lowest excited levels in each case; the rotation angular momentum must 
here, in conformity with spectroscopic use, be denoted by K instead of /, 
the latter notation being reserved for the total angular momentum, including 
spin, ] = K 



Fig. 13.22. Some excited states of light nuclei of mass numbers 4a, 4a 1, according 
to the a-particle model and the quasi-atomic model. 

On the left are marked the levels following from a Hartree-Fock treatment of the quasi- 
atomic mo<’el for the simplest configurations, on the right those given by the a-particle 
model, asstmiiig only rotational excitation (the rotational quantum numbers are indicated 
in the order A or K, A). The ±-signs refer to the parity p == ± 1, The energy scales 
arc simply illustrative of the relative level separations, but have no strictly quantitative 
significance; they have been fitted to each other by arbitrarily identifying the calculated 
energies of the corresponding levels D+, 2+ of ^Bc. 

Fig. 1322, reproducing with a slight extension a diagram in Hafstad 
and Teller’s paper, conveniently summarizes these results and parallels 
them with the analogous predictions following from the quasi-atomic model 
(102). It will be seen that both models are in complete agreement as 
regards angular momentum and parity of the ground state and also for 
excited states exhibit a striking similarity in these respects. In judging this 
resemblance, one should not forget that the spectra represented arc very 
incomplete: on the quasi-atomic model, only the levels corresponding to 
the simplest configurations have been investigated; on thela-particle model. 
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the vibrational excitation has been entirely left out, and no account has 
been taken of levels corresponding to other wave-functions of the loose 
nucleon (or hole) than that with the smallest (or largest) number of 
nodes 

Hafstad and Teller also show how a rough estimate of the mass-defects 
of the nuclei of the class under discussion can be derived from their treat¬ 
ment; for this aspect of the problem, however, it will suffice to refer the 
reader to their paper* 


13*3* The resonating group structure 

The prominent part played by a-clusters in nuclear structure is due to 
their peculiar stability. But other clusterings, in fact all conceivable 
groupings of the constituent nucleons into clusters, must clearly also occur 
in the course of time, only with widely varying probabilities. The con¬ 
sideration of such alternative groupings is especially important for the 
discussion of nuclear reactions and scattering processes, but their virtual 
existence should also be taken into account in any attempt to improve 
calculations of energies of stationary states. One is here reminded of the 
situation met with in the study of molecular binding energies: in many 
cases, a ‘‘resonance** between different types of binding (e.g. homopolar 
and heteropolar) in a molecule is found to have considerable influence 
on its energetic and spectroscopic properties. Pursuing the fruitful analogy 
between nuclear and molecular structures, we should likewise, as emphasized 
by Wheeler [37a], regard any state of a nucleus as a superposition of 
all possible kinds of nucleon clusters, i.e. (as Wheeler puts it) attribute to 
the nucleus a resonating group structure'. The corresponding eigen¬ 
function should accordingly be set up as a linear combination of products 
of wave-functions representing the various “configurations** or groupings 
into clusters; the coefficients, depending on the coordinates of the centres 
of gravity of the clusters, should be determined as proper solutions of a 
certain set of equations involving these coordinates as variables. This 
method, which thus provides a much broader and more rational basis than 
the a-particle model for an attack on the properties of complex nuclei, 
has been carefully discussed, and its general algorithm very clearly set 
out, in a fundamental paper by Wheeler [376]. To this paper the reader 
is referred for a detailed study; we shall here only give a brief outline of 
the main points of interest. 

Let us, for the sake of illustration, take an especially simple case. 
Retaining only the most important ** configurations occurring in a given 

* Cf. on this point the case of '^Li, discussed in 17.52. 

** The configurations which are liabJe to contribute most effectively to the building 
up of a particular nuclear state can readily be determined by a group-theory argument 
due to Wheeler (37a]. As long as we neglect the spin dependence of the nuclear forces, 
an,y (degenerate) state of a nucleus of mass number A belongs to a definite irreducible 
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nuclear state, let us suppose that they all consist of only two clusters. The 
total eigenfunction is then of the form 


2Fi [Xi(l). Xi(ll). m^^dD] 0i{l) 0,(11). (D 

the summation extending over all configurations, distinguished by an index 
i; 0/(1), 0/(11) are the wave-functions of the two clusters I, II in con- 

figuration L A'i(I), A!'/(II) the radii vectores of their centres of gravity and 
nis^(I), ms/(II) their spin quantum numbers (expressing the spin com¬ 
ponents in an arbitrarily chosen direction). The brace over the typical term 
in the sum (1) means that it must be replaced by the antisymmetric 
combination of all similar expressions derived from it by permuting the 

nucleon variables. The coefficients Ft, which depend on the X*s only 

through the differences Xi(l) —^Xi(II), may conveniently be written as 
symbolical vectors the components of which are numbered by the spin 
variables rn 5 ^(I). m 5 ^.(II). It can then be shown that for any type of 
nuclear interaction (even including many-body forces) these must 
satisfy a set of integro-differential equations of the type 

= 2\ Vu(X) Fj{X) +J[Jij{xl)-ai,j{X.l)] Fjmdv(\; 

here Mi denotes the reduced mass of the two clusters in configuration i. 
Si the total energy of these separated clusters and S the energy of the 
nuclear state considered. The operators Yu, Jij. hj can be calculated in 
terms of the law of nuclear interaction and the cluster wave-functions 0; 
for i = /, they represent the interactions between the clusters in the same 
configuration; for i ;, the resonance effects between different configura¬ 
tions (in particular, the transmutations) *. The integral in (2) arises from 


representation of the symmetric group comprising all permutations of A elements 
(1031)* If now two clusters of Ni, N 2 nucleons in states characterized by the respective 
representations are combined into a nucleus, the states of the latter arising 

from this combination will directly be found by resolving the direct product 
into its irreducible components. Since further the energies of any nuclear state can be 
approximately evaluated in terms of the corresponding representation (1031) t we can 
in each case roughly compare the energy of the state of the compound nucleus in which 
we are interested with the total energies of the groups of separated clusters which may 
occur in its formation: we have then to retain only those groups of clusters for which 
these two energy values are not too different from each other. 

* It may be important to take account of . the polarization of the clusters due to their 
mutual interaction. In principle, such polarization effects can be included in the general 
formulae (1) and (2) in either of two equivalent and mutually exclusive ways, viz. 

assuming the cluster wave-functions also to depend in an appropriate manner on the ^ s, 
or introducing suitably chosen configurations in which excited states of the clusters occur. 
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exchange terms of potential energy as well as from the lack of orthogonality 
of the cluster wave-functions; it can be interpreted {I1J2I) as expressing 
a velocity dependence of the cluster interactions — a feature not to be 
confused, of course, with a possible velocity dependence of the elementary 
interactions between nucleons. 

The next step consists in transforming the system (2) to polar coor¬ 
dinates, thereby reducing it to a system of the same form, but containing 
only unknown functions of the radial coordinate, It then becomes possible 
to transform it further to a system of linear integral equations, the eigen¬ 
values S of which are determined by equating to zero its Fredholm 
determinant. This demands, of course, that all (§/ be larger than 8, for 
only then do we have a completely stable system. If this condition 
is not fulfilled (which implies the occurrence of scattering or transmutation 
processes), the Fredholm determinant may be made ::r: 0 for any value 
of 6, because it contains the undetermined phases introduced by taking 
account of the required asymptotic behaviour of the solutions. Still, as 
Wheeler shows, the equation Fredholm determinant i:;:: 0 can be used in 
this case to determine almost completely the cross-sections of the scattering 
or transmutation processes (it has, however, to be supplemented by some 
other procedure in order to resolve the remaining ambiguities for one arbi¬ 
trary energy value). 

Up to now, the method of resonating group structure has only been 
applied to the simplest nuclear systems, especially the 3-nucleon systems 
and ^'^He; these applications, briefly discussed in the following Chapter, 
will serve to illustrate the general procedure However, in these instances, 
the last step, viz. the solution of the radial integro-differential equations, 
has been performed by special methods, involving certain approximations. 
The results are rather too inconclusive to enable one to form a judgment 
on the merits of the resonating group method for purposes of practical 
calculations. It is clear that its complication rapidly becomes overwhelming 
as the number of configurations is increased in order to improve the 
accuracy. Nevertheless, considering its extreme generality and the sound¬ 
ness of its theoretical foundations, this method fully deserves attention as 
the one most liable to lead to essential advance in the problem of the 
constitution of complex nuclei, the difficulty of which has been so often 
displayed in the preceding sections. 

* This general property of cluster interactions has been known for a long time in the 
special case of the force exerted by a nucleus on one of its constituent nucleons 
(“van Vlecks potential"). Cf. B6B, § 37. 

** Applications of the method to the 4-nucleon (a-particlc) system by PARKER [371 
and the system of two a-particles by WHEELER [37a] have been announced, but not 
published. For its application to '^Ll, see KlTTEL [42]. 
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14*0^ The methods of treatment of complex nuclei, discussed in the 
preceding Chapters, have also been applied, with varying degrees of 
success, to the investigation of the lightest nuclei consisting of more than 
two nucleons. Especially the systems of 3 or 4 nucleons have been studied 
in a rather detailed way, either by the Hartree-Fock variational method 
(9>21) or by the more refined resonating group method (133): we shall 
in this Chapter confine ourselves to these systems and give a brief account 
of the present state of their theoretical and experimental investigation. 
Since the interaction between two neutrons cannot be studied directly 
from phenomena involving only two such particles, the 3-nucleon systems 
are the simplest ones liable to yield indirect information about this inter¬ 
action; unfortunately, the issue is obscured by the possible occurrence of 
many-body forces (134), The following discussion will be based on the 
assumption of central interactions between pairs of nucleons only; within 
this limitation, it will appear that important indications as regards the 
charge dependence of the nuclear interaction can in fact be derived from 
the analysis of the scattering of nucleons by deuterons. 

The three'^nuclcon systems 

Stationary states on resonating group method. According to 
the conception of resonating group structure, a system of 3 nucleons (not 
all of them protons or all neutrons) has to be represented as a combination 
of a deu^’erbn and a loose nucleon (neutron or proton). Clearly, thiis repre- 
sentatior is especially suited for the treatment of scattering problems; but 
it can just as well be used for describing the stationary states of binding 
of the nuclei and ^He. Its most serious drawback is its inability to take 
account easily of the polarization of the deuteron in the field of the third 
nucleon. The total wave-function is written as a symmetrical combination 

tf^(l,2,3) =: w(n3) + v(23,l) + y^(3h2) (1) 

of wave-functions such as v(12,3), antisymmetrized with respect to the 
pair (1,2), constituting the deuteron. The function y)(l2,3) is further 
expressed as a product of three factors: 

.v(12,3) = 9:(i 1.3) 0(12,3) T(f2,3). (2) 

containing the spatial, spin and isotopic coordinates, respectively. If the 
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deuteron group is assumed to be in the ground state, the isotopic factor, 

t(i'2.3) =‘(4(1.2) «±(3). (3) 

is antisymmetric in 1 and 2, while the spin factor, involving is 

symmetrical in these particles; consequently the space factor is also sym¬ 
metrical. 

The stationary states can be classified, according to the spin multi¬ 
plicity, into a doublet and a quartet system. The respective spin eigen¬ 
functions are readily found to be; 

Doublet system: 

2ai(i2,3) = P(a)o(l.2) a+(3) - H • ^(a), (1,2) u_(3)] 

(4) 

(12,3) = ^ [V)o(1.2) t»-(3) - ^2 • 3(o)_,(l,2)r+(3)] 

Quartet system: 

*c.(r2.3) =^(o),(l,2)u+(3) 

^Oi(i2,3) = [f2- »o(l'2)a+(3) + ^(a),(l,2) v.{3)] 

(5) 

^a-i(r2,3) = -^ [}'2 • ^(a)o(1.2) u_(3) + V)-.(1.2) f+(3)] 

>3 

^0^5(12,3)= 3(a).,(1.2) a^(3). 

The spatial dependence of the wave-function is further split into two 
factors: 

= ( 6 ) 

in this formula, ^ is the radial eigenfunction of the deuteron, F the pro¬ 
bability amplitude pertaining to the position of the third nucleon with 
respect to the centre of gravity of the deuteron. This last function F is the 
only one which is not specified beforehand. It has to satisfy a certain 
integro-differential equation, which is obtained by inserting into the wave- 
equation for W its expression (1) with the choice described above of the 
various factors of the ips. This equation for F has been first given by 
Wheeler [37a] for the case in which there is only a proton-neutron inter¬ 
action, and again derived for the most general form of central nuclear 
potential by Buckingham and Massey [41] and by Hocker [42]. We 
shall not reproduce the details of the derivation, which may best be looked 
up in Buckingham and Massey's paper *. The resulting form of the 

There is a strange error in this otherwise excellent paper. The authors give two 
separate treatmeifts of the doublet states, (a) by using isotopic coordinates* (b) by treating 
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fundamental equation of the resonating group treatment of the S-nucleon 
problem is 

j ^ A + U{r)-ri C(f) j F(x) = 

HrflfiQiZP) + y[P(x,x') + (e'-lro)N(xy)]! F(y)c/P'. 

Here, e' = e — denotes the difference between the total energy e of the 
system and the binding energy eq of the deuteron; in a state of relative 
motion of the third nucleon with respect to the deuteron, e' is the kinetic 
energy of this motion, equal to 2/3 the kinetic energy of the nucleon in the 
laboratory system (in which the deuteron is at rest). The other symbols 
are defined as follows: putting 

u = i(x + 2x% v = l(x' + 2x\ ( 8 ) 

and adopting the form (5,2-1 or 4) for the nuclear potential, — so that 
J(r) represents the absolute value of the effective potential in the ground 
state of the deuteron, — one has 


£/(r)-/U{r')PJ(k+i^'l)c?p' 

C{r) = !WW~z;^~dv' 
lAT+ix'l 

QM^X{u)n\u-v\)x{v) 

P (x.'^) = -x{u) ^i(J(u)+J(v))+r} 

N(x.x')^x{ti)x{v)- 


(9) 


e2 “I 

-zr-^r ;i:(‘’)+3j^grad^;i:(u)-grad-J;i;(p) 
la—p| -< 


The constants a, y are linear combinations of the interaction parameters, 
different for doublet and quartet states: 

^Doublet: Quartet: 


a = 2W--B-H+\M 
p=z:\^W-B-H+2M 
y = —\ 
or, by (5.2-5), 

0 = 2 (ao—2a,r) 

= i [ao-~5a<r + 3 (ar—Sa^r)] 


a= 2W'+2B~- H- M 

B+2H+2M (10) 

y = 1. 


a=: 2(ao + acr) 

^ — [so + + 3 (at + fiar)] (11) 

y= 1. 


protons and neutrons as distinct particles; they seem to expect — and actually find — 
different results in the two cases, whereas both treatments are of course equivalent (4,14), 
In case (a), however, they use a wrong spin function (which actually represents a mixture 
of doublet and quartet states). Everything that concerns case (ft) in their paper should 
therefore be omitted; their case (b) contains the correct results. 
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The constant tj is, of course, 0 or 1 according as the third nucleon is a 
neutron or a proton. 

14J1L Doublet states on individual model. The wave-function of a 
doublet state appears, on the individual model, in a somewhat different 
form. On this model, it is in fact natural to group the two like nucleons 
together. If we write the total wave-function in the form, analogous to (1), 

S^(1.2,3) = v^,„d(12,3) + Vind(23.1) + V'ind(31,2), (12) 

the isotopic factor of the function (12,3) will be 

r(f2,3) = ^(r)i,(1.2)u^(3), (13) 

and we arc primarily concerned with the antisymmetrical spin states 

^a±l(ll.3)=>(a)o(1.2)«;±(3). (H) 

However, the symmetrical states (12,3) will also occur to some extent; 
the function ^^<1(12,3) will be a linear combination of the type 

Vind(I2,3) = bi„d(r2,3) • 2a(12,3) + 9^ind(12.3) • ^a(i2,3)] • r(f2,3). (15) 

Formally, of course, our resonating group solution (1), (2), (3), (4) can 
be put into the individual model form (12), (13), (14), (15); one has just 
to take 


y^ind(ll3) = 4 M3i,2) + 9.(23.1)] 
<P^ (12.3) = ~ [(pm.2) - (p{23.1)]. 


(16) 


But the procedure generally followed when treating the states of binding 
of 3H or 3He on the individual model consists in adopting for the 

9^ind (12,3) and (p^d (12,3) some simple analytical form involving a small 
number of parameters,, which are then varied so as to minimize the 
expression for the total energy of the system. 

After carrying out the summations over spin and isotopic coordinates, 
this last quantity (in the case of ^H) may be written 


+ =F «x/x T «5r/x j • 

with the following notation: the N's are the normalization integrals 

N,=/Mr2.3)Pdp("dt»o>dt»<"> . iV„ = /[9?(i2,3)]2dp")</p<«dpW; (17a) 

the K’s pertain to the kinetic energy, the ]'s to the potential energy, the 
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indices s and a signifying that the functions <p(l2,3) or 97 ( 12 , 3 ), respec¬ 
tively, enter into their definition: 

K=f(p(\2.3) (A"» + + A®) 9’(12,3) c/p"> du® 

/=/97(12,3) J(12) 9>(12.3)dp('> dn® dt7<« {I7b) 

y=! 9>(12,3) J(23) 9.(12.3) dn'*) du® dv® 
z= / 97 ( 12 , 3 ) J(23) 97 ( 31 ,2) dp*'^ dp<^) dp®; 

finally, 

/x = /9>(i2,3) J(23)97(12,3)dp")dp®dp® 

= / 9’(12.3) J(23) 97 ( 31 . 2 ) dp"> dp® dp®. 

The double signs in (17) refer to the substates with magnetic quantum num¬ 
bers ± i. The numerical coefficients a can be expressed in the following 
equivalent ways in terms of the interaction parameters (5.2-5,9,12): 

Qs z=W—B—H+M=aQ—3a,+aT—3arT =—q 
Oa = W+B—H—M=ao+ a,+a-:+ a,- =—^p 

a',=2W+B =2(ao-a.) =-i[3+ q+3’p+ 'p] 

a;=2M^-B =2(ao-2a,-a.-|-2a,r)=-i-[l+3q+ ^p+3'p] 

a^= H+2M =—2{ar+3a,r) =—{ [3+ q—3^p— 'p] (ly^f) 

a«=-H+2M = 2(ar-5a,c) =-i-[l+3q- V-3>p] 

a^ = i3B = 2i3(a,-a„) =-^|[l-q+ ^p- ’p] 

a“ = l/3H =—2i3{ar—a,r) =——[I—q— V+ '?]• 

Once the 3H-problem has been solved, the energy of ^He is easily obtained 
by adding the expectation value of the Coulomb interaction between the 
pro tor s: . 

r(^He) = sm + C =/97(12.3)^ 9>(12,3) dp<» dp®(18) 

Calculations performed according to this scheme (Brown [39]) have 
shown that the amount of symmetrical spin state in (15) is relatively small; 
this affords some justification for the simplified procedure adopted in 
most treatments of the problem, viz* the complete neglect of 9(12,3), so 
that all integrals with indices a and X disappear from equation (17). If, 
moreover, one chooses for 9(12,3) a form completely symmetrical in all 
pairs of nucleons, the remaining /,, fg and JT become equal, and on 
account of (17c/) the problem further reduces to minimizing the expression 

^ ^ 
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It will be better to postpone the discussion of the results obtained for 
and 3He by the above methods until we are in a position to compare them 
with those pertaining to the ‘^He and ^He nuclei. We shall now pass to the 
consideration of various reactions involving three nucleons. 

\4lA 2* Scattering of neutrons by deuterons. The total cross-section 
for elastic scattering of neutrons by deuterons has often been determined 
together with that of the proton (and other nuclei), and by the same 
methods. The data are collected in table 14.12, The measurements for 
thermal neutrons, which have been performed with heavy water as 


14.12. Scattering cross-section of deuteron for 

neutrons 

Reference 

Neutron energy 

Deuteron scattering 



crosS''Section 


MeV 


GOLDHABER and BriGGS [37] 

thermal (300° K) 

4.0 ±0.8 

Powers et al. [38] ^ 

id. (300° K) 
id. (120° K) 

5.3 ±0,2 

6.5 ±0,3 

Beyer and Whitaker [40] 

id. (300° K) 

6.95 ± 0,2 

Carroll [41] 

id. (300° K) 

5.7 

Marshall [46] 

id. (300° K) 

3,1 

Kikuchi and AOKI [39a] 

2,45 ± 0,05 

1,98 ±0,10 


2,21 

2,25 ±0,10 

AOKi [39] 

2,48 

2.19 ±0,10 

( 

2,76 

2,10 ±0,10 

ZiNN, Seely and Cohen [39] 

2.85 ± 0,04 

2,17 ±0,08 

( 

4,1 

1,79 ±0,08 

) 

12,5 

0.78 ±0,12* 

Amaldi et al [43] S 

13,5 

0,89 ±0,07* 

( 

14 

0,86 ±0,03* 


0,35 

3,53 ± 0,32 


0,46 

3,32 ±0,16 


0,72 

3,46 ±0,13 


0,97 

2,97 ±0,14 


1,0 ±0,1 

3,11 ±0,20 


1,6 

2,90 ±0,12 


2.0 

2,60 ± 0,08 

Nuckolls, Bailey et al. [46] 

2,6 

2,34 ± 0,06 


3.0 

2,24 ± 0,09 


3,5 

2,04 ± 0,07 


i 4.0 

1,70 ± 0,07 


4,5 

1,69 ±0,05 


5,0 

1,46 ± 0,05 


5,5 

1,52 ±0,08 


6,0 

1,30 ±0,07 

* It has been verified that the reaction D+ n-*- 2n-|-p (74./5) has a negligible 

crosS''section« 
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scattcrcr, have not been corrected for the effect of binding. The reduction 
factor necessary to get the free deuteron cross-section is hard to estimate; 
it probably lies between 0,5 and 0,7 (the lower limit (6.2/3-296) being 
0,44). 

The angular distribution of the recoil deuterons * has been studied in 
the case of scattering of D(<i, n)-neutrons. Kruger et aL [38], using the 
cloud chamber method (Kruger eta/. [37]; 6.42) to investigate the angular 
range 0' = 0° ... 80° for ap energy of 2,6 MeV of the incident neutrons, 
found a peak in the angular dependence of the differential cross-section 
at about 60°; but this result, based on the analysis of only 328 recoil 
deuterons does not seem to agree with Barschall and Kanner*s [40] 
ionization chamber investigation with neutrons of energy 2,44 ...2,5 MeV, 
which do not show any departure from isotropy in the barycentric 
system in the range 0' = 30° ... 55°, i.e. 70° ... 120°. Recently, this 
investigation has been extended by CoON, Davis and Barschall [46a, 6] 
to the whole range 6/ — 0° ... 55°, i.e. 70° ... 180°. They found that 
the differential cross-section, as a function of while remaining constant 
for ^ — 70° ... 110°, rises from d' :ii: 110° to a peak value for 180°, 
about twice as large as the value for # ] 10°. Finally, Darby and SWAN 

[48], analyzing 902 recoil tracks by Dee and Gilbert's method (6.42), 
find, for neutrons of 2,53 MeV energy, an angular distribution qualitatively 
similar to that just described, but with a relatively much higher peak at 
^= 180 °. 

From the theoretical point of view, the whole problem has been 
thoroughly discussed by Buckingham and Massey [41] **. Their work is 
based on the general equation (7) of the resonating group method; for the 
distance dependence of the nuclear potential, they adopt the exponential 
type, with the constants of table 6.432. The deuteron eigenfunction is then 

given by 5.2//. The wave-amplitude F(x) is expanded in harmonics: 

F{x) = Z yfiir) P/(cosi9): (20) 


* The relation (6.212-20) between the angle of recoil O' in the laboratory system and 
the scattering angle ^ in the barycentric system is independent of the masses of the 
collision partners. The scattering angle B in the system in which the scatterer of mass AM 
is at rest is related to ^ by the general formula 


whence 




tg O = sin ^cos ^ 


dQ 


bar 






See also MASSEY and BUCKINGHAM [47a]. 
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similarly, the kernels P. Q, N are expressed by series of harmonics of the 
type 

QM = f ^7 9 /(r.r') P,(cosi?), (21) 

& being the angle between the directions of x and jk/. The amplitudes f/(r) 
then satisfy integro-differential equations of the same general form as (7): 


31,2 [aU(r)-jr{iiyf(^qt{r.r')+y[pt{r.r^+{e'-leo)ni{r.r')])fi(r')dr']. 


- 3b^ 


for positive they have the asymptotic form 

fi —sin {kr — ^/tt + d/). (23) 

The phases <5/, for both doublet and quartet waves, have to be determined 
by numerical integration of (22), the kernels q/, p/, ni being themselves 
evaluated by numerical methods. This formidable task has been carried out 
by the authors for four values of the kinetic energy of the impinging 



Fig. 14.12-1. Differential scattering cross-section 
of deuterons for neutrons. The differential cross- 
section (in arbitrary units) is given in terms of 
the scattering angle ^ for neutrons of 11,5 MeV 
(upper curves) and 2,53 MeV (lower curves) 
kinetic energy; the full curves refer to the sym¬ 
metrical theory, the dotted ones to the neutral 
theory. The crossed curve represents the obser¬ 
vations of Coon and BARSCHALL [466], 


neutrons^ covering the range 0,25 ... 11,5 MeV (in the laboratory system), 
and for three different choices of the spin and charge dependence of the 
nuclear potential. For the energies involved, only S- and P-waves (/ = 0,1) 
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need be considered. The three forms of nuclear interaction investigated 
include the neutral and symmetrical theories (5.32-16. 17). to which we 
shall confine ourselves here *. The information thus provided is indeed very 
valuable, since the angular distributions predicted by these two theories 
turn out to be widely different, even for relatively low neutron energies 
(fig. 14,12—\). Over the wide energy range surveyed by the calculations, 
the P-phascs turn out to be much smaller on symmetrical than on neutral 
theory, with the result that the angular distribution is more uniform in the 
former than in the latter case. 

The empirical material can be compared — disregarding the slight 
difference between the respective neutron energies — with the lower curves 
of fig. 14,12-1, Unfortunately, the discrepancy mentioned above between 
Coon and Barschall’s results on the one hand aiid Darby and Swan's on 
the other is so large as to preclude any discrimination between the two 
theoretical possibilities. In fact, while the first named experiments, as 
shown on the figure, tend to support the predictions of the symmetrical 



2 4 6 8 10 MeV t2 H 


Energy E-^ 

Fig. M.12-2. Total elastic scattering cross-section of deuteron for neutrons, in terms of 
the kinetic energy of the neutrons (in the laboratory system). Lower curve according to 
symmetrical theory, upper curve according to neutral theory. Experimental points: 

A Aokl K Kikuchi and Aoki Z Zinn. Seely and Cohen. 

Am AmaWi ef at, N Nuckolls, Bailey et al, 

* The third type, a combination of Majorana and Heisenberg forces, yields results 
very similar to those of the symmetrical type* 
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theory, those of Darby and Swan seem to fit nicely the curve corresponding 
to the neutral theory. 

A more definite conclusion can, however, be derived from the consider¬ 
ation of the total scattering cross-section. The theoretical values of this 
quantity as function of neutron energy, on both the neutral and the 
symmetrical theory, are illustrated by fig. 14,12-2, in which the relevant 
experimental results listed in the above table have also been plotted. The 
general trend of these results undoubtedly points to the range of values 
expected on symmetrical theory. The analysis of the saturation properties 
of the nuclear interactions which, as we have seen (11,33), also leads us 
to this theory, cannot claim the simplicity and directness of the evidence 
just discussed.lt thus appears that the analysis of the scattering of neutrons 
by deuterons furnishes at present the weightiest argument in favour of the 
symmetrical form of nuclear interaction. In view of the importance of this 
conclusion, it is highly desirable that the experiments be repeated and 
extended with increased accuracy. 

Further calculations of the S-wave scattering cross-section for different 
values of the range of the nuclear potential show that at higher neutron 
energies this quantity does not depend very much on the value assumed 
for the range, but that for very slow neutrons (for which it represents 
practically the whole cross-section) it becomes quite sensitive to this value: 
it increases with increasing range. Unfortunately, the slow neutron cross- 
section is, as shown by the table above, not sufficiently well known experi¬ 
mentally to allow of a determination of the range; at any rate, the range 
value derived from the proton-proton scattering data would seem not to be 
inconsistent with the neutron-deuteron evidence. 

An independent calculation of the S-wave scattering cross-section for 
the neutron energy range 0 ... 3 MeV has been performed by HOcker [42], 
using essentially the same method, but somewhat different assumptions on 
the nuclear potential. He uses the symmetrical form of interaction, adopting 
a Gauss potential with quite inadequate constants, viz. J 26,4 MeV, 
zzi d, q=^0,5; he solves the integro-differential equation (22) for fo 
by a variational method. The values he gets for the cross-section are rather 
too low. 


14.13* Scattering of protons by deuterons. The scattering of protons 
by deuterons is in serious need both of experimental investigation and of 
theoretical treatment. The only available measurements — discarding older 
ones of Tuve et al, [36] — are those of Taschek et al, [42,47], with 
protons in the energy intervals 0,2... 0,3 MeV and 0,825 ... 3,53 MeV 
(using the same apparatus as in the study of proton-proton scattering, 
7,12), and of PowELL et al, [476], who investigated by the photographic 
method (6,42) the scattering of 4,2 MeV protons in deuterium and of 
6,7 MeV deuterons in hydrogen. A detailed phase-shift analysis of the 
main data has been given by Critchfield [48]. The theory of the process 
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is dealt with rather summarily in two older papers by Primakoff [37] and 
OCHIAI [37]; however, more up-to-date calculations by Massey and 
Buckingham [48]. along the same lines as their investigation of the 
neutron-deutcron system, are in progress. In the preliminary note quoted, 
the authors compare their theoretical results with the ratio of observed 
to Rutherford scattering at various angles, interpolated for 1.85 MeV. 
protons: at this energy, the symmetrical theory is found to lead to a 
remarkably good agreement, whereas the predictions from the neutral 
theory deviate markedly from the observed values. 

14 . 14 . Radiative capture of thermal neutrons by deuterons. The cross- 
section for the radiative capture of thermal neutrons by deuterons has 
been estimated by BoRST and Harkins [40] at 2 ...3* 10-28 from 
measurements of the /S-activity of the tritium (^H) formed in this reaction. 
The effect is connected, just as the analogous capture of neutrons by 
protons (6.52). with a change in magnetic moment of the system. Its 
theory, worked out by Hocker [42] (on the assumptions mentioned at 
the end of 14,11) and more exactly by Burhop and Massey [48] (using 
the resonating group method outlined above), yields the right order of 
magnitude for the cross-section, 

14 . 15 . Disintegration of the deuteron by proton or neutron impact. 
Sufficiently fast nucleons can disintegrate a deuteron according to either 
of the reactions 

2p+n (p) 

D+n->2n+p (n). 

Since a minimum energy of 2,18 MeV must be available in the barycentric 
system to make any one of these reactions possible, the threshold energy 
of the impinging nucleon is 2.18 • f = 3,27 MeV. The (p) reaction has 
been produced by Barkas and White [396] with protons of 5.1 MeV. 
The ceulerium gas was contained in a chamber with insulated lead lining 
for collecting the protons. The neutrons were slowed down by paraffin and 
measured with a silver detector. The cross-section was estimated at 

1.4 * 10~26 emS, The (n) reaction has hitherto not been studied directly 
in the course of their proton-neutron scattering experiments. Amaldi et aL 
[43] derived an estimate of the (n) cross-section for 14 MeV neutrons, 
viz. 4 ... 9 • 10-26 cm2. 

For the theoretical discussion of the (n) reaction, the reader is again 
referred to HOCKER's paper [42]. The cross-section of the (p) reaction 
can. as also shown by Hocker, be derived from that of the (n) reaction 
by multiplying the latter by the penetrability of the deuteron barrier for 

• The cloud chamber tracks of recoil particles from deuterium exposed to Rn~Be 
neutrons, observed by BaOGE [42], are of doubtful interpretation (see H5CKER [42]. 
Amaldi ef a/. [43]). 
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the proton ( 2 ./). The theoretical results come out an order of magnitude 
larger than the crude empirical estimates just quoted. 


14«2« Binding energies of the lightest nuclei 

14 . 20 * Numerous attempts have been made, starting from various 
assumptions on the form of the central potential of interaction between a 
pair of nucleons, to compute the binding energies of the nuclei ^He 
and ^He. The discussion of 14.111, leading to formula (19), shows that 
the energy of the ground state of depends primarily on the interaction 
constants J and q, i.e. on the range and the strengths of the effective 
potentials for even states. One can therefore try, in the first place, to 
adjust these parameters so as to account simultaneously for the observed 
values of the binding energy of and of the energies of the and 
levels of the deuteron (which we shall here call, for brevity, the “deuteron 
data’*), It then remains to be seen whether agreement can also be obtained, 
in conformity with the charge-independence property, with the data from 
proton-proton scattering (the **p~p data”) and with the observed mass- 
defect of ^He. Of course, other groupings of the items of empirical evidence 
just enumerated are possible, e.g. adjusting the parameters to the deuteron 
and p~p data and testing the resulting potential by the calculation of the 
binding energies of and '^He. In view of the margin left by the 

inaccuracy of the methods of computation of the latter quantities, these 
various possibilities may be helpful in elucidating different aspects of the 
consistency problem thus raised. In this section, we propose to review the 
discussions to which this problem has given rise and to draw our own 
conclusions. We begin with some preliminary remarks, carrying further the 
theory developed in 14.11 and 14.111. 

14 * 21 * Data and methods. Let us first of all collect the data of 
interest. The binding energies of the -S ground state of and the iS 
ground state of ^He, respectively, are 

E(m) zie,= -8,3MeV 
£ (^He) - 28,2 MeV. 

The triton sH is ^-active, going over into ^He with the emission of a rather 
slow electron: the maximum kinetic energy Ks of the electron spectrum is 
less than 15 keV (Watts and Williams [46] ). From the energy balance 
(1.13-1) of the process, with (1.22-5), we thus get 

e(me)-€(m) = \A7m-K^ (K^ < 0,03 m). (2) 

The calculation of this energy difference, by (14.111-\?>), affords a useful 
test of the accuracy of the method of approximation applied to the 
determination of £ 3 . We may state at this point that in all the papers which 
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will be discussed below» this test has been carried out with) a satisfactory 
outcome; this will dispense us from mentioning the treatment of <^He in the 
sequel. Finally, we recall for later reference, that the ground state of 
^He is a virtual level, involving the spontaneous decay of this nucleus 
into a neutron and an a-particle; its energy is 0,8 MeV above that of the 
latter, i.c. 

e(5Hc) = -27,6MeV. (3) 

The methods of computation at our disposal are the resonating group 
method (14J1), the variational method (14,111), the variation-iteration 
method (5,24) and the ordinary perturbation method. As regards 
Svartholm’s variation-iteration scheme, it has hitherto only been applied 
to the problem in hand, with very encouraging results, by Svartholm him¬ 
self. The resonating group method, which might be expected to be the 
most reliable one, has been put to the test by Miss Way [396] in the case 
of and ^He: the conclusion of this study is rather disappointing. In 
the case of ^H, Miss Way carried through the whole calculation according 
to the general prescriptions of the method (13,3), but found that this 
yielded hardly better results than a simplified procedure, consisting in 

choosing for the wave-amplitude F(x) a suitable analytic expression with 
variational parameters, thus reducing the problem to the usual variation 
principle*. She applied this method also to the -P(ls)^2p and 
25[(ls)'i2s+ (Is)3 (2p)2] configurations of ^He. Both nuclei had been 
treated by the ordinary variational method, using very nearly the same 
specification of the nuclear potential (Gauss type), viz. by Margenau 
and Warren [37] and ^He by Tyrrell [39]. This refined variational 
treatment, involving trial functions of complicated form, proved superior 
to the resonating group method. In particular, only the former treatment 
is able to bring out the existence of a level of ^He with nearly the same 
energy as the -P state (which is probably lower). The failure of the 
resonating group method in the case of might be attributed to the 
neglec". ctf the polarization of the deuteron cluster by the loose neutron; 
but in the case of ^He, such polarization effects should be unimportant. 

The methods most extensively used can be described as more or less 
elaborate applications of the variation principle; sometimes the perturbation 
method has also been employed, A critical study of the technical aspects 

* In the course of his treatment (by the resonating group method) of the radiative 
capture of neutrons by deuterons (H,H), Hocker likewise tries to set up a simple 

expression for the amplitude F( x ) corresponding to the ground state of the triton (final 
state of the capture process). He does not, however, determine the “best*' parameter 
values by the variation principle, but contents himself with fixing them in such a way 
that the expectation value of the energy is equal to the observed value. Burhop and 

Massey, on the other hand, replace the kernel of the integro-differential equation for F(x) 
by an approximate expression, making possible an analytic solution of the equation; this 
procedure yields (fortuitously) an excellent result. 
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of the calculations and convergence questions involved will be found in a 
paper by Warren and Margenau [37]. We shall here only point out that 
a rapid, but not always very reliable, orientation may be gained with the 
help of a peculiar mode of estimate of the energies 84 of and ^He, 
known as the reduction to ''equivalent two-body problems", the idea 
of which goes back to WlGNER [33a]. The simple form in which it will 
be presented here is due to Rarita and Present [37]. Let us first write 
down the variation principle, pertaining to ^He, in a simplified form ana¬ 
logous to equation {14.111-19) for ^H. We adopt a wave-function entirely 
symmetrical in the space coordinates: 


F4i p 


in this formula, the summation extends over all permutations P of the 
numbers 1234, affected with the + or — sign according as they are even 
or odd. One then easily finds: 


8 


N 




-4 K' 



( 5 ) 


the symbols N, K\ J being defined in complete analogy to those referring 
to 3H: in the formulae (14.111-\7a, 17fe, 19), one has just to replace (/>(123) 
by 9 ? (1234) and to integrate also over To this e must be added 

the average Coulomb energy C/N, with C analogous to the integral in 
{14.111-18).Now, it turns out that if the trial functions 9 ?(123) or (^(1234) 
are taken as products of "Gaussian" functions of the type cxp(— 


(p z=z exp 2 ! ( 6 ) 

i>k 

both equations {14.111-19) and (5) reduce to the same simple form, which 
is just the expression of the variation principle for a two-body problem. 
Elementary integrations yield in fact the following results: 

2H : e = ipc-JW{ii.) 

3H : e = 

^Hc: € = 9/^--6^~JW(2^^). 

with 





( 8 ) 


In other words, the variation problems for and ^He are identical with 
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that of a twO'-nucleon system; one has just to establish between the 
respective potential constants the following correspondence: 


: 


J 


! 

xi2. 


(9) 

<Hc: 


i'+sj. 



The method of the ''equivalent two-body problem" consists in taking as an 
estimate of the energy £3 or £4 the exact eigenvalue of the two-body wave- 
equation involving the corresponding interaction parameters as given by 
( 9 ). This procedure has the advantage of simplicity, but it clearly lacks 
any theoretical justification. For some forms of distance dependence of 
the nuclear potential (Gauss, exponential), it may yield rather close 
approximations; but in other instances, e.g. the meson potential, in which 
the Gaussian function is but a poor representation of the deuteron eigen¬ 
function, it is far less reliable. 

14.22« Discussion of results. Computations of varying accuracy have 
been carried out for different types of nuclear interaction, viz. the 
exponential potential (Rarita and PRESENT [37]), the Gauss potential 
(Margenau and collaborators [37, 38a], SVARTHOLM [45]) and the 
meson potential (Hylleraas and Risberg [41], Brown [39], Svartholm 
[45], Frohlich et aL [46,47], Humblet). Insofar as the simplified variation 
problems and (5) are considered, or the calculation by some other 

method is limited to the first approximation, only the effective potentials 
for even states are concerned and the precise choice of the spin and charge 
dependence of the potential is immaterial (except for the charge inde¬ 
pendence property). For more accurate calculations, as well as for the 
investigation of excited states *, it is, strictly speaking, necessary to adopt 
a defi lit^ form: in the papers just quoted, either the symmetrical theory or 
a mixture of Majorana and Heisenberg forces has been used however, 
in practice it hardly makes any difference which choice is made. In fact, 
when judging the degree of accuracy of such calculations, one should not 
forget that they imply the complete neglect of possible non-central forces 
and. above all, of the contributions from direct 3-body and 4-body inter¬ 
actions. Especially the latter circumstance has not been properly recognized 
until recently; otherwise, the laborious investigations of which an account 
will now be given would probably have been led into more promising 
channels. 

The consistency problem was raised for the first time in connexion 

* Margenau and Tyrrell [38a] discuss some excited states of the four-nucleon 
(^He)' system. 

•* Svartholm uses a mixture of Wigner and Bartlett forces and applies a correction 
to go over to the Majorana-Heisenberg case. 
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with Rarita and Present's treatment of the exponential type of potential. 
They found a set of potential constants (those given in table 6.432) 
consistent with both ^3 and deuteron data; we may add (7 A3) that they 
turn out to be consistent also with the p-p data. But when the ^He energy 
I ^4 I is computed with these constants, it comes out considerably too large. 

Margenau and his collaborators then took up the problem using a Gauss 
potential. By very elaborate variational calculations, they determined a set 
of parameters: 

X-* 2,25 • 10-*" cm, J ^ 35,6 MeV, q — 0 , 6 , (10) 

with which they were able to account for f 3 and the deuteron data. The 
binding energy | ^^4 |, however, came out slightly too small; the observed 
value of f4 could be obtained by increasing the parameter q to 0,65, but 
with such a high (absolute) value of the effective potential, the level 
of the deuteron becomes an actual state of binding. Moreover, when the 
p-p data became available, they proved clearly incompatible with the 
constants ( 10 ): a smaller range was required {7.13). Resuming the cal¬ 
culation, by his variation-iteration method, with this smaller range, 
Svartholm could further show that the adjustment of the potential to the 
deuteron data and ^3 was possible, but again yielded too large a value of 
|f4|. Summing up, the two following conclusions emerge: 

( 1 ) a set of parameters compatible with the deuteron and p-p data 
and with .'3 yields too large a binding of ^Hc; 

( 2 ) a set of parameters yielding the right binding energies of -H, 
and ^He involves a larger range than allowed by the p-p data and 
gives rise to a bound state of the deuteron. 

Both these conclusions have been confirmed in the case of the meson 
potential. As shown by Hylleraas and Risberg, the second one readily 
follows from the application to this case of the "equivalent two-body" mode 
of estimate; the numerical results obtained by these authors are probably 
exaggerated by the inadequacy of the method, but their relations, as formu¬ 
lated in the above statement ( 2 ), are undoubtedly correct. The first con¬ 
clusion results from the work of Brown and Svartholm: the former finds 
that the meson potential corresponding to the mass-value Mm ^ 2\\ m, 
— the strengths being given in terms of Mm by {6.432-^), — 

will suit both £3 and deuteron data; Svartholm then shows that an excessive 
binding of ^He results. Moreover, Svartholm establishes the same con¬ 
clusion for the mass-value Mm ~ 326 m suggested as a possible one by the 
p~p data (7.13). 

The first paper by Frohijch et al. [46] contains a determination of the 
meson mass from the deuteron data and fa, very similar to that of Brown, 
though based on the simplified variation principle (14.111-\9)\ this leads 
to Mm = 225 m. An improved calculation, carried out in the second paper 
[47], yields Mm = 210 m in complete agreement with Brown*. On the 

* Frdhlich and his collaborators adopt the symmetrical theory, while Brown assumes 
a mixture of Majorana and Heisenberg forces. 
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other hand, it is very strange that — in contrast with all previous results, 
and especially with Svartholm*s — the value of | ^4 | computed by Frohlich 
et aL is smaller than the observed one (less than half the experimental 
value). There is presumably some error in this computation, which, owing 
to the special form adopted for the trial wave-functions, is very intricate. 
At any rate, a renewed calculation of | ^4 | by Humblet, using the usual 
“Gaussian" trial functions, yields results much nearer to Svartholm's. By 
varying the mass of the meson, Humblet shows that the value of the ^He 
binding energy is very sensitive to this parameter, and increases (in 
absolute value) with increasing meson mass; it is true that he finds an |f 4 | 
smaller than the observed value for Mm as high as 240 m, which slightly 
disagrees with Svartholm*s calculation, but on the whole his results do not 
deviate from the general trend expressed by the above statements ( 1 ) 
and ( 2 ), 

Now, what is the significance of these statements? Considering ( 2 ), it is 
clear that we must renounce any consistent account of the binding energies 
of the lightest nuclei by means of central two-body interactions alone. 
Conclusion ( 1 ) then embodies the most that we can expect in the way of 
consistent interpretation on this basis and tells us at the same time in which 
direction a first discrepancy arises. This discrepancy has often been 
commented on with undue pessimism, when one reflects on the narrowness 
of the fundamental assumption just recalled about the nature of the nuclear 
forces at play. It is indeed reasonable to suppose that the excess of binding 
of ^He should be removed by forces which make their first appearance in a 
system of four nucleons, but are inoperative in systems composed of fewer 
particles; i.e. by direct four-body interactions, which in the special case 
of ^He should have the effect of a repulsion. This inference, drawn both 
by Svartholm and by Frohlich et aL *, seems very cogent indeed. Of 
course, it still needs quantitative verification; but in its present state, meson 
field theory is not yet ripe for such problems. 

s Argument for like-nucleon forces. Early calculations of binding 
energies of and ^He (B G B, §§ 20 — 21 ) were carried out with the help 
of a nuclear potential not presupposing the charge independence property, 
and the strengths .of neutron-proton and like-nucleon potentials were 
determined independently so as to fit deuteron data as well as ^3 and t' 4 . 
In this way, the existence of forces between like nucleons received a further 
confirmation and their order of magnitude was found to agree with that 
derived from the p-p data. 

14.24^ Stationary states of ^Li and ^He. According to rough deduc¬ 
tions from the quasi-atomic model (11,41), the ground state of the stable 
odd nucleus ^*Li should be a state, and the first excited level a state 

* Owing to their aberrant result on e^, these authors are naturally led to postulate 
a 4-nucleon attraction. On the other hand, they rightly observe that since £4 appears as 
the difference of two large quantities, viz. the kinetic and potential energies, nearly 
balancing each other, a relatively small contribution from 4 -body forces to the potential 
energy would be sufficient to produce the big change required in their r 4 -valuc. 
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(70.22).Detailed calculations by Margenau and Carroll [38b], combining 
variational and perturbation methods, confirmed this, but disclosed at the 
same time the unreliability, from a quantitative point of view, of first order 
results concerning the spacing of levels of different orbital quantum num¬ 
bers: in fact, the second order perturbations decrease considerably the 
interval, without, however, reversing the order of the levels. A 
similar effect has been found by Tyrrell in his calculation (1421) of the 
interval in ^He. 

The energy difference between the ground states of the isobaric nuclei 

<iHe and <5Li, connected by a ^-transition ^He-^ (>Li, can be deduced from 
the limiting energy of the /3-rays; after allowing for the Coulomb energy, 
there remains a difference in proper nuclear energy amounting to 
3,8 rt 0,6 MeV. This arises, of course, from the fact that the ^’He con¬ 
figuration, due to the exclusion principle, is a one. Assuming charge 
independence of the nuclear forces, we may say that the difference in 
question represents the separation for 6-nucleon systems. Its theo¬ 

retical calculation has been carried out by Margenau [39]; in this case, 
in which we are dealing with states of the same orbital momentum, the 
second order effects have actually little influence. In principle, we might 
therefore hope to derive from comparison with experiment definite in¬ 
formation about the spin dependent part of the nuclear potential. How¬ 
ever, — quite apart from the uncertainty regarding possible contributions 
from other than central interactions, — the empirical value itself is too 
inaccurate to allow of any such deductions. 



SUMMARY OF PART ffl 


In this Part we have been concerned with two main lines of argument. 
On the one hand, we have discussed how far it is possible to account 
for the properties of complex nuclei, according to various structural models, 
on the assumption of a central interaction between pairs of nucleons. In 
particular, a tendency has been revealed towards the formation, within 
such a nucleus, of transient clusters of nucleons, especially a-clusters 
(12.23); and nuclear models have been described in which account is taken 
of this cluster structure (13.3). 

On the other hand, we have considered the additional evidence from 
complex nuclei concerning the exact form of the isotopic factor of the law 
of nuclear interaction. In this respect, the saturation properties of nucleon 
binding (11.33) and the scattering of neutrons by deuterons (14.12) 
have both been found to yield evidence in' favour of the symmetrical 
form of nuclear potential (8.31). This conclusion completes the deter¬ 
mination of the elementary law of force, insofar as it may be — at least 
in first approximation — regarded as a central two-body interaction. 

There are, however, quite definite indications as to the necessary cor¬ 
rections to be applied to this description. The computation of the binding 
energies of the lightest nuclei has revealed the far from negligible role 
played by many-body forces (14.22). Moreover, as we know (6.12), 
a certain amount of non-central coupling is necessary to explain the electro¬ 
magnetic properties of the deuteron. While little can be said at present 
about many-body forces, considerable work has already been devoted to 
a closer study of non-central interactions. Our last task will now be to 
survey the preliminary results, as yet inconclusive, pertaining to this 
important question. 



PART IV 

NON-CENTRAL AND NON-STATIC COUPLINGS 




CHAPTER XV 


GENERAL TYPES OF NON CENTRAL AND NON^STATIC 
NUCLEAR FORCES 

15*1« General empirical evidence 

The analysis ‘of the electromagnetic properties of the ground state of 
the deuteron (6.72, 6A21, 6A22) has made it clear that the proton-neutron 
interaction involves a non-central term, as the result of which the ground 
state contains a small admixture of state. The occurrence of the non¬ 
central coupling is a direct consequence of the existence of an electric 
quadrupole moment in this state. That the admixture of state in the 
case of the deuteron is very small can be concluded from a comparison of 
the actual magnetic moment with the value /< j pertaining 

to a pure state. The values of the magnetic moments of the other stable 
odd nuclei confirm the inferences drawn from the deuteron data and 
illustrate the increasing importance of the non-central couplings with 
increasing complexity of the nucleus (A2,26). 

Other evidence from nuclei more complex than the deuteron, such as 
that derived from the fine structure of the levels or, more indirectly, from 
the magnetic moments, is, as we shall see, much less definite. In fact, the 
general conclusions which the preceding study of heavier nuclei from the 
standpoint of central interaction permits do not open very encouraging 
prospects of a more detailed analysis of this interaction: on the one hand, 
the gross features of nuclear properties arc to a surprising extent insensitive 
to even large variations of the law of nuclear force; on the other, the 
investigation of finer details, which might in principle yield useful in¬ 
formation on the precise form of this law, would require an accuracy of 
theoretical treatment which present methods would generally not permit. 
However, very general and elementary arguments of covariance will at 
least carry us a first step forward, by enabling us to enumerate the simplest 
forms of interaction potentials possible a priori. 

15.2* Survey of nuclear interactions 

15«2L Static and [irst order interactions. In trying to determine the 
various possible types of nuclear forces, we shall first of all neglect many- 
body forces (134) and restrict the discussion to interactions between pairs 
of nucleons. The question is, of course, essentially non-relativistic: a 
relativistic formulation of interaction laws is not possible without the help 
of the field concept. The introduction of an interaction potential is only 
justified insofar as the velocities of the constituent nucleons remain on the 
average sufficiently small (23), and we may therefore consistently limit 

9. 
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ourselves to expressions involving no higher power of the momenta than 
the first. We need not consider any explicit dependence on the variables 
Qi, since the latter variables can always be reduced to the momenta. We 
have thus to construct interaction operators of the general form , 

in which Q^^)) is a linear function of the momenta of the 

two nucleons (1) and (2), symmetric with respect to the sets of coordinates 
Q(i), Q(2), and further satisfying all invariance requirements listed under 
(a) ... if) in 43L The following discussion has been given in two papers 
by WiGNER [37a] and Eisenbud and Wigner [41]. 

Let us first fix our attention on the rotation and spatial symmetry 
covariance. As regards the spatial variables, we have at our disposal (sup¬ 
pressing the indices 


2 

2 

1 

2 


scalars: 

|jr|. 

-► 

X-p; 



-> 

polar vectors: 

X , 

P J 




axial vector: 

X Af. 


tensors: 

nr»(x) _ 

Tim —— Xi Xm* 

3-S 

II 


Xipm* 


(I) 


With the axial vectors \ can further form 


2 scalars: 


1, ; 


3 axial vectors: A 

1 tensor; . 

n 


( 2 ) 


In writing the tensor components, we denote by x/, pi (i 2, 2, 3) the 
components of x and p and likewise we put 

I. 

(cycl). 

We have to combine the various quantities (1) and (2) in such a way 
as to fulfil in the first place the requirements (fe), (c), (d) of dynamical 
and spatial invariance, which do not involve the isotopic variables. To 
obtain invariants from the tensors T^^p\ in the most convenient 
form, it is best to start from the traceless tensors Tim —-J- dimT {T denoting 
the trace ZTn), If are any two of our tensors, being sym¬ 

metrized if necessary, we define an invariant by 

/(-^) HZ -i di„ r'“’) d,„ 

( 3 > 

l,m 
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the traces of the tensors we have to use are 

=lcp. . (4) 

An easy discussion leads to the following independent types of invariants: 

1, (5a) 

= M«)) (xo«2)) -1 r2 oO) a(2) (5b) 

p) + a<2))*(xAp) (5c> 

(^1) A p) (5c/> 

(o<'> A • (x A p); (5e) 

y [(x (p 4" (xcP^) (p (xp) 


Each of these may be multiplied by an arbitrary function of the distance r. 

Turning to the charge invariance requirement (f), wc see that it can be 
satisfied by six distinct operators built up with the help of the isotopic 
variables t(-), viz. 

I, + (7a) 

ry)-T(2) (7 b) 

(t(i) a t< 2))3 nz 2/ (n(^)+ n<2)—n(2)t) — (7c) 

In (7c) use has been made of the notation introduced in (4,41-2), The 
most general interaction operator for a pair of nucleons will be a linear 
combination of these six operators, the coefficients of which will be suitable 
functions of the other variables. The allowed combinations of isotopic 
factors (7) with spatial invariants (5) and (6) are essentially limited by 
the requirement (e) of invariance for a change of sign of the time. On 
that account, the isotopic factors (7a) and (7b) can only be combined 
with the invariants of types (5a) to (5d); but since the resulting expression 
must also be invariant for an interchange of all coordinates of the two 
nucleons, (7a) is compatible only with (5a), (56), (5c), while (76) belongs 
to (5d) only. Since (7c) changes sign when the FI's and Fl+’s are inter^' 
changed, it can only be associated with either (5e) or (6), which likewise 

change sign when the signs of the ps and a*s are changed; but the sym¬ 
metry with respect to the sets of coordinates of both nucleons excludes all 
invariants of types (6). The requirement (a) of being Hermitian, which 
is the last we still have to consider, is obviously fulfilled by all remaining 
combinations. 
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As a result of the preceding discussion, we arc thus left with a relatively 
small number of possible forms of nuclear potentials, each of which can be 
represented by a product of three factors; one of them, expressing the 
distance dependence, remains arbitrary; the second one embodies the 
dependence on spin, angle and momentum variables, the third is the isotopic 
factor. The following table enumerates the various types, with the names 
and symbols by which they will henceforth be denoted; the notation 

Xq has been used for the unit vector x/r. 


15.21. Types of static and first order nuchar interactions 

Dependence on spin, angle and momentum variables 

Dependence on charge (isotopic factor) 

1 . central 1. 

IL axial dipole ^o) f"'"' ^o) - 

III. spin-orbit (x a p) 

IV. spin-orbit -► 

of the 2nd kind “ (o>" - (x a p) 

V. spin-orbit ^ 

of the 3 rd kind ^ lo'*' a 0 7 (x A p) 

\ f 1. neutral 1 

1 any linear \ 

> combination v 2. symm. t' ' i' 

i 0 : the factors 1 

) ( 3 , charged 

M) J2) 


With respect to the velocity dependence, we distinguish static and non¬ 
static couplings; the static ones may be either central (type I) or non-central 
(type II), while the non-static ones are all angle dependent. The inter¬ 
action is the familiar expression occurring in the interaction energy 
of two magnetic dipoles (6,73-20): hence its name axial dipole coupling. 
The non-static interaction also represents a type well-known espe¬ 

cially in atomic theory under the name spin^-orbit coupling. The names of 
the isotopic factors which can be associated with any of the types I, II, III, 
of inttra^tion have been chosen with reference to meson field theory 
(8,31), The factor 7 / 3 ^ +^ 3 ^ has been left out, since its occurrence is 
excluded by the equality of proton-proton and neutron-neutron nuclear 
interactions (3.3). The types IV and V of non-static couplings arc only 
listed for the sake of completeness; they are indeed very unlikely to play 
any role owing to their peculiar isotopic factors, which have non-vanishing 
matrix-elements only for proton-neutron interaction and are thus in¬ 
compatible with the charge independence property of the nuclear potential. 

15.22. Second order interactions. The preceding survey must be 
completed by an examination of the interactions of second order in the 
nucleon velocities which are compatible with the requirement of Lorentz 
invariance of the Hamiltonian up to that order. This discussion will be of 
importance in showing, first, that a potential energy, function of the 
variables of the nucleon pair, may be introduced in the relativistic Hamil¬ 
tonian of the two-nucleon system as long as effects of the first order onlv 
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are considered {431 ); secondly, that second order interactions are generally 
so small compared with those of lower order that it is permissible in most 
cases to neglect them. Attacked for the first time by Inglis [36], the 
problem has later been treated more systematically by Breit [37a, 38a], 
to whose papers the reader is referred for a detailed study. We shall here 
discuss in full a simple case by way of illustration and only briefly mention 
more general results obtained in essentially the samp way. 

Let us first consider the behaviour of the nucleon moving in a field of 
force described in unrelativistic approximation by a potential energy Vn\ 
on the quasi-atomic model, this might be taken as the average interaction 
of the nucleon with the other constituent particles of a nucleus. At the 
same time we shall also introduce an electrostatic potential energy Ve* 
in order to bring out the characteristic differences in the treatments of the 
nuclear energy Vn and the electromagnetic energy Ve. The latter, in fact, 
behaves as the time-component of a four-vector: whereas, according to an 
elegant procedure suggested by Furry [36], we may regard the nuclear 
energy term as a scalar, and accordingly add it to the mass term of the 
Hamiltonian. In this way, we get {4,221—9) the invariant expression 

+ V, + ^3 (M + Vn) - i {gs-2 T„ ) He. (8) 

in which gs denotes the Lande factor 2fin or 2 jip of the nucleon (A2.22—11) 

and He the magnetic field acting on its anomalous magnetic moment. In 
fact, the energy contribution due to the anomalous moment, being in¬ 
variant can be calculated in the system of reference in which the nucleon 
is momentarily at rest; in this system, the nucleon is acted upon by a 

j 

magnetic field He E A t^/c, E being the electric field-grad Ve and 

V cp/M the velocity of the nucleon in the original system of reference. 

The wave-equation derived from the Hamiltonian (8) can be reduced 
in the usual way to an equation for the “large" components only {421, 
433). The latter corresponds to the following reduced Hamiltonian, exact 
to the second order in the nucleon velocities: 

f^,ed = -2^+T_V.+ P„-25^[(a-T_ V.y-Vn] 

+ g'a'i ( T_ Ve)'p — ^2^-j2 o [grad {Vn—T A p] (9) 

( 2^2 ( 9 S- 2 T-) a [grad V, A p]: 

In this formula, e denotes the unrelativistic energy of the system. The last 
two terms can be combined to give a second order interaction 

= «!grad [V„-(p.-T_) V-J A p\. (10) 

which, in the case of central potentials Vn and Ve, takes the form of a 
spin-orbit coupling 

Cf, W. PAULI, Hdb. d. Physih Bd. XXIV/1, 1933, p. 233. 
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InoLIS [36] gives a more physical analysis of this relativistic spin^orbit 
coupling, by observing that it consists of the superposition of two distinct 
contributions* In the first place, the magnetic dipole due to the spin of the 

nucleon, moving in the electric field E, can be regarded, in the reference 
system R in which the particle is momentarily at rest, as acted upon by 

the magnetic field He and accordingly performing, in this reference system, 
a Larmor precession of angular velocity (divided by c) 

= — 2 ^ gs He = (grad V’, A p). ( 12 ) 


When we transform to the original system of reference, we have to intro¬ 
duce, owing to the acceleration of the nucleon, the well-known Thomas 
precession *, affecting the whole reference system R, Its angular velocity is 


1 d 

^ 2 cdt 



2 ^^gtad(V„ + T.Ve)A^. (13) 


The total (kinetic) energy change due to these precessions amounts to 

4 -ba(oji: + co 7 ), which, according to ( 12 ) and (13), is just ( 10 ). While the 
nuclear potential Vn naturally gives rise only to a Thomas precession, the 
electric potential contributes also a Larmor term; as a result, the effect of 
Vn is enhanced by that of Ve in the case of a proton, counteracted in the 
case of a neutron: this follows indeed, according to ( 10 ), from the fact 
that Vn and Ve arc of opposite signs (the former attractive, the latter 
repulsive),while— T- is positive for a proton, negative for a neutron. 

As already stated, the Hamiltonian ( 8 ) or (9) might be used to describe, 
on the quasi-atomic model, the stationary states of an odd-mass nucleus in 
which all the constituent nucleons but one are in their lowest configuration 
with saturated spins. Such stationary states will be doublets, and in the 
absence of any other non-central coupling, the splitting of these doublets 
into their components J = L zt I would be entirely effected by the spin- 
orbit coupling This effect is most readily vizualized by a comparison 
with the well-known case of an atomic system with one optical electron. 
The atomic problem is formally included in our formulae, if we put Vn — 0 , 
gs =2, 1 ; according to ( 10 ), we have here 

X^atom ^ 12^2 (grad Ve , atom Ap). (H) 

Since X^e.atom is attractive just as Vn^ the sign of X^i?om will be opposite to 
that of X^^-^ in the nuclear case, provided the nuclear potential is pre¬ 
dominant. This sign inversion arises from the large Larmor effect in the 

atomic case: according to (12), (13), one has here coi — — 2 a) 7 , so that 

the sign of X^ltom is fixed by — 0 ) 7 , as against + 0)7 in the nuclear case. 
We conclude that the order of the doublet terms in an odd^-mass nucleus, 
as a result of the relativistic spin-orbit coupling, will in general be the 
reverse of that of the one>-electron atomic spectra. In the latter case, the 
order of the levels would be regular: the lower state would have the lower 


* See, e.g., DANCOFF and INQLIS [361. 
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/-value. In the nuclear spectrum, the doublets should therefore be inverted: 
the lower state should have the higher /-value. This rule, enunciated by 
Inglis [36], will hold generally if the odd nucleon is a proton; if it is a 
neutron, it will only hold provided the Thomas effect of nuclear origin is 
larger than the Larmor effect (of opposite sign) due to the neutron's 
anomalous magnetic moment. 

In atomic theory, it is an easy matter to extend the discussion of 
multiplet splitting to many-electron spectra (assuming normal coupling 
conditions): the electrons can be regarded as moving in a central field, 
and their mutual interaction neglected in the initial approximation. One 
finds regular or inverted multiplets according as the last orbital shell is 
less or more than half filled up. On the quasi-atomic nuclear model, we 
might repeat, mutatis mutandis, the same argument. The electrostatic 
energy Ve would be much smaller in absolute value than the fictitious 
central field Vn representing the bulk of nuclear interaction: Inglis' rule 
could therefore be generalized for any nuclear multiplets in the simple 
form: nuclear multiplets will be inverted or regular according as the last 
orbital shell is less or more than half filled. As to the application of this 
theoretical rule to actual nuclei, however, one should not lose sight of the 
two very questionable assumptions on which it rests: the idealization of 
the quasi-atomic model and the assumption that, besides the relativistic 
spin-orbit coupling, there would be no other non-central coupling of 
comparable or even larger order of magnitude. In fact, the doubtful validity 
of either assumption in most cases renders the above rules quite unreliable; 
they have been mentioned here chiefly to warn the reader against their 
uncritical use *. 

In order to obtain a more general expression for the relativistic inter¬ 
action between pairs of nucleons, it suffices to discuss the case of two 
nucleons. The extension of Furry's method to this case leads to simple 
results when the static nuclear potential does not depend on the spins of 
the nucleons (Wigner and Heisenberg forces). The corrections to be 
added to the Hamiltonian 

Uu.. = a(^)pn) + a( 2 )p( 2 ) + (^( 3 ^ + Qf) M (15) 

of a pair of free nucleons (we have put a:^Q\o) in order to take account 
of the interaction in an approximately invariant way (exact to the second 
order in the velocities) have been derived by Breit [37a, 38a] for the case 
that the non-relativistic potential is treated either as the time-component 
of a 4-vector (we then call it Ve) or as a scalar Vn ; he finds 

= Ve-l y ^ j V’e (16) 

and 

respectively. The interaction U^e\ which is, of course, entirely analogous to 


* See, for instance, the comparative estimates of the relativistic spin-orbit coupling of 
'^Li on the quasi-atomic and a-particle models (1733), 
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the electromagnetic one, gives rise, when the reduction to large components 
is carried out, to 3 second order terms of coupling between the nucleons *: 


(a) a Thomas spin-orbit coupling 
h 1 rIV 

(fh r ^dr- ^ • • 

{b) a "‘Larmor’* spin-orbit coupling 

- 2 J [(X A p®) a'''-(x A p'") o<^']. 

(c) an interaction analogous to that between two magnetic dipoles 


)a0) a<2). 




+ [J (xo uf2))] r 


dVe 

dr 


The interaction H^n gives rise only to a Thomas spin-orbit coupling of 
opposite sign to that resulting from 

If the nuclear potential involves a spin exchange operator Pa (Bartlett 
and Majorana forces), the expression to be added to f/f^ee becomes more 
complicated; Breit gives it only for the case that is treated as the 
time-component of a 4-vector, in the form 


VeP. 


Y 


qU) (]_{2) —Q[(1)J q(2)j _ _ 


r dr 


VcPg 


+ 


2M 


(ail) ± iirj (^ /\ p(i2,) /\ p(i2)^ ^(1) (ai2, ± (18) 


+ Ve A a<2)) —(p(t2) A 0^^)) a(2) Ve 


Pa. 


But Breit observes further that Furry's method docs not yield the most 
general expressions compatible with the requirement of approximate in¬ 
variant e. He constructs expressions of the same general form but involving 
several arbitrary constants; the interactions derived by Furry's method 
appear as special cases of those general expressions: on account of their 
origin, they might perhaps be more likely than others. For spin independent 
nuclear forces, the total spin-orbit coupling can be of the form 

A(aV')-|.(i-a')>)]«»-) _ A(a'> + (l-aV'>)]>)| 

* Besides these terms, there also appear other relativistic corrections involving, for a 
system of nucleons, the operator 2* p(**)grad(OV. Since the latter commutes with the total 

orbital momentum 2 xU) /\ p(i), such terms only give rise to small displacements of the 

energy eigenvalues, but cause no perturbation lof the orbital and spin quantum numbers 
of the stationary states. 

** For 1/r, it just reduces to the magnetic interaction (6.i3-20). 
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with two arbitrary constants a^ a"; with p^ = pd) + p(2), this may be 
written 

^A?»)[(2a'-l)^>»4-(2a'-l)>] + i(x A?b)K|: (19) 

the above cases of Ve* V^n correspond to a' i=r a"z= —1 or +1, respectively. 
For a potential of the form VPa we can have a spin-orbit coupling con¬ 
sisting of the expression (19) multiplied on the tight by Pa and the 
additional term 


( 20 ) 

With reference to table 15.21, we sec that the relativistic couplings may, 
besides an axial dipole coupling, involve spin-orbit couplings of types III 
and IV, as well as other couplings of types (20) and 

:(xA^ft)(o<0^)): (21) 

the isotopic factors of these new types of interactions may be any com¬ 
bination of the isotopic factors 1, 2 and 3. The Thomas and 'Xarmor” 
terms are respectively proportional to 

and (22) 

The preceding considerations disclose the general property that if we 
neglect second order effects altogether, we have just to use the unrelativistic 
potential energy ivithout any correction. As to the order of magnitude of 
the relativistic corrections, several estimates have been carried out in 
connexion with the interpretation of the fine structure of certain nuclear 
levels; we shall come back to this question later {17.43. 17.53). At the 
moment, we shall just mention the results relating to the two-nucleon 
system. The displacements of the ground state and of the virtual level of 
the deuteron due to second order effects have been calculated by Share and 
Brrit (Breit [37b]) on the basis of the expressions (16), (17), (18). For 
the resulting contribution to the separation, they find (assuming a 

^well potential of width d) 0,36/n, 0,24m and 0,81m, respectively. The 
second order effects to be expected for proton-neutron and proton-proton 
scattering have been estimated by HoiSiNGTON [40] and found to be quite 
small even for energies of 16 MeV. 


15*3. Non-central and non-static couplings on meson theory 

1530* Invariance considerations will not give us any information on 
the distance dependence of the nuclear potential and they leave us the 
choice between several possible types of dependence on the other coor¬ 
dinates, or combinations of these types. If we w^ant a more precise speci¬ 
fication, from a theoretical point of view, it is natural that we should turn 
our attention to field theories of nuclear interaction. In this section, we 
shall discuss the forms of nuclear potential which can be derived from 
meson field theory. 
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1531* Static interactions due to meson fields. On the hypothesis of 
weak coupling between nucleons and meson fields, we shall expect the 
main contribution to the interaction energy of slowly moving nucleons to 
arise from the static part of the meson field (831). Each one of the four 
possible types of meson fields (132) gives rise to a definite form of static 
interaction between a pair of nucleons. By way of illustration, we shall 
outline the derivation in the case of a pseudoscalar field and simply quote 
the results for the other types *. It will of course suffice to treat the case 
of a neutral theory. 

The equations of the neutral pseudoscalar meson field can be derived 
from .the Hamiltonian 

Hy, =: I j [<P^ + (grad ^-P)^ + 1 ^ 2 ] Q 0 ) dv. (i) 

in which T is the field amplitude and 0 its canonical conjugate, obeying 
the commutation rule 


mZt). nx\t)]= y (5(x-xo. (2) 

The quantities N, P, Q are the source densities, consisting of a pseudo¬ 
scalar 


N= ] n, 
and a pseudovector 


n^ 2 <5 (x — 

i 


(3) 


P = fAn p. p ... 2’^'' 6 (x—x<«) 

(4) 

Q = ]j^n qzB ^ (x—x ^^^); 

X i 

the fo mijilae (3), (4) give the representation of the source density 
operators in the configuration space of the nucleons; the coupling constants 
fi, (2 have the same dimension as an electric charge and play a role 
entirely analogous to that of the elementary charge e in electromagnetic 
theory; they are specific parameters attached to a nucleon, which give a 
measure of the intensity of the interaction between this nucleon and the 
meson field. An essential difference from the electromagnetic case is that 
one has here to introduce two independent densities, one of which has 
the same covariance properties as the meson field itself, while the other 
transforms like the derivatives of the field. (In electromagnetism, the 
former is the charge and current density, transforming like the potential; 
the latter would be an intrinsic density of electric and magnetic polarization.) 


* On this subject, sec, e.g., M 0 LLER and ROSENFELDs paper [40], in which further 
references arc given. 
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With the help of the commutation rules (2), one gets from the Hamil¬ 
tonian (1) the field equations 


—Q 

= div (grad W-P) +N. 

Denoting by an index “ the static approximation, and observing that 


(5) 


Q = N = 0 

o 

P = P, 

one finds that the static field obeys the equations 

0 = 0 

A!?" - «2tf'=divP, 

with the solution 


( 6 ) 


(7) 


Kx) =-- /div P(x') • cp(r) di;'; (8) 

in this last formula, q^{r) represents the meson potential The static 

energy is obtained by inserting (6) and (7) into (1), which gives, after 
partial integrations, 


= (9) 

a term ^j P'^dv of contact interaction, which would give rise to an un¬ 
acceptable singularity {5A32), has here been left out. This may be 
justified by the remark that it is always possible, by adding to the Hamil- 

tonian an invariant — in this case ^ / (Q*— P-)dv — without influence on 
the field equations, to reduce any static term of contact interaction to a 
similar one of the second order in the nucleon velocities: now, as we shall 
see presently in more detail, the meson field theory cannot claim to be 
reliable up to that order, and all second order non-static effects have to be 
discarded. In this (admittedly far from elegant) way we can get rid of all 
unwanted contact interactions. 

o 

When the expression (8) for W is inserted in the static energy (9), the 
latter takes a form involving only the nucleon variables. This includes in 
the first place self-energy terms, which are of course infinite when a point 
model for the nucleons is adopted, as is implied by the functions occurring 
in the source densities (3), (4). We are only interested in the inter¬ 
action terms; taking account of these expressions for the source densities, 
the static interaction energy may be written 


( 10 ) 
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P 

On the symmetrical theory, we would have obtained a similar expression, 
with additional isotopic factors The form ( 10 ) is characteristic of 

the pseudoscalar theory. Although, e.g., a scalar meson field has a Hamil¬ 
tonian of exactly the same [orm as ( 1 ), the meaning of the source densities 

o 

is quite different: in contrast to ( 6 ), only P vanishes in this case; this 
explains how one gets an entirely different outcome for the static inter¬ 
action energy. The accompanying table summarizes the results obtained for 


15.31. Static interactions according to meson field theory 


Types of 

1 

meson fields 

, 

i 

Source intensity constants 

Static interaction between 
a pair of nucleons on 
neutral theory * 

Spin 0 1 

scalar 

pseudoscalar 

scalar /j 

ps.-sc. fi 

vector (2 
ps.-vcct. f2 ^ 

— f 'l <p{r) 

Spin 1 

vector 

vector gi 

i 

tensor. g2 


pscudovector 

ps.-vect. g^ 

ps.-tens. g '2 



* On symmetrical theory, multiply by isotopic factor rli) t(2). 


the four types of mesons. It will be seen that, besides central forces, only 
the type of interaction defined by the operator 

^ 02 ):: _ Jd) grad<") (o« grad®) <p(r) ( 11 ) 

occurs. 

On account of these results, a purely scalar meson theory can readily 
be dismissed. On a neutral scalar theory, a separation of and states 
of the deuteron could only appear as a non-static perturbation; on a sym¬ 
metrical theory, the isotopic factor would indeed give rise to different 
effect!/e ^potentials for and states, but the ^5 potential would be 
repulsive* In the three other kinds of meson theories, the interaction of 
type occurs effectively; let us therefore look more closely at this 

operator (Rosenfeld [45b]). It can readily be transformed into 


502 ) ^ ^ 0 ( 12 ) F(r) --i 

^(12) - 3 lim 

0 


9^(r) 


( 12 ) 


It thus reduces to a combination of central and axial dipole interactions, to 
which must be added a peculiar contact interaction By considering 

the matrix representation of the latter with respect to the stationary states 
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of the two-nucleon system, one can immediately reduce it to the usual 
type of contact interaction * 

(12a) 

The essential point about is the distance dependence F(r) of the 

axial dipole coupling. Here is the critical issue around which the whole 
discussion about the adequacy of meson field theory for the description of 
nuclear forces centres. In fact, on account of its pole of the third order at 
the origin, the potential F(r) cannot be regarded as an exact expression 
of the law of force at very small distances: for the radial eigenfunction of 
a state of the deuteron, e.g., which is not mixed with any other state 
{4.331), satisfies a wave-equation to which the axial dipole term D^^^)F(r) 
contributes an effective potential jF(r); such an equation has no regular 
solution (5.11) if the singularity of F(r) at the origin is not reduced to a 
lower order. Clearly, then, the idealization of point nucleons, which under¬ 
lies the present formalism of meson theory, fails to provide even an 
unambiguous derivation of the exact law of force at small distances; and 
the trouble is that we have no better scheme to guide us in this search. We 
are therefore driven to the necessity of introducing some arbitrary modi¬ 
fication in the theory in order to get rid of the singularity of the 
non-central coupling: a good deal of the uncertainty still prevailing as 
regards the true nature of the nuclear forces has its root in this unfortunate 
circumstance. For there are, of course, several ways of removing the 
singularity in question and the available evidence does not yet permit 
us quite definitely to eliminate any of them. 

15*32* Cut-'off and mixture. The procedures followed to free the law 
of interaction from the singularity belong to two essentially distinct 
classes, briefly denoted by the epithets and '^mixture**. The most 

radical method consists in cutting off the singularity: the validity of the 
form F(r) for the distance dependence of the non-central interaction is 
limited to distances larger than some critical radius tc, while for smaller 
distances, some other, permissible expression, is substituted for it. Following 
Bethe [40], who first introduced them, two special forms of cut-off have 
been discussed most: the zero cut-off, according to which the potential 
is put equal to zero for r <! fc, and the straight cut-off, in which the con¬ 
stant value F{rc) is assumed for all r<irc* However, the arbitrary char¬ 
acter of the cut-off procedure does not lie so much in the infinite variety 
of possible assumptions for the substitute potential at small distances ** 

* Owing to the radial dependence of the eigenfunctions, the only non-vanishing 
matrix-elements are those pertaining to transitions between S states, for which the 
equivalence of the operators (12) and (12a) is obvious. 

** In all cut-off theories that have been discussed, the cut-off has also been applied to 
the central part of the interaction, in spite of the fact that there is no cogent reason for 
doing so. 
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(this does not affect very much the prediction of the effects of experimental 
interest), as in the introduction of an additional parameter, the critical 
radius, the choice of which involves, as we shall see, the gravest difficulties. 

The alternative possibility of avoiding the occurrence of the r-3 
singularity consists in introducing a suitably chosen mixture of meson 
fields of different types, in such a way as to achieve a compensation of the 
singular contributions due to each of them. More precisely, one assumes 
that the nucleons are the sources of two or more meson fields, which give 
independent contributions to the interaction energy. In the most general 
conception of the “mixture'' (or “mixed") theory, suggested by SCHWiNGER 
[42], these independent mesons may even have different masses. The 
requirement that the total static interaction should not have any third order 
pole imposes a condition on the intensity constants of the various source 
densities. For instance, we may consider a mixture of a pseudoscalar and 
a vector field with respective ranges xq, xi, provided the source intensities 
fulfil the relation 




9l 


(13) 


A glance at table 1531 will show that many other combinations are 
possible a priori; the determination of the suitable mixture must be com¬ 
pleted by different considerations, involving a comparison with the 
experimental data. The expansion 


F{r) = 


I 

r 



, ■ 

2 + 2«r + ... 


(U) 


further shows that after compensation of the singularity, the remaining 
one will be a simple pole. 

According to Schwinger’s general scheme, just outlined, the static inter¬ 
action of a mixed theory would include both central and axial dipole 
couplings, just as the cut-off theories. The special form of mixed theory 
originally proposed by M0LLER and Rosenfeld [40], on the other hand, 
starts from the simpler assumption of a single value of the meson mass for 
all kinds of fields entering into the mixture. The elimination of the 
singularity entails in this case the complete disappearance of non-central 
interactions. In view of the evidence summed up in 15J, this would at 
first sight appear as an over-simplification. But we must not forget that 
there are further non-static contributions to the interaction energy, which 
may be of the required form and magnitude. We shall now turn our 
attention to these non-static effects, which prove to be of the greatest 
importance in judging the consistency and suitability of the variants of 
meson theory just introduced. 


15*33. Non^static interactions due to spin precession and charge ex-- 
change. As already stated (831), we have to distinguish two kinds of 
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non-static effects, viz. those depending on the translation velocities of the 
nucleons, and those arising from the precessions of their spins and isotopic 
variables. Let us discuss the latter first; we may limit ourselves to the 
treatment of the spin precession, as that of the charge exchange gives much 
the same results. Let us consider two nucleons at a fixed distance r apart. 

In first approximation, the equation of motion of the spin (say) 
will be 


= (15) 

O 

liy, being the static energy of the system. In general, this quantity will 
involve a spin dependent part of the form 

q>(r) + Gd F(r), (16) 

the isotopic factor (or rather its average value in the state considered) 
being included in the coefficients G. On account of (16), equation (15) 
tekes the form 


= (17) 

with 

7jw= a 1 + Go F(r) Xo-io®] j. (18) 

This may be described as a precession of angular velocity (divided by 
—► 

c) Formula (18) shows that for small values of the distance r, the 

order of magnitude of this angular velocity is G/b^^V^ in a cut-off theory, 
and G/br in a mixed theory (G denoting the order of magnitude of the 
relevant constants Gu, G/j). This difference has an important bearing on 
the range of validity of the static approximation in both kinds of theories. 

Indeed, it is clear that if the periods of the spin precessions are not large 
compared with the time of propagation of the main part of the non-static 
meson fields through a distance of the order of the range of the static 
nuclear forces, there is no justification in regarding these static forces as 
a sufficient approximation to the true interaction. This condition defines a 
critical value Rc of the distance r, such that the validity of the static 
approximation will be limited to distances larger than Rc, Since the time of 
propagation of the non-static fields through the distance * is of the 
order of magnitude the critical distance Rc may be defined by 

>cRc = (G/b)“ cut-off theory, 

xRc‘=^ Gl\) oil mixed theory*. 

Since G/b» as we shall see, is of the order of 0,1, the limitation imposed 


* If several ranges are assumed, denotes the longest. 
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by the existence of/?c is much more severe on cut-off than on mixed theory. 
It even turns out that Rc in the former case is of the same order of mag¬ 
nitude as the cut-off radius itself: this means, indeed, that a cut-off pres¬ 
cription based on the sole consideration of the static potential is essentially 
inconsistent. This is in the present state of meson field theory the most 
serious objection against the ciit-'off procedure » It must be conceded that 
such an objection cannot be regarded as entirely convincing; the 
advocates of the cut-off idea may in fact point out that the quantum field 
theory anyway fails to give a reliable account of the forces in the immediate 
neighbourhood of a particle, and that the cut-off is intended as a rough 
substitute for the complete interaction at small distances which would 
result from a consistent field theory. Even so, the inconsistency arising 
from the limitation (19) for cut-off theories enhances their arbitrary and 
hypothetical character. 

On the other hand, while no similar inconsistency occurs in mixed 
theories, it must be emphasized that such theories are not free from arbi¬ 
trariness either; only, the element of arbitrariness is introduced, so to 
speak, in a more subtle way. In fact, the ambiguities of the present forma¬ 
lism of quantum field theory can only be avoided by imposing considerable 
restrictions on its interpretation. The canonical equations derived from the 
Hamiltonian are not treated as an exact system of equations, but solved 
by a process of successive approximations in which, starting from a 
suitably defined unperturbed system, the calculation of the solution cor¬ 
responding to a given initial state of this system should not be carried 
further than the first step leading to a non-vanishing result for the effect 
under consideration; and such results should of course only be considered 
as reliable if even this first step does not involve any ambiguity. In quantum 
electrodynamics, a certain justification for this procedure can be derived 
from a “correspondence argument'*, i.e. from the comparison of the 
quantized problem with the analogous classical calculation; at the same 
time, th z correspondence treatment indicates that the unperturbed Hamil¬ 
tonian must be taken to include the electrostatic interaction between the 
charged particles of the system, which can be separated from the non¬ 
static part of the electromagnetic field by a canonical transformation. From 
a purely formal point of view, the general procedure just recalled, including 
the separation of the static energy by means of a canonical transformation, 
can be carried over, mutatis mutandis, into meson theory (M0LLER and 
RoSENrELD [40]); but in contrast to the case of electromagnetism it here 
lacks all physical basis, since there is no empirical evidence on the classical 
counterpart of the quantized meson fields. 

In the last resort, the “correspondence" point of view, thus extended to 
meson field theory, comes^ very near to a cut-off prescription, since it also 
purports to avert the paradoxes of quantum field theory pertaining 
to the effects at close distance from the sources. In meson theory, such 
effcs^ts arise not only in connexion with the single nucleons (in the form 
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of self-energy, anomalous magnetic moment and the like), but even in the 
interaction between them. The mixture method rigorously eliminates the 
latter difficulty (at any rate from the static interaction) and as regards 
the former it follows a course entirely analogous to that adopted in quantum 
electrodynamics. It has, however, to pay for this display of elegance by a 
greater complexity and lack of cogency, due to the introduction of several 
kinds of fields with unknown source intensity parameters. The cut-off 
theory, rough andj arbitrary as it is, involves only one type of field, with 
a smaller number of undetermined parameters. 

The limitation of the domain of validity of the law of static interaction 
symbolized by the critical distance Re* given by (19), has actually been 
derived in the spirit of the ''correspondence" argument, i.e. by disregarding 
the quantization of the meson fields. According to the ideas put forward 
by Heisenberg [39], other effects, essentially depending on this field 
quantization, lead to a further, still more restrictive, limitation. This arises 
from the increase of the probabilities of explosive processes in systems of 
nucleons and mesons, when the energy involved becomes large compared 
with the rest-mass of the mesons. The corresponding critical length Xc is 
the meson wave-length for which the explosive character of the process 
sets in; one readily finds 

= ( 20 ) 

If, as argued by Heisenberg, this critical length has a universal signi¬ 
ficance, in the sensei that the usual concepts of field theory would not be 
applicable within regions of a linear extension smaller than Xc, the law of 
distance dependence of nuclear force derived from any form of meson 
theory could only claim validity for distances larger than Xc* Even so, 
there remains, on mixed theories, an interval of distances between Xc and 
which the static potential has a significant value and can consistently 
be regarded as representing the main part o[ the nuclear interaction. 

15.34. Velocity dependent coupling on mixed meson theory. It follows 
from the preceding discussion that on cut-off theory there is no point in 
taking into account the non-static interaction terms which depend on the 
translation velocities of the nucleons. On mixed theory, however, such terms 
may be taken into consideration; they should be treated as perturbations 
and their contributions retained insofar as they appear as unambiguous 
results of the calculations. The general expression for the energy operator, 
exact to the first order in the nucleon velocities, can be derived for each 
of the four types of meson fields by applying to the original Hamiltonian 
the canonical transformation which separates the static part of the field; 
the details of this operation may be found in MILLER and Rosenfeld's 
paper [40]. Again, we shall here take as an example the pseudoscalar case 
and quote the final results obtained in the other cases. 

With the notation of 1531, the first order interaction energy due to 

10 ' 
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the pscudoscalar field can simply be written 

=: — / AT IFdu = /n(jc) p(x') grad (p dv dv\ (21) 

by (3), (4), (8). The velocity dependent matrices occurring in the 

expressions for the source densities can be eliminated by a transformation 
analogous to the well-known Gordon decomposition of the current density 
in the Dirac electron theory. For instance, from 

((>(/> d (x-xK'>)) = j + ef M. e<'> <5(x-x'«)] 

we get 


In this formula, the last term is of higher order in the velocities and must 
consistently be neglected; the first term, though formally independent of 
the nucleon velocities, is nevertheless of the first order, for the divergence 
operator is equivalent, as to the order of magnitude, to a factor 
A representing the de Broglie wave-lengths of the nucleons. Other source 
density operators give rise to a decomposition of the type (22) containing 
a further term which depends explicitly on the momenta of the nucleons. 
Inserting (22) in (21) and using the notation (11), we get 

= (23) 

For the other types of meson fields, the derivation proceeds along the 
same lines (RosenfelD [45b] *). As in the static case, the final outcomes 
are very different on account of the different forms of source densities. 
They are summarized in table 1534, in which the same notation has been 
used as in 15,2, with in addition 


P„A>,)(^AP6). (24) 

The table exhibits a striking disparity between the pseudovector case on 
the one hand and the pseudoscalar and vector cases on the other. The 
expression pertaining to the former case is not at all of a form which 
would be expected on general invariance considerations for first-order 
velocity dependent interactions between a pair of nucleons (15,21); in fact, 
it vanishes for any two-nucleon system whose centre of gravity is at rest. 

* In this paper, however, the treatment of the scalar and pseudovector cases is. 
incomplete; the correct results are given in table 75.34. 
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15.34. Velocity dependent interactions on meson field theory 

Type of 

meson field 

First order interaction between a pair of 
nucleons on neutral theory* 

Spin 0 

scalar 

pseudoscalar 

“ft 'M ^ x2"r 


vector 

— .Iff! ^ 1 0 {.(r) _ Jj 1 — 1 

Spin 1 


_ tw 

p M r 


pseudovector 

0\9 ^ni ^'(r) 

”ft“M 

* On symmetrical theory, multiply by isotopic factor ilU 


The couplings due to pseudo-scalar or vector fields have the expected form 
and include non-central interactions of both axial dipole and spin-orbit types. 

It might at first sight seem disturbing that the distance dependence of 
the non-static couplings also exhibits a singularity. The purpose of the 
mixture method, viz, to eliminate such a singularity from the static inter¬ 
action, would seem to be defeated by its reappearance in the next 
approximation (Ferretti [43fe], Hu [45]). At this juncture it is essential 
to remember that the mixture method is inseparable from the general 
“correspondence’* prescription enunciated above (75.53), in virtue of which 
the non-static interaction cannot be treated as an exact contribution to the 
Hamiltonian, but only as a perturbation. As such, however, the third order 
pole does not offer any fundamental difficulty: the situation, in fact, is 
exactly the same as in the case of a magnetic dipole interaction, touched 
upon in 6.75. However, the strong increase of the non-static potential at 
small r impairs considerably the convergence of perturbation calculations. 
The situation may be judged by considering the ratio of non-static to static 
potential; if we assume that all source constants (which enter fn different 
combinations into the two potentials) are of the same order of magni¬ 
tude, this ratio is of the order (Mm/M) (xr)-“2. In the significant range 
of distances Ac it varies, according to (20), from 1 to ;^0,1: 

even with the small factor Mm/M, which represents the ratio of mean 
nucleon velocity to velocity of light for stationary states of nuclei, the non¬ 
static contribution to non-central interactions is thus by no means negli¬ 
gible (unless special assumptions are made about the source constants). 

1535* Spin and life-time of mesons. The considerations of this section 
arc of a preliminary character. In the next Chapters, we shall have to 
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confront the predictions of the various forms of meson theories we have 
been discussing with the properties of nuclear systems, with a view to 
specifying, if possible, the particular form of theory best adapted to the 
evidence. But first, we shall enquire in how far cosmic ray data could 
yield more direct information on the kinds of mesons actually produced 
in nuclear processes and consequently contributing to the interaction be¬ 
tween nucleons. The possibility of detecting mesons of a particular type is, 
of course, intimately connected with the life-time of these mesons. Theo¬ 
retically, if we first consider the decay of the meson into a lepton pair, 
the relation between its life-time and covariance properties is determined 
by the form adopted for the Hamiltonian describing the interaction between 
the meson and lepton fields. Now, this Hamiltonian, and especially the 
source densities which govern the production of the meson field by leptons, 
can be set up in a form identical with that of the meson-nucleon system; 
the only difference being in the numerical values of the source constants, 
which will be distinguished from those of table 1531 by a " mark (e.g, 
A straightforward calculation (Sakata [41]) leads to the following 
results for the life-time to ^ meson at rest: 

scalar: 

pseudoscalar: 


vector: 


pseudovector: 

Since any of these formulae contains two undetermined constants, it 
cannot be directly compared with the experimental results. An additional 
theoretical aspect has to be adduced; this will be, of course, the conception 
of the process of fi-decay proper to meson theory (1322). Let us consider 
the expression for the life-time of a jS-active nucleus to whicli this theory 
leads when one assumes that the interaction between nucleons and leptons 
is brought about by meson fields of a single type; we shall further restrict 
ourselves to allowed ^-transitions of very light nuclei (ALII). The result 
is of the form corresponding either to Fermi interaction (scalar meson 
theory), to Gamow-Teller interaction (pseudoscalar and pseudovector 
meson theories), or to a linear combination of both (vector meson theory). 
The life-time is thus giveri by a formula of the type (AL11--1) or the sum 
of two such expressions; the constants 1/xq in the different cases are as 
follows: 
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15.35. Value of ^-decay parameter I/tq on meson theory 

Type of field 

Fermi interaction term 

Gamow-Tcller interaction term 

Spin 

0 

scalar 

ps.'Scalar 

- \mJ V I, ; 

\mJ V I,; 


Spin 

vector 

\ f, ) 



1 

pS.'VCCt. 

— 

yr-(T)+i 

p|)’] 


The numerical coefficients in this table are those given by Sakata [41] *; 
it should be observed, however, that the choice of the Hamiltonian is not 
unique, owing to the possibility of adding to it terms of direct coupling 
between nucleons and leptons with arbitrary coefficients: since the available 
evidence on /i-spectra is not sufficiently accurate to allow of a complete 
determination of these coefficients, we can only say that Sakata's choice 
is a plausible one, and that the order of magnitude of the l/to-values could 
only be changed by very improbable assumptions about the direct 
couplings If a mixture of meson fields is adopted, there may appear 
further interference terms slightly modifying the energy dependence of 
the life-time (cf« ALII, footnote); this has been thoroughly discussed, 
on very general assumptions, by RoZENTAL [41a, 45] *** for the case 
of a pseudoscalar-vector mixture. We shall here disregard this complication, 
which is not essential for our argument. 

The expression for I/to, given by table 1535, is more favourable than 
that for the meson life-time l/fo to get an insight into the order of magni¬ 
tude of the lepton source density constants. In the first place, since the 
empirical evidence is strongly in favour of Gamow-Teller interaction, 
we infer the unsuitability of a purely scalar theory to account for the 
phenomenon of )5-decay. In any case, the constants and must be 
assumed to vanish, or at any rate to be of a smaller order of magnitude 
than the others. As regards the latter, if we adopt for l/r^ the value 
{AL21-4), for the meson source density constants (such as fo, 
the general estimate ^-/b ^ 0»1 and for the meson mass Mm 200 m, we 
get for the relevant lepton source constants a rough estimate 

Q = f 2 -.g 2 -.g\. 92 ). (26) 

* A misprint in Sakata's paper, affecting the pseudoscalar case, has been corrected. 

On this point, see RoZENTAL [41a], 

*** The special choice of parameters advocated in the last paper (ROZENTAL [45]) 
is questionable, 
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If wc now turn to the formulae (25) for the meson life-time, we sec at 
once that there is an essential difference between mesons of spin 1 and 
mesons of spin 0. The former would have a life-time of the order of 
sec, much shorter than the observed one (1332) ol 2 • lO-^sec, 
In order to account [or ^--decay, spin 1 mesons should have a much shorter 
life-time than those observed at sea-level: this consequence of meson theory 
has especially been emphasized by Nordheim [39], On the other hand, 
the observed life-time of the order of the microsecond can easily be 
reconciled with the hypothesis of meson fields of spin 0. A scalar field, 
according to what has just been found, could at most occur in combination 
with another one and the choice of the constants /I, [ 2 , is thus inde¬ 
terminate, the only restriction being the small (or vanishing) value of 
Owing to the peculiar form of the expression of 1/fo in the pseudoscalar 
case, a value of ^2 order of magnitude (26), combined with a suitable 
choice of fi (<^f 2 )» will yield a life-time of the required magnitude. 
Remembering the evidence (1333) pointing to a spin 0 for the sea-level 
mesons, we come to the conclusion that the cosmic ray evidence about spin 
and life-time of mesons as well as the evidence about light fi-active nuclei 
is compatible with a purely pseudoscalar meson theory; a conclusion first 
enunciated by Rozental [416], 

We may now ask about the bearing of the foregoing discussion on the 
conception of the mixture theory. Confronting the general results of this 
discussion with the requirement of obtaining a static potential without third 
order pole, we immediately see that any mixture of meson fields, in order 
to be compatible with the cosmic ray and /?-decay data, must include 
mesons of both spins, those of spin 1 having a very short life-time. If the 
two kinds of mesons are assumed to have different masses, we have to 
take account of another type of decay process, by which the heavier meson 
may go over into the lighter one with emission of a }'-ray. This process 
involves as. an intermediate step the virtual creation of a nucleon pair; it 
belongs -o ^he same category as that leading to the decay of a neutral 
meson into photons (8311) and, like this last process, has a very large 
probability of occurrence. This implies that in a mixed theory involving 
mesons of different masses, one would have to assume that the heavier 
ones have spin 1, Taking, e,g., a mixed pseudoscalar and vector meson 
theory, with a mass ratio 1,6 (16.41), the ‘‘j'-decay"' process just described 
would lead for the vector mesons to life-times of the order of magnitude 
of sec (Finkelstein [47]), 
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NON^CENTRAL COUPLINGS AND TWO^NUCLEON SYSTEMS 

16*0» The different forms of non-central couplings derived on general 
grounds in the preceding Chapter must now be tested by comparing their 
consequences with experiment. In this Chapter, we shall carry out this 
test insofar as the properties of two-nucleon systems are concerned: we 
shall review successively the properties of the ground state of the deuteron, 
the neutron-proton scattering, the proton-proton scattering and the photo¬ 
disintegration of the deuteron. First of all, it appears that the only type 
of non-central coupling having any influence on the behaviour of two- 
nucleon systems is that we have called axial dipole coupling. We shall 
first approach the problem from a general point of view, making no 
assumption on the form of distance dependence of the forces, or schema¬ 
tically representing this dependence by potential wells. Then we shall 
discuss some variants of meson theories, of both the cut-off and the mixture 
type. 


16*L General considerations 

16*1L The ^D-admixtute to the ground state of the deuteron. From 
the two possible kinds of non-central couplings evolved in the discussion 
of the foregoing Chapter, viz. the axial dipole coupling and the spin- 
orbit coupling only the first can contribute to the admixture of 

state to the ground state of the deuteron, necessary to account for the 
electromagnetic properties of this nucleus {6.12). Indeed, the other com¬ 
mutes with the orbital momentum and can thus at most give rise to dis¬ 
placements of the levels; it is readily verified that it even vanishes for 
all singlet states and for states On the other hand, the axial dipole 
operator which does not commute with the orbital momentum, is 

just of the type required to bring about the necessary ‘^»S + combination: 
this, of course, follows immediately from the fact that the derivations of 
as a possible type of interaction and of the mixture as the 

only possible one are based on the same invariance considerations. One 
can also prove explicitly (6.121) that leaves the total angular 

momentum and the spin multiplicity unaltered, and combines S and D 

* In fact, 6a account of (-#.32-16), we may write 

jy2(i2)=_t^[/a4.1) + 5(5+l)~;(;+l)] 

with s = 0 for singlet states and s = 1 for triplet states, 
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states. From the easily verified relation 

m^^(a)o = 0. ( 1 ) 

one further concludes that all singlet states o[ the two^nucleon system are 
entirely una[[ected by the axial dipole coupling. 

With the help of the formulae (4.32-17) for the spin and angle depen¬ 
dence of the eigenfunctions, the matrix-elements of the operator can 
readily be found (Bethe [40]); the diagonal elements are: 

o=(. f)= \ 

(/=(+l.ll£)»»|; = i+l.l) = -|24-3=-l5^ (2) 

the non-diagonal elements, which determine the mixture of states with 
orbital momenta j -1, / + 1, have the expression 

(;. / = j± 1 II I' =j^ 1) = -2 . (3) 

Using (2) and (3) we are able to write down explicitly the set of radial 
equations (4.337-25) for all triplet states. The nuclear potential consists 
of the sum of the central potential (5.2-1) J(r)0 and an axial dipole 
potential which we write in the form F(r) |(J 2 ) 2 )(i 2 )^ including an isotopic 
factor For the latter, we shall chiefly consider either the neutral type 
| 02 ) zn 1 or the symmetrical type ~ -^(i) ^ 2 )^ incidentally also the 
charged type (table 75.2/)w We thus write 

Vnuci = J(r)0 + F(r)\^^^^D^^^K (4) 

In particular, for the ground state of the deuteron, represented by 
(6.72-3,4) wfe have to find the two radial eigenfunctions 

Xo{r) ^ Ro(r) cos to, xzW '/? 2 (r) sin w (5) 

as solutions of the system of differential equations 

[*0 + J(r)] Xo = 2i2^ F(r) X 2 

2 

^ + f [^0 + J{r)-2F(r)] Z: = 2 ^2 ^ F(r) ;to. 

The symmetrical isotopic factor has here been adopted; on a neutral theory, 
F(r) should replaced by —it(r); if the charged form of isotopic factor is 
assumed, it should be replaced by +^F(r). The sign of F(r) is uniquely 
related to that of the electric quadrupole moment. The positive sign found 
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for the latter quantity means, in fact, that the spatial density distribution 
in the ground state is prolate with respect to the axis of total angular 
momentum (which is in this case the common direction of the spins). Now, 
in such a configuration, the mean value of the operator is positive; 

in order that the potential energy (4) be a minimum, the factor F(r) 
must be negative. By the same argument, a negative quadrupole moment, or 
oblate density distribution, would correspond to a positive sign of F(r) . 
We thus get the following correspondence: 


Sign of quadrupole moment 

+ 


Density distribution 



( Symmetrical 

Sign of .j Qj. charged type 

( Neutral type 

+ 

— 


ij:__ 


16*12« The axial dipole coupling as a perturbation. In view of future 
application to mixed meson theory, we shall first derive some formulae 
valid on the assumption that the axial dipole coupling can be regarded as 
a perturbation; we shall only write down the formulae pertaining to a 
symmetrical isotopic factor. If in equations (6) we assume that the terms 
containing the product F(r) can be neglected, we may express 
terms of the eigenfunctions of the continuum states corresponding 

to the central potential —J(r): 

' ^ - -,i + “ 1* + JWI I = »■ (8) 

In fact, if we multiply by second equation (6), in which xo on 

the right may be replaced by i?o» integrate over r, we get, on account 
of (8), 


,W* X2 dr ^-2 I'2 — F,. (9) 

0 r —^0 

with 

F.J^R?*(r)F{r)Ro{r)dr. 

6 

Hence, 


X2{r) ■ 




de 


F. ^RS\r). 


( 10 ) 



336 XVI. NON-CENTRAL COUPLINGS AND TWO-NUCLEON SYSTEMS 16.13 
The normalization condition yields the amount of D-admixture in the form 

^„=»=/U,P*=8/5:j^|F.p, (11) 

while, according to (6J2-5), the expression for the quadrupole moment 
reduces in first approximation to 


Q = -!'h ^lRlx2r^dr 


10 


=ll 


de 


( 12 ) 
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On the other hand, the correction to the value of the binding energy of 
the ground state owing to the axial dipole term takes the form, on account 
of {6.;2;-*16), 


df. 




\FA 


(13) 


it is a quantity of the second order. 


16*13« Stationary states of not too high energy. So long as the energy 
involved in the state or process envisaged is sufficiently small (compared 
with the unit 5.71), a general survey of the influence of a non¬ 

central coupling can be obtained, as shown by Hepner and Peierls [42], 
without making any assumption on the form of this coupling. The procedure 
utilized by these authors consists in neglecting, in all radial integrals, the 
contributions from the “inside” region, in which the radial wave-functions 
arc distorted by the nuclear potential. In the “outside"' region, i.e. for r 
larger than some distance r', the radial components be replaced 

by the asymptotic expressions 




Xo{i) — e 


a:2 






(H) 


in these formulae, Bq denotes the characteristic length (6.27-14) 

So ^ i?/yM I f() I directly related to the binding energy. If some plausible 
value (I, say) is assumed for the ratio r'/ao, the amount of D-admixture 
can be calculated, by the normalization condition, from the observed value 
of the quadrupole moment, and the eigenfunction of the ground state is 
then completely fixed in the outside region. 

This suffices for a renewed discussion of the photO'^disintegration of the 
deuteron {6,51) by quanta of not too high energy. The possible admixture 
of F state in the final P state of the photoelectric process may be dis¬ 
regarded, and the modification of the photoelectric cross-section is found to 
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be quite negligible. The photomagnetic effect now comprises an additional 
D-D transition, but its contribution to the cross-section is too small to 
be observed. 

For the treatment of the triplet contribution to the scattering cross- 
section of neutrons by protons, we start from a set of equations analogous 
to (6), but with a positive energy value e instead of so* The asymptotic 
solution is a superposition of S- and D-waves, each consisting of an 
ingoing plane wave and an outgoing spherical wave. The phases have 
to be determined from the conditions of continuity to be satisfied at 
the ‘"boundary" r rr r' of the inside and outside regions. The unknown 
behaviour of the inside wave-functions enters into the result only through 
three parameters which indirectly represent the influence of the nuclear 
interactions. One finds that for small values of the energy 8 only the S- 
wave contributes appreciably to the scattering cross-section. The com¬ 
bination of the three parameters entering into the expression for this 
quantity can finally be reduced, by a procedure generalizing the argument 
of 5.32, to the characteristic length pertaining to the corresponding 
bound state of relatively low binding energy. The details of the argument 
will be found in Hepner and Peierls’ paper. The outcome of the discussion 
is again to bring out the insignificant influence of the axial dipole coupling 
in the energy region considered. 

16.2. The Rarita-Schwinger theory 

16.20. To proceed further, it will be necessary to make more detailed 
assumptions on the distance dependence of the nuclear forces. The 
schematic representation of both the central part J(r) and the non-central 
part F(r) by wells of suitable widths and depths has the obvious advantage 
of simplicity and would seem sufficient to give at any rate an idea of the 
order of magnitude of the various effects investigated. Calculations on 
this basis have been carried out by Rarita and Schwinger [41a, 6>c]; 
these authors, however, have introduced an additional simplification, viz. 
the assumption of wells of equal widths for j(r) and F(r). which detracts 
to some extent from the generality of the theory. We shall therefore 
limit ourselves to a brief survey of the main points of interest; for details, 
the reader may turn to the original papers *. 


* Some of the results of Rarita and Schwinger’s discussion have recently been extended 
by Massey and Hu [47i>] to other forms of interactions (viz. the exponential. Gauss and 
meson potential), the essential assumption being to take for both J(r) and F (r) the 
same form of potential and the same range. In the same category fall some (partly 
incorrect) calculations by FlOGOE [39], who took for J(r) and F(r) exponential 
potentials of equal ranges, and a recent work by MoSZKOWSKi and SACHS [48], using 
Gauss potentials (unfortunately with an inadequate choice of the range). 

It should also be mentioned that results similar to Rarita and Schwinger’s had been 
obtained a little earlier by Kligman [40], but escaped notice owing to their publication 
in Russian. 
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1621* The ground state of the deuteron. The eigcnsolutions of the 
system (16.11-6), when J(r) and F(r) are assumed to be potential wells 
of the same width D and depths J and F= aj, can be calculated explicitly 
(Rarita and Schwinger [416]): outside the well, they have exactly 
the form (76.73-14); the inside part can be adjusted with the help of the- 
continuity conditions, and the remaining amplitudes completely fixed by 
the normalization condition. The numerical values of the parameters must 
be chosen so as to account for both the binding energy sq and the electric 
quadrupole moment Q, For every assumed value of the range D, this fixes 
the depths J and F. 

In particular, for D = d, one finds 

J=13.9MeV. a = 0,775. (1) 

Comparing this result with that obtained with purely central forces, viz. 
(table 6.431-3) J = 20,9 MeV, we see that — although the amount of 
D-admixture turns out to be as small as 4 % — the contribution of the 
non-central force to the binding energy would be very large indeed. In 
fact, the strength of the central potential for ‘^S states is reduced almost 
to the same value as that for states (viz. 11,8 MeV), so that practically 
the whole separation of the and levels arises from the non-central 
coupling. This is the most striking feature of the Rarita-Schwinger theory, 
— a feature it shares, as we shall see, with most variants of meson theory; 
for brevity, we shall speak in such cases of a ''large' non-central coupling. 

This situation sharply contrasts with the possibility of a non-central 
coupling allowing of a perturbation treatment (76,72), which will be 
called the case of "small" non-central coupling. It must clearly be expected 
that the use of the perturbation method would not be allowed for the 
Rarita-Schwinger potential; indeed, an early calculation by Christy and 
Kusaka [39] using this method led, for the same width value D = d, to a 
value of a 0,18, i.e. to an extreme underestimate of the influence of the 
axial dipcle toupling on the binding energy. 

16.224 Proton-neutron scattering. For the scattering of neutrons of 
not too high energy by protons, the accurate computations of RarITA and 
Schwinger [416] of course confirm the general conclusion arrived at by 
Hepner and Peierls (76.73). Compared with the expression derived on the 
assumption of central forces, the triplet contribution to the scattering cross- 
section is reduced by a few percent; while this goes towards decreasing the 
outstanding discrepancy (6.431) between the experimental values and 
those calculated for a well width D = d, the correction is too small to be 
of any avail in judging the reality of this discrepancy. 

Interesting new results are obtained in the domain of higher energies of 
the two-nucleon system, when states of higher orbital momenta, and in 
the first place the P states, have to be taken into account. A distinction 
must then be introduced with respect to the dependence on the isotopic 
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variables, for the properties of the odd states are essentially different for 
different choices of this dependence (832). Rarita and Schwinger [41c] 
take a nuclear potential of the general form 

K + a, J(r), (2) 

thus assuming the same isotopic factor for the central and the non-central 
part of the potential: this assumption appears, of course, quite natural, 
.especially from the point of view of field theory *, They discuss three cases 
of isotopic dependence: symmetrical, charged and neutral. The relations 
between the properties of odd-state potentials in these cases are more 
complicated than those derived in 832 for central interactions. Of course, 
the formulae (5.32-18,19) retain their validity, provided the symbols 
occurring in them are understood to denote potential operators; they may 
be supplemented by analogous relations pertaining to the charged case: 

=— (o = 1,3; deuteron). (3) 

But the notion of (attractive or repulsive) effective potential cannot be 
upheld in general. 

In the case of P states, however, if one neglects the coupling with 
F states for j 2, it is still possible to define effective potentials and to 
study their signs in the different cases of isotopic dependence. These 
potentials will be different in the three substates '>Po, ^Pi, ^^Po. The para¬ 
meters Oq, a^, aj^ in (2) are fixed by the requirement that the and 

^5 potentials have the respective forms 

Ve5 + ^D) = -(l + 3aD<'«);{r) 

V('S) = -q'J(r), 

a being the depth ratio introduced above in the discussion of the ground 
state (16.21). This implies, on the one hand, 


aQ — 3a^z=z--^q\ 


( 5 ) 


on the other. 


symm. charged neutral 

<^o + %= 1 . —I (6) 

aj^= a, 3a, — 3a. 

If we now write the effective potentials in '^Py states on symmetrical theory 
in the form 


W/Wn.™ =i^pjj{r). 


( 7 ) 


* There is a certain similarity between the operator (2) of the symmetrical Rarita- 
Schwinger theory and that of the corresponding pseudoscalar meson theory (16.31-\). In 
fact, a slight reduction of the value assumed for the range of force to D = 2,7 • lO'*^*'* cm 
causes the constant ao to vanish, so that, by formula (6) below, the coefficient takes 
the value In this case, according to (5), q' = 1, i.e. the binding of the deuteron is 
entirely due to the axial dipole term. 
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we have in the first place, on account of (<SJ2-18,19), (3) and (6), 

y)charQed = ^pj J (r) 

V(^Py)ncut.i ^-^PjJir). 

Further, with the help of the formulae (16J1-2) for the diagonal elements 
of the operator we find 

Vo = ~"(4a-^l). ^pi = l+2a, (8) 

With a value of a of the order of magnitude indicated in (1), we see 
that ^po is negative, while and ^po arc positive. In the symmetrical or 
charged Rarita^Schwinger theory, therefore, the potential is attractive, 
while the and ^Po potentials are repulsive: in the neutral theory, the 
situation is reversed. On account of the smaller statistical weight of the 
^Pq state, its effect will generally not upset the trend of the two others, 
so that the situation, so far as no higher than P states are concerned, is 
qualitatively much the same as that noted in 8.32 for central interactions. 

This is indeed apparent in the proton-neutron scattering problem. 
Numerical computations of the differential cross-section have been carried 
out for a kinetic energy E — 15,3 MeV of the incident neutrons, using the 
range value D = d and the corresponding parameter values (1), together 
with the strength :rr 11,8 MeV (i.e. q' 0,85). A weakness of 
such calculations, which equally affects those pertaining to meson theories 
with large axial dipole interaction, presently to be discussed, is that (owing 
to the prohibitive amount of numerical computation involved) they only 
include the contributions from P-waves but neglect those from waves of 
higher orbital momenta. The experience with analogous calculations for 
central forces (8,32) leads us to believe that such a neglect may involve 
serious errors. Be this as it may, Rarita and Schwinger’s results exhibit 
the same contrast between symmetrical and neutral theory as those of 
central force, theory, even in a still more accentuated manner: the anisotropy 
ratio A S(ji]IS(in) (5.32-23) has the values 

A,y,,r.= lA6, .lne«t = 0,525 (E=: 15,3 MeV); (9) 

the charged theory, with 

-^Icharqcd = 0.92, (9a) 

occupies an intermediate position. The symmetrical theory is quite compa¬ 
tible with the results of the Bristol experiments, which, on the other hand, 
would lead to the rejection of the neutral theory. 

This last conclusion is confirmed in an interesting way by the discussion 
of the total cross-sections: 

S,ymm =0.621- 10-24 cm2 
^charged 0,666 • 10-« cm* (E = 15.3 MeV) 

5„ew = 0.983 •lO-*^ cm*. 


( 10 ) 
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While the two first figures are of the expected magnitude (6.413), the 
last one shows a considerable deviation from this value, due to the fact 
that in this case the contribution of the P^-wave to the total cross-section 
is not small. This contradicts the criterion enunciated in 6.431. All fast 
neutron scattering experiments therefore concur to exclude the neutral 
variant of the Rarita-Schwinger theory; on the other hand, they are compa¬ 
tible with the symmetrical form of the theory. 


16*23« Radiative processes. For relatively small energies, Rarita and 
Schwinger [416] have verified that no significant evidence regarding the 
axial dipole coupling can be expected from measurements in this region of 
either the photo-disintegration of the deuteron or the radiative capture of 
neutrons by protons. At higher energies, however, the influence of states 
of higher orbital momenta again makes itself felt in a characteristic way 
(Rarita, Schwinger and Nye [41a], Rarita and Schwinger [41c]). 
The calculations have been performed for the y-rays emitted in the reaction 
7Li(p,}'), of energy i::::! 17,5 MeV. For such energies, the photomagnetic 
contribution, as well as that due to electric quadrupole transitions, is quite 
negligible on any theory, so that we have essentially to do with the photo¬ 
electric effect, due to electric dipole transitions. 

The most striking effect of the non-central coupling is to modify the 
simple sin-^'6-law of angular distribution of the ejected nucleons. This 
modification arises from the fact (16.22) that the radial components of 
the ^Pf), ^P] and ^Po final states are affected in different ways by the 
axial dipole interaction, so that there appears in the differential cross- 
section, besides the sin2/> term, an additional term which is isotropic: 

sin^^ 4” ^0* (11) 

The ratio H (8.34) of the intensities of ejected nucleons in directions 
parallel and perpendicular to that of incidence of the radiation has there¬ 
fore, in contrast to the case of central forces, a non-vanishing value 


H 


^0 


( 12 ) 


even at high energies. For the three cases of isotopic dependence, one 
finds: 



^0 

H 

Symmetrical 

0,015 

0,015 

Charged 

0,077 

0,071 

Neutral 

0,36 

0,265 


{hv^\7,5 MeV) 


(13) 


The reason for the large difference between the symmetrical and the 
neutral theory is to be sought in the predominant influence of the strong 
3Pj attraction in the latter theory, which produces a relatively large 
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perturbation of the corresponding state. Clearly, since the occurrence of 
the isotropic term 0^ is entirely the result of the perturbations of the 
sp states, an appreciable value of this term will then be expected. 

On the other hand, the effect of such an attraction in the final P state 
will be to decrease the matrix-element of the electric dipole if the wave¬ 
length of the ejected nucleons is comparable with the radius of the deuteron 
in its ground state. The total photoelectric cross-section will thus be smaller 
on neutral than on symmetrical theory. Indeed, the computation yields 

=0.768 *10-27 cm2 

^charged - 0.723 • 10 '27 cm2 ^ 17^5 MeV) (H) 

^^neutral = 0.376 * 10"27 cm2. 

It appears from these results that measurements, with high energy y-rays, 
of the total disintegration cross-section and, still better, of the angular 
distribution of the ejected nucleons could lead to a decision between the 
neutral and the symmetrical Rarita-Schwinger theory. But if we have to 
deal with a symmetrical isotopic factor, it would be very difficult indeed to 
trace the difference between the Rarita-Schwinger interaction, with large 
non-central coupling, and a purely central potential. 

16.3* Meson theories with cut-off 

16«30« Just as it is to be regretted that the assumptions of the Rarita- 
Schwinger theory are too narrow to permit a general survey of the pro¬ 
perties of axial dipole couplings, one must deplore the lack of any syste¬ 
matic discussion of meson field theories using some cut-off device to 
eliminate the singularities of interactions at small distances. The curse of 
all meson theories, especially those with large non-central coupling, is the 
amount of laborious numerical computations involved in any problem. As 
a result of the chaotic situation prevailing among research workers in 
theoretical physics, the outcome of the active discussions on this topic is 
a medley :of fragmentary information from which it is difficult to gain a 
genera, iefea. while the gaps, on account of the prohibitive numerical work 
involved, cannot readily be filled. This section will therefore be nothing 
more than a very unsatisfactory attempt at piecing together the dis¬ 
connected results available on the subject. The general conclusion, so far 
as it goes, is very unfavourable for cut-off theories. 

16.314 Symmetrical pseudoscalar theory. Among the meson theories 
using only one definite kind of field, the choice, from general considerations, 
would seem to be fairly obvious: in order to secure agreement with the 
observations on the spin, of the cosmic ray mesons and to get a non-central 
term of static interaction, we must adopt the pseudoscalar type of meson 
field. According to the rule (16.11-7), the sign of the deuteron quadrupole 
moment, considering the form of the static interaction given by table 15.31 
together with formula (15.31-12), further imposes the symmetrical com- 
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bination of charged and neutral fields. The nuclear potential is thus, on 
this theory, 

Vp,. .eai, = fl r<» r® [i aC) + £)(. 2 ) /7(r)]. (1) 

The binding of the ground state of the deuteron is entirely determined by 
the axial dipole term, and depends therefore sensitively on the cut-off 
radius. Once a definite value has been assumed for the range of the force, 
i.e, for the meson mass, the cut-off radius and the source constant are 
fixed by the binding energy of the deuteron and the slow neutron scattering 
cross-section. All other properties of the ground state, in particular the 
amount o[ D-admixture and the electric quadrupole moment, then follow 
unambiguously and allow a test of the theory: this is an attractive feature 
of any cut^^off theory working with only one source constant. 

Unfortunately, when this procedure is carried out (Ferretti [416]), 
assuming for the meson mass the (somewhat low) value Mm ^ 177 rn, the 
cut-off radius turns out to be larger than the range of the potential. 
This means, of course, that the specification of the distance dependence 
by the meson potential becomes illusory. The manner of cutting-off is 
immaterial; besides the zero and straight cut-off (75.32), Ferretti tried the 
extreme assumption of a very large repulsive potential at small distances, 
without achieving any substantial improvement. 

16 . 311 , Symmetrical zero spin meson theory. As a possible way out 
of this difficulty, Ferrhtti [416] suggests an ingenious modification of 
the theory, which consists in assuming only the neutral mesons to be of 
the pseudoscalar type, while the charged mesons would be scalar ones; the 
'‘symmetricar' character of the theory is upheld, however, by maintaining 
the variables in the expressions for the source densities (8.31-5, 10) 
and assuming the source constants f 2 and [\ to be equal in absolute value. 
The resulting nuclear potential is therefore (831-7) 

Vfo. = f\ [rS;’ (i o"'0«) <p + 002) P)_2 T<'« v] ; (2) 

it differs from that of the purely pseudoscalar theory (1) by a term 

—2 fl T'2) [(I ^1)^(2) + D(12) P] (3) 

which vanishes in states; the charge independence property is thus 
restricted to those states only (8.1). In the ground state of the deuteron, 
the potential due to the scalar field is repulsive; consequently, the axial 
dipole term must yield a stronger attraction than in the potential (1), and 
must thus be cut-off at a smaller distance. A reasonable value of the cut¬ 
off radius is obtained, as well as the right sign and order of magnitude of 
the quadrupole moment. Ferretti, however, does not insist further on this 
theory, which is admittedly rather artificial. 


11 
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16.32* Neutral vector theory. It Is somewhat paradoxical that the 
type of meson field which has most extensively been studied, should be 
just the vector field, for no choice could be more unfortunate; not only 
because it corresponds to a wrong value of the spin, but also because the 
right sign of the deuteron quadrupole moment, by the same argument as 
above (1631), can only be given by the neutral variant, against which the 
gravest objections can be raised (831), Nevertheless, when Bethe [40] 
published a very thorough investigation of a special form of vector meson 
theory, this theory was uncritically adopted by various physicists * as the 
basis of further discussion. We shall here rapidly review the main facts 
brought to light by this ill-spent labour. 

Bethels potential is that corresponding to a tensor source only (qx = 0),. 
i.e. [table 1531 and formula (1531-\2)]: 

^Bethc gl [| ^ 2 )(i 2 ) fy ( 4 y 

In triplet states, this expression has, qualitatively, the same properties as 
Ferretti’s potential (2) and leads, therefore, to plausible results for the 
ground state of the deuteron. Bethe adopts the value Mm ~ 177 m for the 
meson mass: since we are dealing with neutral mesons, this choice, though 
of course inspired by the value then believed to apply to the observed 
charged mesons, is in effect entirely arbitrary. The cut-off radius depends 
only slightly on the particular way of cutting-off and turns out to be 0,4 
or 0,3 of the range: further, one finds glib ^ 0,08, corresponding to 
yiO) 14,2 MeV. The resulting proportion of D state is a little too high 
(6,6 or 6,8%), but the quadrupole moment comes out remarkably vrell. 

As regards the effective potentials in states, the situation in Bethe’s 
theory is essentially different from the Rarita-Schwinger case (16.22): 
the potential is attractive, while the other two are repulsive. No general 
prediction can consequently be made about the anisotropy of the scattering 
of fast neutrons by protons. This problem has first been treated summarily 
by Bri.it^ and Kittel [39c] and later very extensively by Ferretti 
[41a, b]. Numerical results are available for an energy E “ 17,4 MeV of 
the incident neutrons, account being taken of the P-wave scattering only. 
In contrast with the Rarita-Schwinger theory, and in agreement with 
experiment, it is found that the P-waves do not substantially contribute to 
the total scattering cross-section. But the anisotropy 

^iBethe = 0,545 (E = 17,4 MeV) (5) 

indicates a strong predominance of forward scattering, quite at variance 
with the trend suggested by the Bristol experiments. 

The proton^-proton scattering is only slightly affected, at low energies, 
by the P-wave anomaly (7.12), Computations of this anomaly on 

• As I mentioned my doubts about Bethe’s theory to a distinguished American friend^ 
he dismissed all objections with the remark: “Anyway, it is the latest!". 
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Bethe’s theory have been carried out by Breit et aL [40] and by 
.Thaxton et aL [406] for the range 0,67 ... 3 MeV of proton energies. The 
P-wave anomaly is larger than on the assumption of a central potential; 
in fact, it is too large to agree with observation, unless the meson mass 
be accorded a much larger value than is assumed in Bethe's theory. The 
cross-section for the photo-disintegration of the deuteron, calculated by 
Rarita, Schwinger and Nye [41a] for 17,5 MeV photons, gives the 
following results, similar to those of Rarita and Schwinger’s neutral theory 
(76.23-13, 14): 


c6o==0.26, Hr:= 0,206 
0.376 * 10“27cm^ 


(hv=\73 MeV) 


( 6 ) 


16*334 Unsyrnmetrical zero spin meson theory. At the time that the 
Italian results about fast neutron scattering [6A2) seemed to point to 
a field theory of the neutral type, an interesting attempt was made by 
Hulthen [44a, 6, 456] to set up a theory of this type, using only scalar 
and pseudoscalar fields, and taking account in an essential way of the 
existence of charged mesons. Hulthen assumes that the meson field pro¬ 
duced by nucleons is mostly of the neutral scalar type, but that a charged 
pseudoscalar field can also be produced with a much smaller intensity. The 
nuclear potential resulting from these assumptions may therefore be written 

+ 2 fl 1 i <P + F]. (7) 

with 

( 8 ) 

the symbol (po indicates that the mass of the scalar meson is not assumed 
to be identical wath that of the pseudoscalar one, so that the range of the 
potential is not necessarily the same as that of (p and F; in fact, Hulthen 
adopts for the scalar meson the mass value m 330 m indicated by the 
proton-proton scattering experiments (7.73), while the mass of the 
pseudoscalar mesons is naturally the observed one. The effective 
potential of the deutcron system differs by —from that of the like 
nucleon system —this is qualitatively in accordance with the con¬ 
clusion drawm from the analysis of the scattering data (S.7): the figures of 
table 5.7 show that the ratio f should not exceed a few percent. 

Obviously, in such a theory, the separation between and states of 
the deuteron arises from the non-central coupling due to the charged field; 
owing to the small value of the coupling constant, the cut-off radius must 
therefore be taken rather small, viz. | fo/f' j w^hich is a satisfactory 
feature of the theory. On the other hand, a quadrupole moment of the right 
order of magnitude is obtained, as is verified wnth the help of the pertur¬ 
bation formula (76.72-12). Hulthen’s theory predicts a predominantly 
forward scattering of fast neutrons by protons, in contradiction with the 
Bristol experiments (Hulth6n [44a]). 
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\6A. Mixed theories 

16«40* Let us finally turn our attention to mixed theories (1532), The 
alternative here is between theories using mesons of different or equal 
masses. At first sight, the former possibility seems to afford a simpler 
picture, since it yields a static axial dipole coupling and one might thus 
expect to do without the non-static couplings, which, dn the contrary, are 
essential in the case of a mixture of equal mass mesons. From the quanti¬ 
tative point of view, however, the static approximation of Schwinger's 
mixture proves insufficient. We cannot, therefore, dispense with the intro¬ 
duction of the velocity dependent forces. If, on the other hand, wc treat the 
non-static axial dipole coupling by perturbation theory, wc find that, with 
a reasonable assumption about the order of magnitude of the relevant 
source constants, it is just sufficient to account fdr the observed 
D-admixture of the ground state and its quadrupole moment. It would thus 
seem that the hypothesis of different masses for spin zero and spin one 
mesons — as long as no empirical evidence in its favour is forthcoming — 
is an unnecessary complication: this would bring us back to Miller and 
Rosenfeld's original proposal of a mixed theory using mesons of uniform 
mass. However, a closer examination shows that the results of perturbation 
calculations in this case are very unreliable, so that the assumption of equal 
masses does not lead to a simpler description of nuclear forces. The present 
section contains the elaboration of the preceding argument. 

16*4L Schwinger $ mixed theory. The mixed theory proposed by 
Schwinger [42] is of the symmetrical type; the nucleons are assumed to 
give rise to a pseudoscalar and a vector meson field; the source constants 
92 ^ {2 ^re connected by the relation (15,32-13) or 

— ( 1 ) 

where p is the ratio of the masses of vector and pseudoscalar mesons. 
Let us 'urther put 

If X denotes the inverse range of the pseudoscalar field (and, therefore, xp 
that of the vector field), the nuclear potential of Schwinger’s theory may 
be written 


Vseh^ = f] T<" t< 2) i a<»o® - 

4. y 2 4. £){,2) ^ 

The sign of the deuteron quadrupole moment, considering formula 
(75.32-14), requires 


fi>l. 


( 3 ) 
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In order to determine the numerical value of /x, Jauch and Hu [44] have 
calculated, for different choices of this parameter, the value of fl required 
to yield, on the one hand, the binding energy of the deuteron, on the other 
the slow neutron scattering cross-section; they assumed y 0 and took 
for the mass of the pseudoscalar meson the value 177m, a little too low 
according to the most recent estimates (1331). The intersection of the two 
curves (fi) gives 

[\l\) = 0,05. ( 4 ) 

‘‘Unfortunately, for these values of the parameters, the calculated value of 
the quadrupole moment, using only the static potential (2), comes out 
about 3 times too small. This, as stated above, spoils the economy of 
Schwinger’s theory. For, instead of putting simply f\ zn 0 so as to cancel 
the velocity dependent coupling altogether, we should choose for this 
source constant some suitable non-vanishing value, in order to get an 
additional contribution of the required magnitude to the axial dipole 
potentiaL The question then arises whether one could not just take = 1 
and make the non-static potential responsible for the whole observed 
deviation from spherical symmetry in the ground state of the deuteron. 

The problem of fast neutron scattering has been treated by Jauch [45] 
on Schwinger’s theory, at any rate so far as P-wave contributions are 
concerned. He finds an anisotropy ratio 

^lvSciuv==l»l for E = 14 MeV, (5) 

of much the same order as in the symmetrical theory of Rarita and 
Schwinger (76.22-9). Compared with the results (table 833) due to a 
purely central meson potential, this figure indicates a tendency of the axial 
dipole coupling to make the angular distribution of the scattered particles 
more uniform. 

Finally, it might be enquired whether the discrepancy between the value 
of the mass of the cosmic ray mesons and that deduced from the range of 
the meson potential required to explain the results of proton-proton 
scattering experiments (7.7J), if real, could be brought into harmony with 
the point of view of Schwinger’s theory: it would be taken to indicate the 
presence of a field corresponding to mesons of larger mass than those 
observed in cosmic radiation, and which would be identified with the 
vector mesons postulated by the theory. A closer examination of this point, 
carried out at my request by Dr. Ramsey, leads, however, to a negative 
conclusion. Let us indeed compare the effective potential derived from 
the Schwinger interaction operator (2), viz. 

Vschw('5) = -^2 - y^) -f. (2a) 

with a simple meson potential of the form 

V„es('5) = -G^- 


r 


(2b) 
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If we identify these two expressions and their derivatives for some value 
To of r, we readily find that the range parameter K is a monotonic 
function of Tq; the sign of dK/c/ro being that of — 2 /y. 2 ). Now, since one 
would expect that the proton-proton scattering is mainly determined by 
the behaviour of the nuclear interaction at larger distances than the 
neutron-proton scattering or binding, the trend of empirical evidence, 
pointing to a larger value of the range parameter for the proton-proton 
than for the neutron-proton potential, would be interpreted, from the 
present point of view, to require that K must be an increasing function of 
Tq, i.e., that 7 - >2 //-, It is easily seen, however, that this condition, together 
with /y > 1 , would lead to such high values of the coupling constants that 
the static approximation would break down altogether. Moreover, the 
meson masses would have to be taken larger than the large value suggested 
by the proton-proton scattering experiments, in contradiction with the 
cosmic ray data. 


16.42^ Moiler and Rosen[eld's mixed theory. The considerable simpli¬ 
fication, in mixed theory, implied by the hypothesis of a unique meson 
mass is that the nuclear interaction is then reduced, in first approximation, 
to the form of a central potential. The choice of suitable mixtures can be 
based on the consideration of this static approximation only, as embodied 
in table 153L An easy discussion (M0LLER and Rosenfeld [40]), starting 
from the purely qualitative requirements that (a) the effective potentials 
in triplet and singlet even states must be attractive, {b) the triplet potential 
must yield a stronger attraction than the singlet one, leads to only two 
essentially distinct mixtures compatible with the charge independence 
property. So far as these requirements go, one may choose cither a sym- 
metrical type of mixture of a pseudoscalar and a vector field, or a mixture 
of neutral scalar and pseudovector fields. One could add to either mixture 
further fields of the other types, but most people will feel that a two-field 
mixtur.* i$ about as much as they can stand. The evidence about two- 
nucleon systems has been extensively discussed, from the point of view 
of central interactions, in Part II of this work. From the values (6.432—8) 
derived from that analysis for the effective potential strengths 3 j(o) and 
* in terms of the meson mass, the expressions for the source constants 
entering into the static potential are readily obtained. In the case of the 
symmetrical mixed theory, e.g., for which (table 1531) 


with 

r2 2 
12 = 92, 

one has 


9] ^ 1 
b 4Mm 


(3J(0)_1J(0)) ^ 


9l _ 1 

b 4Mm 


(,13J(0)+1J(0)). 


( 6 ) 

(7) 

( 8 ) 
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% 

the value of 


~ ~ 0,03 (9) 

is approximately independent of the meson mass, whereas that of 

~ 3,06 • lO-* + 0,004 (9a) 

p m 

varies nearly linearly with this mass: 
gi 

0,065 for Mm = 200 m. (9b) 

p 

Proceeding to the examination of the velocity dependent potentials 
(1534), we may at once eliminate the neutral variant (HoLMBERG [44], 
Rosenfeld [45h]), since in that case there would be no combination of 
S and D states to a first approximation. We are therefore left, as the 
only acceptable mixture of two meson fields of equal masses, with the 
symmetrical pseudoscalar-vector theory. On this theory, the velocity 
dependent potential, when rid of all contact interactions, consists of 
additional contributions to the central couplings 

[g, g, + i {2g, g^-f, f,) ^(r) (10) 

and of the non-central interaction 

^ 0 ) ^( 2 ) £)(. 2 , nn . ( 11 ) 

of which only the first term, representing an axial dipole coupling, needs 
to be taken into consideration (16,11). In view of the factor Mm/M, one 
is tempted to regard this coupling as ‘‘small” (16.21), in contrast to the 
static one occurring in Schwinger's mixed theory. When treated as a 
perturbation (16,12), the interaction (11) only gives rise to a second order 
displacement of the ground state of the deuteron. At the same time, it yields 
according to (76.72-12) an electric quadrupole moment Q proportional to 
9i92 + fif2* Even a rough estimate of Q (Moller and Rosenfeld [40], 
Hulth^:n [43a]) shows that the calculated value can be adjusted to fit 
observation by giving the combination of source constants 9^92 + fif 2 
some positive value of the same order of magnitude as ot g\. This 
implies that the only effect of the additional central potential (10) will be 
to modify slightly the determination (7), (8) of the source constants. As 
a matter of fact, if we also take the experimental value of the quadrupole 
moment into account, we get instead of these formulae a system of 
equations of the form 
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9 ] Mm 9x97 _ 
b M "T 

92 1 Mm 2 P'1 0^2 — fxfl O 

^ ^ M b 

a... ^'2) 

9x92 +[2 

9l __fl 

b ““ b ' 

a, y being positive numerical quantities of comparable orders of magni'^ 
tude. It is easy to see that this system yields two essentially distinct 
solutions *, according to the sign assumed for the product pip 2 * 

It may be mentioned that the influence of the velocity dependent potential 
(11) on the scattering of fast neutrons by protons has been summarily 
discussed by Hulthen [43fe], using Born's approximation. His formulae, 
however, do not correspond to the velocity dependent potential defined by 
(10), (11) above, but to a potential including in addition the contact 
interactions which we have systematically discarded. 

16A3* **Large* or *'smalV' axial dipole coupling. The conclusion of 
the preceding subsection would seem to be altogether in favour of the 
simpler solution afforded by the mixture of meson fields of equal masses. 
But the argument is essentially based on the application of the perturbation 
method to the non-static axial dipole coupling; and in view of the rather 
bad convergence to be expected in this case for perturbation calculations 
(15.34), owing to the peculiar distance dependence of the axial dipole 
coupling, it may be questioned ** whether the contrast between ‘'large" and 
"small" axial dipole coupling is really as marked as is suggested by the 
presentation adopted here for methodical reasons. With a view to settling 
this question, the numerical integration of the radial wave-equations 
( 16 , 11 - 0 ) ^or the ground state of the deuteron has now been undertaken 
by Mr, Grosjean, assuming in (16,11-4) the forms of potentials J(r) 
and F(r) corresponding to meson theory, viz. 

J(r) = ^J<p(r). F{r) = FF{r). (13) 

with arbitrarily fixed ratio of the strengths 3 J and F, and, of course, 
some cut-off prescription. Actually, the zero cut-off is adopted, and for 
each given value of the ratio F/V, the value of y corresponding to the 
empirical value of the binding energy is determined as the solution of an 

* There subsists, of course, an arbitrariness in the signs corresponding to the invariance 
of the equations (12) for a simultaneous change of sign of gi and p 2 » or ft and [2* or both 
pairs. But this arbitrariness has no physical significance. 

** I am indebted to Prof. Pcierls for stimulating discussions on this point. 
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eigenvalue problem; the eigenfunctions Xo* X 2 directly in each case 
the corresponding amount of D-admixture and electric quadrupole moment. 

Although this investigation is hot yet completed, the first results already 
allow some general conclusions to be drawn. In the first place, if we adopt 
for the ratio 


a 


^|02).F 

V. 


(H) 


numerical values of the order of 10~i, corresponding to the expression 
for a. 


— Mu + / 1 /2 


(15) 


given by the Moller-Rosenfeld symmetrical mixed theory, we find 
much too small values for the admixture of D state and the quadrupole 
moment: this means that estimates based on perturbation calculations are 
not to be trusted in this case. In fact, assuming the central part of the 
potential to give rise to an attraction in the ground state, one has to take, 
in' order to arrive at the right orders of magnitude for the two quantities 
just mentioned, a value of a of the order of in other words one has to 
consider the axial dipole coupling as “large*'. This result, combined with 
the other arguments developed in the present Chapter, would seem to point 
to the necessity of adopting some mixture of meson fields, since no single 
type of field will yield the required value of a; moreover, this mixture 
must be such as to give rise to an axial dipole coupling even in the static 
approximation. This last requirement rules out the simple case considered 
by Moller and Rosenfeld; it might be satisfied by a Schwinger mixture, 
but we have seen that the prospects of such a theory are not very 
encouraging. It would therefore seem that the original purpose of intro¬ 
ducing a mixed theory, viz. to remove the singularity, has to be 
abandoned, and that we are left in the awkward position of having to 
adopt a mixed theory (with equal or different meson masses), which also 
involves a cut-off prescription. 


16«5« General conclusion 

All theories involving a non-central term of nuclear interaction are 
adjusted in such a way as to account for the properties of the ground state 
and the virtual level of the deuteron. The more ambitious ones (the 
cut-off theories) predict such quantities as the quadrupole moment and 
amount of D-admixture of the ground state. Others (the Rarita-Schwinger 
and the mixed theories) can only make use of these quantities to fix the 
values of their adjustable parameters; even so, the possibility of such a 
determination, leading to reasonable results, affords in some measure a 
check on the theory. 
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The various theories that have been put forward differ widely, however, 
as regards the properties of states of higher orbital momenta, in particular 
the P states. Their predictions in this respect can be put to test, at least in 
principle, in the study of the scattering of fast neutrons by protons. 
Although no obvious general reason can be given for this result, it is found 
that neutral theories with ‘'large'* axial dipole coupling generally predict a 
predominance of forward scattering {yl< 1) for neutron energies of the 
order of 15 MeV, whereas symmetrical theories lead to predominantly 
backward scattering (^>1)’^'. Consequently, the Bristol results would 
condemn neutral theories with “large" axial dipole coupling; on the other 
hand, they do not allow us to discriminate between several possible forms 
of symmetrical theories, nor to eliminate the possibility of a neutral theory 
involving only “small" axial dipole coupling (5Ji). The removal of the 
latter uncertainty, however, and with it the full confirmation of the sym¬ 
metrical character of the nuclear interaction requires only an extension of 
the measurements to slightly higher energies. A further corroboration of 
this conclusion may be expected from the study of the disintegration of the 
deuteron by photon or electron impact, either with increased accuracy in 
the domain of relatively low energies (834), or for higher energies 
(76.23, 76.32). 

Among the variants of meson theory that have been proposed, none is 
entirely satisfactory. It seems that one should assume some form of sym¬ 
metrical mixed theory, but probably one involving also a cut-off pres¬ 
cription; whether the masses of the different kinds of mesons occurring in 
the theory should be taken equal or different cannot be decided. In fact, 
there is hardly any hope of removing these uncertainties of the meson 
field description of nuclear forces without more information about the 
properties of mesons, furnished either by a more refined analysis of relevant 
cosmic ray data, or by the artificial production of mesons. Evidence from 
ordinary nuclear processes could only be helpful if its accuracy could be 
substantially increased. It will not be superfluous, in order to complete 
the pict ire^ of the present uncertainties and prospects of nuclear theory, to 
recall the further alternative which underlies the whole problem of nuclear 
forces, viz. that between the assumption of strong or weak coupling of the 
meson fields with their sources (7.35). It is true that the strong coupling 
treatment leads to very grave difficulties; but here also it is the experiment 
that has to make a final pronouncement, by the detection of isobaric states 
of nucleons or the disproof of the occurrence of such states. 

* HuLTHEN [44a] has calculated the differential scattering cross-section on Born’s 
approximation for various theories: symmetrical pseudoscalar theory (16.31), symmetrical 
and neutral vector theories (16.32), Schwinger’s mixed theory (16Al) and his own 
unsymmetrical theory (16.33). For the anisotropy ratio A, this procedure yields an upper 
limit if /I > 1, a lower limit if < 1. 



CHAPTER XVII 


NON-CENTRAL COUPLINGS AND PROPERTIES OF 
HEAVIER NUCLEI 

17*0* The subject of this last Chapter, which closes the circle of our 
inquiry, is difficult to approach and has received as yet only sporadic 
treatment. Although potentially capable of yielding valuable and even 
decisive information about the properties of nuclear forces, the study of 
heavier nuclei cannot at present give us more than a certain amount of 
corroborative evidence regarding conclusions drawn from the analysis of 
the properties of two-nucleon systems. In this respect, the examination of 
the conditions imposed on the form of the law of nuclear force by the 
saturation properties of heavy nuclei is especially interesting. Following 
a course closely parallel to that of Part III, we shall begin with a study of 
this general problem, and afterwards turn to more specific questions 
pertaining to light nuclei: we shall successively discuss the influence of 
non-central couplings on the binding energy and on the fine structure of 
the ground states of these nuclei. 

17*L Non-central couplings and saturation properties 

The occurrence of non-central couplings in the expression of the inter¬ 
action of a pair of nucleons may be of considerable influence on the 
saturation properties of nuclear systems bound by such interactions. This 
important problem has not yet been fully investigated. Two papers by 
VOLKOFF [42a, b], following a suggestion of WiGNF.R and Eisenbud 
[39a] discuss the effect of axial dipole couplings. The outcome of this 
discussion is to exclude such theories as involve an extreme predominance 
of the axial dipole interaction (e.g. Bethe’s theory, 16,32), but no clear-cut 
conclusion is reached concerning intermediate cases like the Rarita- 
Schwinger theory (162), 

The gist of the argument consists in showing that a predominant axial 
dipole coupling will tend to favour collapsed configurations of a heavy 
nucleus, characterized by large values of the total spin and possibly the 
neutron excess, and by a shape strongly deviating from spherical symmetry. 
We prove, to this effect, that in such configurations the contribution of 
the axial dipole operator (16,11) 

„i 2; |(/A^) (1) 

i,k 

to the interaction terms of the ordinary type (11,11) is attractive: this 

4 : 


See also Bethe [40], p. 270. 
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means, indeed, that the resulting binding energy will not exhibit any 
saturation (11.13). In the first place, it is always possible to give the same 
sign to all contributions from the isotopic factors in a neutral theory, 
this is automatically the case, irrespective of the neutron or proton 
character of the constituent nucleons; in a symmetrical theory, we have 
only to choose an assembly composed exclusively of nucleons of like 
charge. Consider, further, a configuration in which all the spins are parallel. 
Since in such a configuration the average value of 0(i2) is cos^ ^we 
can make the total axial dipole interaction of the ordinary type attractive 
by suitably choosing the spatial distribution of the particle density: 
according as F(rv^*)) avl^'^) is positive or negative, we have just to take 
an oblate or a prolate distribution with respect to the total spin axis. 

It is true that the kinetic energy will counteract this effect, and one 
might think that the potential energy would only prevail for systems with 
larger numbers of nucleons than actual nuclei. The quantitative dis¬ 
cussion of this point, carried out by Volkoff [42a] both in the case of 
Bethe’s neutral vector theory and in the less extreme case of the neutral 
Rarita-Schwinger theory, clearly shows that the critical mass number, 
for which the non-saturated attraction begins to dominate, is well within 
the region of the actual nuclei. Indeed, the collapse of the nuclear system 
could only be prevented if the character of the interaction were radically to 
change at very small distances; c.g. Hulth^:n [44a] has pointed out that 
in his unsymmetrical form of theory (16.33) the higher approximation 
terms of interaction between two like nucleons become repulsive at small 
distances: such a repulsion might lead to a saturation of the nuclear 
bindings, analogous to that of intermolecular forces in liquids rather than 
to that of the chemical bonds of the quantal “exchange'" type (2.22) *. 

If, on the other hand, the axial dipole couplings may be regarded as 
small perturbations, their total effect will not disturb the saturation pro¬ 
perties of the binding due to the central interactions. In fact, the latter will 
be such as to favour configurations with saturated spins (and minimum 
neutron excess). Now, 

V v,(l) v^(2) ^ ( 1 ) ^ ( 2 ) ± (cos2.^~-J). (2) 

,(!)' MY " 

' z ' ^ z 

the sign on the right-hand side being + or — according as the sign indices 
of the spin eigenfunctions v are the Sc/me or opposite for the two nucleons. 


* It has recently been suggested (FeenBERG and PRIMAKOFF [46]) that the collapsed 
configurations of heavy nuclei predicted by the theories with “large” axial dipole 
couplings might actually represent the stablest states of such nuclei, while their more 
loosely bound saturation configurations would be raetastable: such a situation is termed 
^conditional*' saturation. Besides axial dipole couplings, non-static forces such as short 
range, attractive many-body interactions would be liable to bring about conditional 
saturation. The collapsed forms of nuclei would constitute extremely rare isotopes of 
known elements, some curious properties of which are described in the note cited. 
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Consequently, in any spin-saturated configuration the operator (1) of 
axial dipole coupling will not give rise to any contribution of the ordinary 
type to the potential energy, since the integrals pertaining to pairs of 
nucleons with parallel and antiparallel spins will exactly compensate each 
other. The situation is just the same as with the central interactions 

involving the spin factor for which such a compensation likewise 

occurs in spin-saturated configurations (cf. tables i/.//-l,2). 

17«2. Non-central couplings and binding energies of light nuclei 

As soon as we deal with systems of more than two nuclei, the complexity 
of the nuclear interactions coming into play increases considerably. While 
in the interaction between two nucleons only the axial dipole coupling 
shows up, in dealing with more complex nuclear systems we should take 
into consideration the possible occurrence of spin-orbit couplings and of 
many-body forces. This aspect of the problem of nuclear forces has 
hitherto been entirely neglected; its approach is admittedly very uncertain 
at the present stage. Only one paper bearing on the question of the 
influence of non-central couplings on the binding energies of light nuclei 
has been published, by Gf.RJUOY and SCHWiNGER [42]. In this paper, the 
binding energies of and ^^He are calculated, by a variational method, 
on the assumption that the interaction potential has the form (76.22-4), 
given by Rarita and Schwinger’s theory for states of even parity (the 
only ones occurring in this problem): this implies that only the influence 
of axial dipole forces on the binding energy is discussed (within the scope 
of the Rarita-Schwinger theory), while the possible occurrence of other 
interactions is disregarded. 

In the case of three- or four-nucleon systems, the occurrence of non¬ 
central interactions implies a breakdown of the conservation of not only 
orbital momentum, as in the deuteron case, but also the spin: we now 
get, for a mixture of doublet and quartet states (74.77), for ^He a 
mixture of singlet, triplet and quintet states. The ground state of ‘^H, e.g., 
in which / =: -J, is of the type + ^Pj + ; the ground state of 

^He (/ 1 =: 0) comprises ^So, and eigenfunctions. Moreover, the 
assignment of a definite parity to the eigenfunction docs not, in many- 
nucleon systems, result in any reduction of the admixture of states of 
different orbital momenta. However, in first approximation, the axial 
dipole operator will only couple the ^5^ state of with states and 
the iSq state of ^He with states *. Gerjuoy and Schwinger limit 
themselves to this approximation; adopting the constants (1621-1) derived 
from the deuteron properties, they find that the D-admixture in the ground 

* This is a simple consequence of the fact that the operator transforms, 

i,k 

when the spin or space coordinates alone are rotated, according to a representation of 
rank 2 of the rotation group. 
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states of either of the nuclei and ^He would be about 4 just as 
in the case of the deuteron. However, while in the latter case the inter¬ 
ference of this small amount of D-wave with the S-wave produces, on the 
Rarita-Schwinger theory, practically all the binding of the deuteron, the 
corresponding effect turns out to be much smaller in the heavier nuclei, 
with the result that the calculated binding energies of these nuclei become 
much too small, owing to the decrease of the central potential strength 
as compared with a purely central interaction (142). The authors* ** 
conclusion is accordingly that the assumptions underlying Rarita and 
Schwinger’s theory, and especially that of equal ranges for the central 
and non-central interactions, are too restrictive to account successfully 
for the binding energies of the lightest nuclei *. 

\ 73 * Fine structure of nuclear levels 

The preceding discussions of this Part IV, while leaving many details 
unsettled, have at any rate made it clear that in nuclear systems quite 
appreciable forces are operative to couple the spins and orbital motions of 
the constituent nucleons. On any nuclear model such couplings will give 
rise to a fine structure of the stationary states of the system, due to the 
splitting of the multiplet states. Actually, while the order of magnitude of the 
separations between levels of low excitation in lighter nuclei is generally 
of a few MeV, there are some conspicuous exceptions, in which groups of 
levels occur, with intervals of the order of several tenths of a MeV only; 
and one is tempted to recognize in such close groupings the expected 
multiplet splittings. However, extreme caution is required in attempting 
identifications of neighbouring levels as members of a multiplet: for, leaving 
aside the possibility of mere chance coincidence of unrelated states, other 
types of fine structure than multiplet splitting are suggested by the a- 
particle model. In view of the present uncertain position regarding both 
the most adequate model to be applied in each case, and the exact form 
of the la'V bf nuclear force, we cannot hope, therefore, to reach unambiguous 
conclusions about fine structures of nuclear levels, but at best to obtain 
additional arguments concerning the various possibilities. 

In the domain of light nuclei, the available empirical material is rather 
scarce; the only well-studied instances of fine structures of the ground state 
are those of the related (unstable) nuclei ^He and ^Li and of the stable 
isotope "Li. They will be more closely examined in the following sections. 
Additional indications, in the case of ^-active nuclei, might in principle be 
expected, as explained inA121, from the observation of composite/^-spectra 
and of concomitant radiative transitions. 

* On the possible bearing on this problem of the recent determination of the magnetic 
moment of ^H, see A 2.251, 

** See the recent survey of the evidence about energy levels of light nuclei by 
Horn YAK and Lauritsen [48]. 
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Indirectly connected with the problems of fine structure is the ijuestion 
of the total angular momentum of the ground state of a nucleus (also when 
no close-lying excited state has been observed). For the value of this 
quantity is ultimately determined by just the types of coupling responsible 
for the fine structures. In fact, it can be calculated, for any nucleus, by 
starting from a definite model and a definite type of non-central coupling: 
if the angular momentum has been observed, this provides a check on the 
assumptions made; if not, it gives us an indication, unfortunately very 
unreliable, of the value that might be expected. Examples of this kind of 
argument will be found in A2,252, A2.253, A2.26, in connexion with the 
calculation of magnetic moments; we shall just mention the interesting case 
of ‘"^Li, whose configuration, on the quasi-atomic model, is characterized by 
the presence of a half-filled neutron p shell besides a p-proton (Rose and 
Bethe [ 37 ]). 

We shall now proceed to give an account of the two best known cases 
mentioned above: the five-nucleon systems ^He and ‘"‘Li, and the nucleus "^Li. 

17A. Fine structure of •^>He and ^Li 

17*40* Since no stable state exists for the nuclei ^He and -‘Li, the main 
source of information about their “virtual” levels is the study of nuclear 
reactions involving one of these nuclei either as a partner in the final stage 
of the reaction or as the compound nucleus. In the reaction '^Li(cf, a), ^^He 
is obtained in a state unstable with respect to neutron emission, which is 
very probably the lowest one, with an energy of about 0,8 MeV above 
that of a-particle plus neutron. A sensitive method of investigating the 
properties of this ground state of ^He is the study of the scattering of 
neutrons by '^He: the existence of the virtual level of the compound nucleus 
-'‘He will be marked by a resonance effect in the dependence of the 
scattering cross-section on the energy of the impinging neutrons. As we 
shall see, it is this effect that has actually disclosed the doublet structure 
of the ground state. The properties of ^Li may serve as a check on the 
conclusions arrived at with regard to ^He, since the ground states of the 
two nuclei, according to the symmetry of nuclear forces with respect to 
charge (3,3), should only differ by the Coulomb energy *, which would 
raise the ground state of ^Li about 1 MeV above that of •'‘He: hence the 
interest of experiments on the scattering of protons by ^He. In this section, 
we shall therefore begin by establishing the necessary “dispersion 
formulae” which give the scattering cross-section of Helium for nucleons 
in terms of the energy of impact. We shall then survey the results of the 

* An estimate of the Coulomb energy difference between ^Li and ^He, based on Bethe‘s 
theory of the “last” nucleon binding (3J), has been carried out by STEPHENS [40] and 

yields 0,88 MeV. By equating this quantity to the expression :: (A —1), valid for a 

5 /? 

homogeneous charge distribution of radius R, one gets an “equivalent” nuclear radius 
R 4-10-A3 cm. 
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scattering experiments, and finally proceed to a theoretical discussion of 
the fine structure they reveal. 

17,41. Theory o/ the scattering of nucleons by Helium. In investigating 
the elastic scattering of a nucleon by any nucleus of mass A and charge Z, 
the latter may to a first approximation be treated just as a point, its 
structure entering only indirectly through the phase-shifts of the asymptotic 
wave-functions of the scattered nucleon. Such a treatment neglects the 
polarization of the nucleus by the impinging nucleon, as well as the effect 
of the exchange of this nucleon with one of the constituent particles of 
the nucleus *. The case of proton scattering is the more general one: 
as for proton-proton scattering (7.11), except that here no complication 
arises from the exclusion principle, and that if we assume the scattering 
nucleus (A, Z) to have no angular momentum, we are dealing with doublet 
states of the total system, rather than with the singlet and triplet con¬ 
figurations of the two-proton system. 

If we consider the scattering process in the barycentric system of 

reference, we have to use the reduced mass Mred = M^ p- , and the con¬ 
nexion between the relative kinetic energy e of the colliding particles, their 
relative velocity relative momentum p and wave-number k, is as usual 




V _ p _ 


( 1 ) 


The scattering angle 'O' in the barycentric system is simply related to the 
angle of recoil &' of the nucleus which is at rest in the laboratory system 
by the relation (6,272-20) 0' — #), The transformation of scattering 

angle 0 and energy e to the corresponding quantities f). E in the laboratory 
system is different according as the nucleus (A,Z) or the proton is 
supposed to be at rest in the latter system (scattering of protons or of 
a-particles). In the former case, we have 



( 2 ) 


and the formulae quoted in the first footnote of 14.12; in the latter case, 
one has just to replace A hy 1/A in these formulae. Finally, the charac¬ 
teristic parameter a (7.11-2) becomes 


a 


Ze^c 


(3) 


with this new meaning of a, the formulae (7Jl-3t 4, 5, 6) for pure Coulomb 
scattering are applicable to our case. 

Denoting, as usual, by v^., the spin eigenfunctions of the scattered 
nucleon, the spin and angular dependence of the doublet states of bur 


Dr. Frohlich and Dr. Humblet have independently pointed out to me that both 
effects may be important, especially in the case of scattering by Helium. 
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system may be written in the form 


[ fi+m+i - }'i-m+i yr^‘] 

vr^ + /i+m+i vr^]. 


( 4 ) 


The general solution is therefore 


i.J 




l-L,(r). 


(5) 


the asymptotic form (17,11-11) of the radial functions Li depending on 
the phase-shifts due to the proper nuclear interactions; in general, these 
phases will be different for the two substates / == / ±: corresponding to a 
given I, The S's are determined by comparing the expression (5) with the 
solution [cf» (17,11-5)] 

= ( 6 ) 


corresponding to pure Coulomb scattering, and by expressing that 
!P — !^f asymptotically represents an outgoing spherical wave; this gives 
for the scattered wave 



and 




_ ^ _ p.ikr - ia.\og2kr ain^ 

2krsin^^l2 


(9) 


The existence of virtual levels of the compound system is expressed by 
the energy dependence of the phase-shifts 6^ in the following way. Sup¬ 
pose that for some value L of I, there is a virtual level with the doublet 
structure corresponding to J = L±:i; let be the energy values, 
the widths of the two virtual substates. Upon the assumption that these 
widths are sufficiently small (compared with a suitably defined critical 
energy), Bloch [40] has derived a general dispersion formula, from which 

12 
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it follows that the phases iy'* have the form of a smoothly varying function 
of the energy, due to the so-called "potential scattering” (this we shall- 
continue to denote by to which is added a resonance term* 

*dy^* = atctg-^^; (10) 

this means that the characteristic phase function cj^fined by (8), 

must be replaced by 

_j/ "/' (>» 

In view of the possible influence of non-central couplings, we must, 
however, as emphasized by Beck and TsiEN [42], envisage a somewhat 
more general description of the virtual states, involving a mixture of the 
two states of different orbital momenta L zz: ] ±: I which correspond to a 
definite value of the total angular momentum /. The two substates 
Wq (q zz: I, II) pertaining to a given / will conveniently be represented by 
the orthogonal eigenfunctions 

r.~y±j * 

with a unitary matrix which may be written 
t V /coso) sina>e*^ 

M= . 

\sinme —cos co 



A straightforward extension of the preceding argument, again starting 
from Bloch's general dispersion formula, shows that in the expression (7) 
for the cantered wave, we have to replace the A^^ by 


4 + z Af c . *Af , 


1 

• Ae) __ J ^ J 










Let us now write down the differential scattering cross-section in 
different cases of varying complexity. For an energy value s of the relative 
kinetic energy not in the vicinity of any resonance energy, we may use 
directly the expression (7), in which the phases then practically reduce 


* Formula (30) of Bloch’s paper, giving this resonance term, is erroneous; but the 
correct expression is used throughout the paper. 
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to the potential scattering contributions: we get accordingly, with some 
obvious transformations *, 

d§ = ^j [\P + sin2 & I P4^) |2], 

« 

F-(i?)=2V'i,[d'/ii-J'/lj] j(£-^jP/(cosi)). 

For pure Coulomb scattering, we have, using (1) and (3), the Rutherford 
formula 


dSr 


■.4m 


dQ 


4e j sin^i>l2* 


(16) 


The ratio of the scattering cross-section (15) to pure Coulomb scattering 
may be written 


f4^)= 1 -^[{/ + 1) j'/i, + /4'4]P/(cosd). 
In the case of neutron scattering, we have 


dS = [ I Fl(^) P + sin^ i? I F4D) P] 

F?(t?) = ,^[(/+1) 4'li + 14^] P,(cos&) (18) 

In order to take account of a virtual state consisting of two neighbouring 
levels we should add to the F's in (15) the resonance amplitudes 

7?+(,^) = ’Jl” + ‘jf] cos» 

(19) 

R4&) = - e‘"f *jy*] ; 

e.g., neglecting all potential scattering except the S-contribution, we get 
for the 2p resonance scattering of neutrons 

dS = ^-[\e‘^'' sin(5*®’ + (2‘jl" + ‘J*!")cos|’/li"-‘j)"psin^#]. (20) 
If, however, we have a "mixed" resonance of the type (12), (13), (14), 


♦ See, in particular, the first footnote of 13JL 
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wc must take 


= 2 Afc^^Pdcos^) 

a L-]±\ ^21) 

3j£-^ P.(co.«). 

In particular, if we may, in first approximation, disregard all potential and 
Coulomb scattering (the latter becomes small at large scattering angles 
and if the separation of the two p substates is sufficiently large, we get 
a simple estimate of the resonance cross-section: 

dS, = ~ 1 •Af\^ I A, [| R^{&) P + I R-{,0) P] 

Aq ^ cos CO dt sin to (22) 

R^{&) [(/+ 1) {Pi cos CO dtz Pm sin coe'^)]/=y-i 

fPi cos CO ^ P'm sin CO , 

i.e., making use of a well-known relation between Legendre functions. 


I *-dy ^ P [1 ifc sin 2co cos x\ • [S(i9^) ± sin 2co cos x S'(^)] 

S{9) == [(/ 4- 1)' P; + sin^ # (Pi)2Jfcy-5 
S'{&) = Hl+ l)zp,P,+,-sin^#Pi Pi+i],=y-j. 

The last relation takes an especially simple form in the case of backward 
scattering, i.e, for •& = n. From the well-known behaviour of the Legendre 
polynomials, one derives immediately 

i*-4y’P(/ + i)^ [1 -sin^ 2 o> cos^x]. (24) 

> 1 , 

On this estimate of the backward scattering cross-section is based a pro¬ 
cedure, the principle of which goes back to P. Wenzel [34], to ascertain 
the angular momentum and even the degree of mixture, of a resonance 
level (Beck and Tsien [42]). In fact, putting | */jy ^|2 = 1 for the resonance 
maximum, we obtain from (24), by varying both / and the mixture para¬ 
meter = sin^ 2co cos2 x* a family of curves representing the maximum 
backward cross-section in terms of the energy of the impinging particles 
for different /'s and a^*s: the curve on which the observed maximum falls 
gives us a reliable determination of the /-value and an approximate 
indication of the value of a2; from the latter, we can only deduce an upper 
and a lower limit for the proportion of admixture sin^ co of the substate 

L = / + 

4_iyi_a2<siii»o,<4 + ^yrz^. (25) 
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\7A2^ Analysis of scattering experiments. The scattering of neutrons 
by Helium has been investigated in the domain of energies of the impinging 
neutrons extending from the thermal region up to about 3 MeV: the most 
interesting feature is the occurrence of a resonance at about 1 MeV: this 
corresponds to an energy of about ^ • 1 MeV or 0,8 MeV for the resonance 
level, in nice agreement with the energy of the virtual ground state as 
derived from the '^Li (cf, a) reaction {17AO), The cross-section for thermal 
neutrons, determined by Carroll and Dunning [38], is 

(Stherm^ 1.5 10-2^ cm2. (26) 

By the method previously described (6A2), Barschali. and Kanner [40] 
studied the angular distribution of the recoil a-particles on impact of 
neutrons of 2,5 MeV and 3,1 MeV energy. A careful study of the 
backward scattering = jt dz 24^) in the interesting energy region 

0,5 ... 2,5 MeV has been made by Staub and Tatel [40], using a cloud 
chamber method; by suitably filling the chamber, they obtained the He- 
scattering cross-sections relative to those of hydrogen, and took for the 
latter the values given by the theoretical formula (6.437-2) (with a well 
width d). If Wenzel’s criterion, in the form (24) as just explained, is 
applied to their results, the maximum of the backward scattering cross- 
section at 1 MeV is found to indicate a nearly pure resonance level. 

This maximum cross-section, however, exhibits a fine structure, the main 
peak at 1 MeV neutron energy being accompanied by a somewhat lower 
and apparently broader one at cr 1,35 MeV neutron energy. In this case, 
Wenzel’s criterion in the simple form (24) would not be applicable. Staub 
and Tatel try to analyze their experimental curve for the backward 
scattering cross-section in terms of neutron energy on the assumption of a 
doublet resonance level of the type ^p^ —^p.. In using formula (20), 
which covers this case, one is chiefly hampered by the uncertainty prevailing 
with respect to the sign and magnitude of the potential scattering phase 
A clue to the order of magnitude of sin^ is provided by the value 
(26) of (Stherm. but there would seem to be no basis for any conjecture 
about the sign* of According to the choice of this sign^ there are two 
equally acceptable solutions, corresponding to different orders of the 
doublet levels: 


Sign of 
(assumed) 

<5'®' 

(approxim.) 

MeV 

2f0) 

MeV 

MeV 

MeV 

Order of 
levels 

+ 

1 

+24.9° 

1 

1 0,76 

1,08 

0,32 ±0,10 

0,32 

inverted 

— 

-37,8° 

1,08 

0,84 

0,24 ± 0,08 

0,32 

regular 


* Staub and Tatel’s remarks on this point at the end of their paper are not sub¬ 
stantiated by the work of Wheeler and Barschall, mentioned below. 
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More recent experiments by Hall and Koontz [47] fail to bring any 
further elucidation. These authors use as scattering chamber a He-filled 
proportional counter which allows them to determine the distribution of 
the recoil He nuclei in terms of the recoil "energy E'. Since the latter 
quantity is proportional to cos-6/, i.e. to 1 —cos i}, this distribution curve 
has the same shape as that giving the differential cross-section in terms 
of cos 1 ?. The distribution curves obtained for neutron energies in the range 
0,8 ... 1,6 MeV have the parabolic shape expected, according to formula 
(20), for P scattering. Unfortunately, the parabolic fits are not suffi¬ 
ciently precise to lead to a unique determination of the parameters 
characterizing the resonance levels. One can only say that the new data 
are not incompatible with the above values indicated by Staub and Tatel. 

It must be noted that the other available evidence casts some doubt on 
Staub and Tatel’s interpretation of the resonance doublet at 1 MeV 
neutron energy. In the first place, this interpretation can be tested with 
the help of Barschall and Kanner*s above-mentioned measurement of the 
differential scattering cross-section for neutrons of 2,5 MeV energy. 
Wheeler and Barschall [40] attempted to analyze these data by using 
graphical methods of phase-shift determination similar to that applied by 
Wheeler to He~He scattering {13.11), For such an energy value, far from 
any resonance region, we may start from the simple expression (18) for 
the differential cross-section, in which only the terms corresponding to 
the first few values of / are retained. If we try to fit the empirical curve 
by a superposition of the ai\d ^P^ waves only, we find values of 

the P-phases differing by as much as 60®. This is a much larger difference 
than can be accounted for by the narrow resonance doublet at 1 MeV: for 
the eigenfunctions of doublet components of such small separation would 
be very similar and their phases much nearer equality. This discrepancy 
might be taken to indicate a considerable contribution from D-waves; it is 
indeed found that and waves might be present with a ph^se 
difference of about 40®. but it is not possible to estimate with any accuracy 
the resulting modification of the P-phases. 

Another check on Staub and Tatel’s results is provided by the experi¬ 
ments on scattering of protons by Helium, carried out especially for this 
purpose by Heydenburg and Ramsey [41], with the apparatus represented 
by fig. 7./2~l. The resonance of the ^Li compound nucleus expected 
{17.40) in the neighbourhood of 2 MeV kinetic energy of the incident 
protons * was actually found, but the maximum of the scattering cross- 
section at 0 — 140® (nearest approach to backward scattering) was flatter 
and broader than in the case of the ^He system and did not exhibit any 
fine structure. The application of Werizers criterion (TsiEN [44]) yields 
/ zn I and 0,07 < sin- to < 0,93, which is compatible with the description 


Heydenburg and Ramsey’s experiments cover the range 1,2 ... 3 MeV of proton 
energies. Data for 4,2 MeV protons are supplied by PoWELL ef d, [47b]. 
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of the resonance level as a nearly pure state. A closer analysis in terms 
of and ^P» waves has been attempted by Landau and Smoro-' 

DINSKY [44]: they state that the phases of the P-components are found to 
differ strongly from each other 

On the whole, it would seem that Staub and Taters interpretation of 
the 5He resonance level, while in serious need of further check, may 
provisionally be retained, at any rate as a first approximation. It will possibly 
turn out, on closer study **, that we shall have to deal with mixtures of 
the two P levels with and states, respectively; and since such 
admixtures give rise to two states of each of the types + ^Pi, 

2P|, it may be asked whether the observed fine structure, instead 

of being primarily the P-doublet splitting, would not rather correspond to 
either one of these pairs of mixed states. WenzeFs criterion is useful in 
eliminating such possibilities: for it shows, on the one hand, that the 
resonance levels cannot both have the angular momentum / :z:: ^ and on 
the other hand, that the degree of admixture associated with the value 
J z=: I is too small to be compatible with the occurrence of a cldse pair of 
states with this quantum number. In conclusion, we shall confine ourselves, 
in the theoretical discussion which follows, to the consideration of a simple 
P-doublet splitting. 

17*434 Fine structure of '*He and spin-orbit coupling. The properties 
of the deuteron give us information on the axial dipole interaction between 
nucleons only, but cannot tell us anything about the possible occur¬ 
rence of a spin-orbit coupling (16.11). The ''>He fine structure, on the 
other hand, if interpreted as a P-doublet splitting, should primarily depend 
just on the latter coupling; herein lies the special interest of this case. In 
fact, it is easily seen’^** that with a non-central interaction of the axial dipole 
type a separation of the P-doublet components will be obtained only as a 
second order perturbation effect. This effect has been discussed by 
DaSicoff [40]. Let fo the energy of the unsplit ground state; the dis¬ 
placements Aeqj of the substates with / J , | due to the axial dipole 
operator W ~ Z are of the form 

( 28 ) 

n ^'O 

* As regards the ®Li nucleus, the issue is further obscured by the conflicting results 
of the experiments on scattering of a-particles in hydrogen. Some authors, most recently 
TSIEN [40, 44] (see also BECK and TSIEN [42]), claim to have disclosed a complex 
resonance at lower energies than Heydenburg and Ramsey: in fact Tsien describes as 
many as six equidistant resonance levels of ®Li between 0,56 and 1 McV. Such a structure 
would not only be very hard to understand by itself, but it could not be reconciled with 
the empirical and theoretical (14.21) evidence tending to show that the virtual state of 
0,8 MeV energy of ®He is the lowest one. 

Especially in view of the existence of a virtual level close to the state, as 
revealed by Tyrrell’s work (14.21). 

Cf. the footnote of 17.2. 
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the summation extending to all intermediate states, of energy €n, which 
give rise to non-vanishing matrix-elements ( 0 ,/|^\?|n) coupling them to 
the substates 0 , ] of the ground level. Since the intermediate states involve 
configurations in which the *'a-cluster’* of the ground state is broken up, 
the excitation energies sn are at least of the order of 15 MeV. In order to 
estimate the difference ^Ifo, i —'^^ 0,5 Dancoff starts from the identity 

+ ( 29 ) 

which, inserted in (28), yields 


f 0 



(OJiW’WW'lOJ) 


(30) 


provided the mean energy e is determined by the condition that the contri¬ 
bution to Aeqj arising from the third term on the right-hand side of (29) 
vanishes. In (30), H represents the unperturbed Hamiltonian. A closer 
consideration shows that the expectation values ( 0 , / | 0 ,/) of in 

the two substates will differ very little from each other; in fact, taking for 
“W the Rarita-Schwinger form * with the constants determined by the 
deuteron properties (16,21), Dancoff estimates that the contribution of 
the first term of (30) to the doublet splitting will hardly exceed 0,01 MeV. 
Likewise, the contribution to the splitting from the part of the operator 
WHW involving the unperturbed potential energy will be very small. The 
kinetic part of H, on the other hand, leads to a significant term in WHVP 
(i.e. one having different expectation values in the two substates), which 
is of the form 


1 


y b' “ 1 
Z/ M 





(31) 


with the spin-orbit operator (typ^ HI of table 15,21), The effeef of 
the axial d^le coupling is thus reduced to that of an “equivalent spin- 
orbit coupling*'. The resulting order of the doublet components is seen to 
be regular. As to the order of magnitude of the separation, it is very 
sensitive to the form of distance dependence F(r) adopted; Dancoff*s 
estimates vary from 0,014 MeV to 0,13 MeV, the latter estimate cor¬ 
responding to the potential of Bethe's neutral meson theory (16,32), Even 
in this rather extreme case, the axial dipole coupling would thus prove to 
be insufficient. 

There is, of course, an interaction of the spin-orbit coupling type which 
is always present in any nuclear system: it is the relativistic coupling (of 
the second order in the nucleon velocities) discussed in 15,22, Let us 
estimate the importance of this effect for the ^He doublet. For this purpose. 


* Dancoff adopts the neutral theory; but another choice would not essentially modify 
his estimates. 
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it will suffice — again following Dancoff [40] — to consider the odd 
neutron as moving in the nuclear field Vn of the a-particle; neglecting the 
Larmor effect due to the neutron’s magnetic moment, we are left with a 
Thomas coupling of the form (15,22-11) 


(±. 

[2M 


r dr 


2SL. 


(32) 


The expectation values of 2SL for the substates ] =■ L are + L and 

—(L +1), respectively. Since av obviously positive, the operator 

(32) gives rise to an inverted doublet, with a splitting 




2 , 0 »| 


b 

M 


av 


(} dV>n\ 


(33) 


If we assume for Vn the simple form of a well of depth Jn and width D, 
we get 

(34) 

where denotes the radial wave-function of the ground state. For 

the purpose of our estimate, we may take the critical case of no binding 
energy; with the notations 


z-J- f2MJ • r , Zo f'2MJ„ • D. 


(35) 


this corresponds to the radial equation 

2R 


+ tv{z)R = 0 

w(z) == 1 lot 

= 0 for z'y^ z^. 


with the solution 


i?(»~l/z/,(z) 




^Z>Z^, 


The conditions of continuity for z — lead in the first place to 

^ log [z‘ /.(z)] = 0 for z = z^, 
dz 


(36) 


(37) 


i.c. to Ji(zjj) = 0, or 


Zu = 7l. 


(38) 


which, by (35), fixes the critical well depth in terms of its "width. In the 
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second place, combining the continuity conditions with the condition of 
normalization, we readily obtain 

mD)Y = ^- (39) 

Inserting (34), (39) into (33) and replacing Jn by its value deducc4 from 
(35), (38), we finally get 

(40) 

Taking, e.g. D A • 10-i3 cm (as suggested by the equivalent nuclear 
radius, cf. footnote of 17AO), equation (40) gives a doublet splitting of 
about 0,02 MeV, one order of magnitude too small *, 

Clearly, therefore, we need some larger spin-orbit coupling of other 
origin. Now, it will be recalled that a mixed meson theory of nuclear inter¬ 
actions may provide such a coupling. In fact (76.42-11), it is found that 
the non-static interaction of the [irst order in the nucleon velocities contains 
a spin-orbit term, which may be written 

Irrespective pf the question as to the values of the masses of the mesons of 
different spins, this term is seen to arise from the vector meson field alone. 
It is only present when both the vector and the tensor source of this field 
contribute to its production; and if the source constants gi, are of the 
same ord^r of magnitude, a comparison of the expression (41) with that 
derived from (75.22-19,20) for the Thomas coupling corresponding to 
the static meson potential (which involves pj g 2 instead of gigo) 
shows that the coupling (41) should produce effects roughly MjMm larger 
than the latter, which is just the required order of magnitude. The order 
of the levels would thus be conditioned by the sign of gig 2 * From this 
point of view, the occurrence of a rather large spin-orbit coupling in ^He 
may be regarded as an indication of the existence of mesons of spin one, 
not yet detected in cosmic radiation (15,35), 

* A more exact treatment of the relativistic effect, taking the interactions between 
all pairs of nucleons into account, would have to start from the general expressions 
(75.22-19,20) for the second order spin-orbit coupling between a pair of nucleons. We 
shall discuss this treatment in the case of '’^Li (77.5). For ®Hc, the calculation has been 
carried out under the same conditions by KiTTEL [42], but in this case, the inclusion in 
the odd neutron eigenfunction of a radial factor involving an exponential exp (—f®/7?J) 
represents a very bad approximation in view of the virtual character of the ground state. 
Since the’ resulting expression for the doublet splitting is very sensitive to the value of 
the “mean distance” of the neutron from the centre of gravity of the a-cluster, it is 
unfortunately of little significance. 
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ns. Fine structure of 

17.5L Empirical data. An excited state of about 0,45 MeV energy of 
the nucleus has been produced in a variety of ways. The results of the 
most important experiments are collected in table 17.51 below, in which the 
diverse reactions employed have been classified according to the compound 
nucleus (9.11) whose disintegration leads, in one or two steps, either to 
the excited or to the normal state of '^Li. We shall first give some brief 
comment on these nuclear reactions: 

(1) The reactions f'^Li (d, n) and (p, a) both lead to an unstable 
^Be nucleus, which transforms by AT-capture either into the normal state of 
7Li, or into an excited state of this nucleus, the energy of which is directly 
given by that of the /-ray which accompanies the decay process. 

(2) Likewise, the production of the nucleus "Li in two different states 

by the reactions <*Li (d, p) and a), *^Be(c/, a) is revealed by the 

occurrence of two groups of protons or a-particles of different energies: 
the difference of these energies yields the energy of the excited state of 
7Li, In the case of the ^^Ll (d, n) reaction, a check on this interpretation 
has been obtained by the study of the /-radiation emitted in the course of 
the reaction: it was found to consist of quanta corresponding, within the 
limits of the available accuracy, to the transition of the excited "Li nuclei 
to their normal state. 

(3) Finally, the inelastic scattering of protons or f/-particles by "Li 
leaves the nucleus in an excited state, the energy of which is again 
determined by the measurement of the accompanying /-radiation. 

17*52* Discussion o[ data. The first question to be examined is 
whether the various experimental approaches just summarized all lead to 
the same excited level, or whether we are in reality dealing with different 
levels of neighbouring energies: 

(1) It is fairly certain that both the neutron decay of the compound 
nucleus ^Be and the a-decay of give rise to the same state — in fact, 
the ground state — of the "Be nucleus, with a definite life-time with 
respect to transmutation into ^Li. The two modes of -capture effecting 
this transmutation correspond to a definite fine structure of the '^Li ground 
state, with very nearly 0,45 MeV separation. The various measurements 
on "^Be prepared by deuteron bombardment of ^»Li show that within a wide 
range of excitation energies of the ^Be compound nucleus the same state 
of the '^Be nucleus is reached by the a-decay of this compound nucleus. 
One might still desire a more accurate measurement of the j'-ray from "^Be 
prepared by the i^B (p, a) reaction. 

(2) The measurements pertaining to the proton decay of the ^Be 
compound nucleus may most readily be interpreted as involving a definite 

* An idea of the excitation of the compound nuclei may be gained from the kinetic 
energies of the impinging particles, indicated in the second column of table 17.51. 
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fine structure of the ^Li residual nucleus, identical with that disclosed by 
the decay. The close coincidence of the accurately determined 

excitation energies derived from the proton groups of the ^Li(c?, n) 
reaction and the ;^-ray due to inelastic proton scattering on the one hand, 
and from the "Be decay on the other, speak strongly for this identification. 

(3) As regards the "^Li fine structure connected with the a-decay of the 
i^B compound nucleus, the situation is less clear, especially in view of the 
discrepancy between Miss Graves' a-particle group measurements and the 
precise }/-ray determination by Siegbahn and Slatis. However, the con¬ 
cordance of the latter result with those of the two first groups of experi¬ 
ments again points to the identification of the '^Li fine structures met with 
in the various cases. 

Taking it for granted, therefore, that all the available data pertain to 
the same fine structure of the ground state of "Li, we may proceed to 
inquire about the possible character of the two-component stationary states. 
The first interpretation that suggests itself is, of course, that we are dealing 
with a P doublet (which would be inverted, since the angular momentum 
of the ground state of "^Li is known to be ^),* this would indeed be in 
keeping with the quasi-atomic model (70.27). The properties of the 7i- 
capture decay of ^Be would not be incompatible with this description 
(AL21); but the variation of the relative yield of excited ^Li nuclei with 
the excitation energy of the compound nucleus ^Be or ^^B definitely forces 
us to abandon it: for, if the two states under discussion — apart from a 
very small energy difference — are only distinguished from each other by 
different values of the quantum number /, one would expect the numbers 
of decays of the compound nuclei leading to these states to be in the 
constant ratio of the statistical weights 2/ + 1, i.e. '^Li* : "^Li rr: 

It has been pointed out by Hafstad and Teller [38] that the a-particle 
model offers another possibility of interpretation not subject to such a 
difficulty. According to this model, the states of lowest energy of the 
"^Li nuchu^ are characterized by the wave-function of the loose proton 
*‘hole" (73.22). Let j/’o represent the wave-function of a nucleon in the 
field of the first or the second a-particle of the ^Be system; the proton hole 
eigenfunction may then be either —yjo or iy;, + with one or no node, 
respectively, at the centre of gravity. The energy difference between the 
two corresponding stationary states (of which the lower corresponds to the 
former eigenfunction) will be given by twice the exchange integral 
j xpxiitp 2 {ti denoting the Hamiltonian of a nucleon in the field of the 
two a-particles). It is difficult to arrive at anything more than a very rough 
estimate of this quantity, but it is certainly not unreasonable to envisage 
the possibility of identifying the excited state of ^Li found empirically with 
the nodeless state ipi +,^’2 predicted by the a-particle model. A variation 
of the relative yield of two such states of different symmetry with the 
excitation of the compound nucleus would not be unexpected. On the 
other hand, it is necessary for the validity of this interpretation that the 



Excitation energy of ^Li’ 


17.51 


FINE STRUCTURE OF ^Li 


371 


>s 

(d 


Q. 

o 

e 2 
5 CP > 
2 " « 
0 , 0 2 

S c3 
2 O' 


2 ^ 


03 

1 - 

Ui 4 4 M 

^ o. 


a 

tu 


X 

5*0 

2-2 

3 z < 

C 2 Bj u 
. w 0 ^ 

“3 “ 

CQ ,_J OQ 

2 S 

C nT 

W « 

2 OS 2 
^ “ O 
U Sf cj 
J ^ Q 
5 : O 3 
> VuX 


in m 
CN ^ 

o o 
o o 

+1 -fl 


o 

o 

+1 


in 

rN 

o 


g 2 

ON 

o ^ ^ 

• O CN 

• 00 m 
^00 
o 




«o 

ss 

S3 

C 3 , 

3 

I 


"a 


2 

< 


TJ 

'<- 0 
o cd 

£ S 

o c/3 


o: N c /3 C 2 


in in in o 

S 880 

o o o o 

+1+14-14-1 

in m rn in 
CN 00 in lO 

't' 

o o o o 


.1 

£ 

r>i 

c 


N 

'tr ^ 
2 

X 2 
o U3 

<i 

«g 

i 4 

a S 


in o 

<N| CM 

o o 
o o 

+1 +1 

in in 

CM CM 

M" 

o o‘ 


1 ‘‘=1 
c 

■? 

3 

8 . 

J 


i 

O 

CQ 


to 

* H 

^ '6 
O r/j 
* 21 
* -o 

ga g 

a a K 

=! O < 
ca 

hi to C5 

i K i 

CQ 2 C/3 


— 

o 

o 

+ 
■'t' 
CM 0\ 
'«r 't' 

o o 


^ • o^ 

o CM CM 

■lo o in 


c» ^ — 

3 "S' « 
C S *33 

I 


Accorciing to HUDSON, HeRB anci PLAIN [40], this value should be lowered by applying a correction to the measured absorption 
coefficient of the }’-ray, and should then agree with theirs. 

According to SlEGBAHN [46], a low^er value might be derived from the data. 

These papers contain reviews of older work. 

This measurement disproves the occurrence of more than one v-ray in this reaction, as claimed in an early work by Bothe. 
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Splitting of cither of the states ipi — V2» Wi + V'2 interaction 

between the spin of the ‘'hole*' and its orbital momentum be of a smaller 
order of magnitude than the observed energy difference of 0,45 MeV; and 
in view of the conclusion derived from the ^He case (17A3), this might 
appear rather doubtful. For '<Li, only discussions of the small ^P» -- 
splittings caused by the relativistic spin-orbit couplings or the axial dipole 
interactions * are available, and these are clearly insufficient to settle the 
issue. 


17»53^ Relativistic doublet splitting of ^Li. Although the relativistic 
effects are probably of little significance for the actual state of affairs, their 
discussion offers some interest in affording an illustration of the con¬ 
siderable differences which may arise between the predictions of different 
models of nuclear structure. The effect of relativistic spin-orbit coupling 
has been extensively treated on the quasi-atomic model by Breit and 
Stehn [38c], in a paper containing also important results of general 
validity for any type of spin-orbit coupling; the a-particle model is examined 
in a paper by KlTTEL [42], who lays special stress on the importance of 
the exchange integrals in the expression for the average interaction energy 
(11.11). Without entering into such involved calculations, we may, like 
Inglis [39c, a], easily compare the orders of magnitude of the Larmor and 
Thomas terms on the two models. 

These models may be said to differ in two respects; in the first place, 
by a different subdivision into ‘‘clusters** of nucleons assumed in first 
approximation to move as a whole: on the a-particle model, we have an a- 
particle and a triton; on the quasi-atomic model, we may in a rough way 
envisage the motion of the p-shell proton with respect to the residual 
^»He cluster. The second difference concerns the forces acting between the 
clusters; these are weaker on the a-particle model than in the other case. 
While these differences do not very much affect the Larmor splitting, 
they have a considerable influence on the Thomas term. If M' denotes 
the reduced mass of the clusters with respect to the centre of gravity of 
the total system, the Larmor -P splitting may in fact be written 

3 2e^ 

1- J J Larmor 

R denoting the average distance of the clusters, for which we may take 
the nuclear radius R 2ro ~ d. Since M' = y M on the a-particle model 
and on the quasi-atomic model, the Larmor splitting is of the same 
order of magnitude in both cases, viz. 10“- MeV. As regards the 
Thomas splitting, we can also write down in the same form in both cases 
the contribution arising from the acceleration due to the orbital motion of 
the clusters. Denoting by w the angular velocity, divided by c, of this 
orbital motion, we have, for a P state, 

( 2 ) 

on the other hand, the corresponding Thomas precession velocity 

I (3) 


* Using the a-particle model of the ’^Li nucleus, iNGLIS [39c], by a very crude 
estimate, concludes that the (second order) splitting due to the axial dipole interaction 
of meson theory will be less than 0,015 MeV. 
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whence for the splitting 



Thomai 


3_ 


( 4 ) 


On the a-particle model; we should take account of a further radial 
acceleration, due to the virtual processes of exchange of nucleons between 
the clusters, which contribute to their interaction; but, as shown by Inglis, 
the resulting correction to the Thomas precession (3) is rather small. 
Keeping, therefore, to formula (4), we see that the occurrence of the 
reduced mass M' to a large power has the effect of reducing the Thomas 
effect by a factor 8 on the a-particle model. The stronger nuclear field 
acting on the proton in the quasi-atomic picture would tend to lower the 
value of /?, which again would work in the same direction, viz. to reduce 
the ratio of the Thomas splittings predicted by the two models. Since for 
M' M the ratio 


Larmo r splitti ng ^ /c^V Af 1 
Thomas splitting ^ m 10* 


( 5 ) 


we see that while the whole effect is dominated, on the quasi-atomic model, 
by the Thomas contribution, this is no longer true on the a-particle model; 
in this case, both the Thomas and the Larmor contributions become of the 
same order of magnitude, much smaller than in the former case, or the 
Larmor effect even becomes preponderant. 
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ALLOWED ^-TRANSITIONS 

ALO 4 The theory of /S-radioactivity is only indirectly connected with 
the main subject of this book. We shall here only develop the treatment 
of allowed ^^-transitions on the basis of Wigner’s theory of supermultiplets 
(10J4). For other aspects of the theory and a survey of the empirical 
material, we can refer the reader to the up-to-date and authoritative account 
of Konopinski [43]. 

ALL Allowed transitions on Wigner's approximation 

ALIL General expression of life-time. If a light nucleus goes over by 
a -transition or a K-zaptme process from a state into a state m j, its 
life-time f// in the initial state !/^i will be given in first approximation by a 
formula of the type 

= } ( 1 ) 

tif H 

in which tq is a characteristic time-constant, G// the matrix-element 

( 2 ) 

of a certain operator characterizing the interaction between the nucleons 
and the lepton field, and I(Wif) a function of the total energy Wi/ (in 
units m) emitted in the transition: 

/5*-transition: 

. /C-capture; 

/C /3 is the maximum kinetic energy of the emitted electron, while Kv is 
given (LI31-5) by the difference of the atomic weights of initial and final 
nuclei. The function I(W), which also depends on the charge number Z 
of the decaying nucleus, is a complicated expression, which need not be 
given in full here; we shall only mention the approximate formulae valid 
for small Z: 

)ff*-transition: I(W) = fW^-iW^-^) 

+iWlog(W^+yW^) (4) 

/^-capture: /(H^) = 2n (Zcs/lS?)* W*; 

Zeff denotes the effective charge number of the nucleus for the K electrons 
(e.g. Z^ff ~ 3,7 for 4 Be). When the matrix-element G// does not vanish, 
one speaks of an allowed transition. 


Wif = l + 

K, 


Ko 


( 3 ) 
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In this approximation, there are only two essentially different possibilities 
for the interaction operator Vs, viz. the Fermi interaction 

= (5) 

and the Gamow^Teller interaction 


Vs = -?^^t(/)>. (6) 

The integral sign in (2) implies summation over spin and isotopic variables 
as well as integration over space coordinates of the nucleons. In the case 
of Gamow-Teller interaction^ | G//2* | Gx p. The operators or 

X 

more generally {4,12) occur in (5) and (6) as the sums of the operators 
n and n+ effecting the transition from a neutron to a proton state and 
vice versa. To each type of interaction belongs a specific time-constant tq; 
one might, of course, more generally take a linear combination of the 
operators (5) and (6); the right hand side of (1) would then be replaced 
by a sum of similar expressions *. 

If there is only one possible transition i f, the resulting /S-spectrum 
will be called simple. In general, we may expect that there will be several 
allowed final states, of different energies. The observed ^-spectrum will 
in such cases be a superposition of simple spectra with different upper 
energy limits Wif and different half-lives t//; the observed half-life t is 
then given by 


1 

t 



1 

To log 2 




(7) 


Even if the separate 1 Gi/|2 may be difficult of evaluation, their sum 
I Gif 12 over all possible final states has a simple meaning: since is 

/ 

Hermitian, it is just the expectation value of in the initial state. 

Al*12*^ Selection rules. Thanks to the connexion of the operators (5) 
and (6) with infinitesimal rotations in ordinary or symbolic space, it is 
possible, as emphasized by WiGNER [39b], to discuss the matrix-element 
(2) to a large extent without any explicit knowledge of the wave-functions. 
We may first enunciate selection rules of universal validity, pertaining to 
the parity and total angular momentum of the levels between which the 


* Strictly speaking, the Gamow-Teller operator (6) itself arises from the linear 
combination of two distinct operators, viz. (6) and that obtained by substituting qU) aU) 

for o(0, which become identical in non-relativistic approximation for the nucleons. This gives 
rise, by interference in the calculation of the total | Gi f p, to a factor of the form 

with multiplying the matrix-element |G//|2 defined by (2) and 

(6): we shall, however, disregard this correction. A linear combination of interactions 
(5) and (6), on the other hand, does not give rise to interference terms. See FlERZ [37]. 
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transition takes place. It is clear that both levels must have the same 
parity. Further, since the interaction operators (5) and (6) behave as a 
scalar and a vector, respectively, with respect to rotations, the changes 
AJ, Am of the quantum numbers /, m of the total angular momentum and 
its z-component are subject to the restrictions: 

Fermi irteraction; AJ =z Am = 0 (8) 

Gamow-Tellcr interaction: AJ and Am ^ 0 OT dr 1. (9) 

Assuming now the validity of Wigner's approximation, we see that 
allowed transitions can only occur between states belonging to the same 
supermultiplet: all transitions between states of different supermultiplets 
are forbidden. In general, the initial state will be the ground state of the 
nucleus; its quantum number Ta will therefore {10.311-1&) be the largest 
in absolute value occurring in the supermultiplet, IfT8!>0, any 
transition (or A’-capture), Ta Ta + 1, will then be forbidden, since it 
would lead to another supermultiplet; but for Ta <0 /^^-transitions will 
be allowed. As regards /^--transitions, Ta Ta — 1, they will generally 
be impossible because, on account of the Coulomb interaction, the energies 
of the states of a supermultiplet increase with decreasing Tat the chief* 
exception to this situation arises from the fact (10.311-22) that the ground 
states of the nuclei of mass number 4a I 2 with Ta 0 as well as 
Ta — ±: 1 both belong to the same supermultiplet (1,0,0) : if, then, the 
odd isobar (Ta ”0) is more stable than the even one with Ta ~~ 1, the 
latter will transmute into the former with allowed emission of a negaton. 
If the odd isobar is unstable, it will undergo an allowed /5+-decay. We 
thus arrive at the general conclusion that most fl-transitions from light 
nuclei are forbidden; there are, however, two exceptional classes of ^-active 
nuclei: 

(а) positon emitters with negative neutron excess, 

(б) negaton or positon emitters of mass number 4a-f 2, the ground 
state of which belongs to the supermultiplet (1,0,0). 

To class (a) belongs, in particular, the well-known series with Ta 
(3.3); the corresponding supermultiplets are (4, J) or (A, 4, 
according as A is of the form 4a + 1 or 4a + 3 (10.311-\9, 21). 

In addition to the general selection rules (8), (9), we now get, on 
Wigner’s approximation, the analogous ones for the spin quantum number: 

Fermi interaction; /IS = 0 (10) 

GamoW'Teller interaction ; JS = 0 or dz 1. (11) 

Moreover, is follows from the scalar character of both types of interaction 

(5) and (6) with respect to spatial rotations (without rotation of spins) 


* Another exceptional case of allowed /S'-decay is that of see A1212. 
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that no change of orbital momentum can take place: 

AL = 0. ( 12 ) 

Combining ( 8 ), ( 10 ) and ( 12 ), we see that on Fermi interaction there 
is at most one transition of definite (/?+ or ^-) type from any initial state: 
the ^-spectrum is simple. Clearly, this conclusion remains strictly valid 
even when the spin dependent nuclear forces are not neglected and mix up 
different supermultiplets. But if the interaction is of the Gamow-Teller 
type, the ^--spectrum will generally be complex and when Wigner’s 
approximation is abandoned, no regular relation between life-time and 
energy can any more be expected. Since the number of possible transitions 

from a given initial state will become larger, while the sum - 5 '|G/ 7 |- 

/ 

remains bounded, each |G/y will then on the average be much smaller 
than on Wigner’s approximation. 

AhlS* Calculation o[ matrix-elements. The interpretation of 2 " | G// \- 

f 

as expectation value of Vj? makes its calculation possible for any state 
belonging to a supermultiplet of either of the above classes (a) and 

(b) giving rise to allowed transitions. Owing to the property of , of 
representing an infinitesimal rotation operator, its expectation value will 
depend only on the rotation quantum numbers of the state i, but not on 
the number of particles of the nuclear system: we can therefore simplify 
its calculation by performing it for the smallest value of A for which the 
supermultiplet containing state i exists. In the case of Fermi interaction, 
this gives at once the only j G// |- occurring. On Gamow-Teller interaction, 
the relative values of the various |G//|- may be derived by the usual 
procedures of atomic spectroscopy; in this case, a complete determination 
of all I Gif |- can thus also be achieved. 

Al«131« Matrix-elements for class (a) nuclei o[ neutron excess -1. 
As reg irds the nuclei of class (a), we shall confine the discussion to those 
of neuiron excess - 1 , the ground state of which belongs to one of the 
supermultiplets (i,^, ±:^). An example of the supermultiplet (1. i, i) is 

furnished by a single nucleon. Then 2\Gi/ =■ 1 for all states i of the 

/ ' 

supermultiplet. The same holds for the supermultiplet (i. -i^); for we 

may, to discuss this case, consider a system of 3 nucleons held together by 
such forces as to allow of a description* by a quasi-atomic model: if they 
occupy an s shell, any matrix-element 1 Gi/| can be different from zero 
only if the final state f differs from the initial one i by just one individual 
wave-function being replaced by another, 1 / 7 , in which case 

\Oif\ = \lyJ*i tiW/l or l/v-’/riOV'/l. 

exactly as in the one-nucleon problem (we may say that the matrix-* 
element refers to the **holc’' in the closed s shell). 
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To proceed further in the case of Gamow-Teller interaction, we first 
observe that, since S J, only transitions with /IS = 0 are possible. If 
L = 0, there is only one such transition; hence, for any interaction, if the 
ground state of the decaying nucleus is a 225 ^ state, the ^spectrum is 
simple. For other L-values, we get a compound spectrum; the |G//|2 are 
then given by expressions similar to the well-known Honl-Kronig formulae, 
in which, however, the roles of S and L are interchanged: 


Ground state of 
decaying nucleus 

Transition 

Hr 

\G,f? 

(Gamow-Tellcr int.) 

s 

L-\ 

2 A +3 

3 ( 2 L+ 1 ) 

AL i 

3 ( 2 L + 1 ) 

“(i)i-. 

L 

4(Z.+ 1) 

3 { 2 r+r) 

2 (/.~l) 

3 ( 2 L+ 1 ) 


(13) 


Al*132» Matrix-elements for class {b) nuclei. The discussion of case 
{b) proceeds on the same lines. The simplest example of the super- 
multiplet (1,0,0) is given by a system of two nucleons. The symmetry 
character of the spatial wave-functions is then (10.HS) A(1 + 1) orS(2), 
i.e. the eigenfunctions arc symmetrical in the space coordinates. Their 
dependence on spin and isotopic variables is therefore either 
'^(r) 1(a). Writing 


(r(U + ri2))2^2(l+rn)rl2)), 
i (r<;)^n) + ^(2)^2))2 ^ 2 (H- ry) ^ 


we easily get for the sums 2’ | G// 

/ 



Z\G 


Initial state 

f 



Fermi interaction 

Gamow-Tellcr interaction 

'(^)o ’W 

0 

s 

^W±i Ho) 

^ 2 

2 

Hr)o Ho) 

4 

0 


(H) 


(15) 


There are two types of transitions involving a change JTs^ itl: 


^(T)o^(o)^^{r)±x'(c) (16) 

3(r)o'(<7)t^(r)±,'(o). (17) 

Transitions (16) from or to triplet states involve a change of spin: they 








382 


A I. ALLOWED ^-TRANSITIONS 


A121 


are therefore forbidden on Fermi interaction, allowed on Gamow-Teller 
interaction. For transitions (17) between singlet states (with the additional 
restriction zr 0 ), the situation is just reversed: as shown by (15). they 
are forbidden on Gamow-Teller interaction, allowed on Fermi interaction. 

For the allowed transitions, the | G //|2 are readily found. On Fermi 
interaction, we have, for any transition (17), 

|G//P = 2. (18) 

as directly indicated by (15). (The value JS* |G// |2 n: 4 for the transitions 

/ 

from ‘M'*^)o^(<^) corresponds in fact to two possibilities, viz. ^(t)±i ^(a), 
with equal | G// |-.) For Gamow-Teller interaction, the result is as follows; 


A1.132. Allowed p-transitions 

of class {b) nuclei, on 

Gamow-Teller interaction 

Transition 



j^r 


|G,/i2(L=0) 

'Wo ’W'+^Wti '(o) 

1 

1 

0->± 1 


L ->£ 

2 

1 

I 

’W±i '(<’)->■ 'Wo ’W j 

±1-^0 

0-^ 1 


2 21+3 

i-UTi 

4 

ji 2L-\ 

»‘ 2L+1 

2 


AL 2 . Discussion of empirical data 

A 1 . 21 . Class (a) nuclei of neutron excess -L As already mentioned 
(33), class (a) nuclei of neutron excess -1 have been the object of a 
systematic investigation. The evidence concerning them is presented in 
table AL21, Columns 4 and 5 contain the observed half-lives t and 
maximum kinetic energies of the emitted positons. In column 6 , the 
value of the latter quantity, as calculated by formula (33-1 ) together with 
( 2 .i-l, 2 ), is given: the good agreement with the observed value is of some 
theoretic al Significance, as explained in 33, Column 7 gives the W derived 
by (ALll-3) from the observed (except for A = 2\, where this 
quantity is not known experimentally). Column 8 lists the quantity 


to 


1 

log 2 


I(W)t. 


( 1 ) 


expressed in 10^ sec; according to (AlAl-\), this quantity would be 
identical with the time-constant xq, if the ^-spectrum were simple and 
the matrix-element | G//12 equal to unity. Finally, column 3 gives the 
observed quantum number /' of the total angular momentum of the 
product nucleus in its ground state: this is the only certain element we can 
use at present to speculate on the possible transitions contributing to the 
observed spectrum. 

The first case in the table (JBc sLi) is not one of /8+-emission, but 
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of /I'Capturc: accordingly, the value listed under A^ is in reality Ky, and 
the and 1{W) must be calculated by the appropriate formulae 
{Al.11-3, 4). The next two positon emitters (”C and isN) have recently 
been studied with great care by K. Sieobahn and his collaborators 
[44; 45a, b] and we use their results. All other data concerning t, Ks (and 
r'o) are taken from KONOPINSKI [43], while the /' are given according 
to MGF. 


A1.21* Positon emitters of neutron excess — I. 


A 

Isobaric pair 

/' 

t 


W 

^0 





observed 

calculated 






see 

MeV 

MeV 


ICV’ sec 

7 

4 Be aLi 

n 

if 

5-106 

0.87 

— 

1.7 

2.58 

11 

6C”> 5B 

_ 

1230 

0.98 

1.01 

2.92 

4.82 

13 

7 N-^ 6 C 

a 

608 

1.24 

1.29 

3.43 

7.34 

15 

gO-^ 7N 

I 

5 

125 

1.72 

1,62 

4.37 

5.99 

17 

9F gO 


64 

1.93 

1,95 

4.78 

4.82 

19 

ioNe-> 9F 

h 

20.3 

2.20 

2.27 

5.31 

2,65 

21 

ilNa->> loNe 


23 

— 

2.56 . 

6.00 

7,68 

23 

i2Mg->' ijNa 


11.6 

2.82 

2,87 

6.52 

4.45 

25 

13 AI 12^9 

i 

7 

2,98 

3.17 

6.85 

3,46 

27 

nSi 13 Al 

i 1 

4.9 

3,54 

3.42 

7,93 

5.11 

29 

15P nSi 

— 1 

4,6 

3.63 

3.68 

8.16 

5.47 

31 

16 $ -► 15P 

^ ! 

3,2 

3.86 

3.94 

8.57 

4,69 

33 

igS 

^ 1 

2.4 

4.13 

4,21 

9.14 

4,92 

35 

37 

igA-^ 17CI 


1.9 

4,37 

4,46 

9,57 

4,97 

39 

41 

2iSc-> 2oCa 

— 

0.9 

4.94 

1 

5.18 1 

) 

10,68 

3.57 


The question as to the complexity of the y5-spectra is of course of 
considerable theoretical interest, as the existence of a compound spectrum 
would be a very strong argument in favour of Gamow-Teller interaction. 
Unfortunately, direct evidence in this respect is very scarce and incon¬ 
clusive. In contradiction to previous belief, it has recently been established 
in a convincing way by K. SiEGBAHN et al {45a, fe], and by CoOK ct aU 
[47], that the /8-spectrum of is simple. The latter authors state that 
they have been unable to detect any ^^-ray in the interval 0,135 ... 0,700 
MeV; they conclude that either the interaction is of the Fermi type, or the 
energy separation of the P doublet expected as the ground state of 
is outside the above interval (smaller than 0,135 MeV or larger than 
0,700 MeV). Apart from this reliable case, we have only some evidence, 
by no means so secure, on the complexity of the transition jBe-^ sLi. The 
^Li nucleus has a well-known stationary state of about 0,45 MeV excitation, 
and it seems that about 1/10 of the nuclei resulting from the decay of "^Be 
are formed in this excited state: this can be concluded from the intensity 
of ^'-rays of the same energy which accompany the disintegration. It is 
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rather pointless, however, to try to analyse this process with the help of 
the formulae (AL131-\3), for it is*very doubtful {17.52) whether the 
ground state and the low excited state of ^Li can be described as the 
and 2Pj components of a doublet. 

Should we do so all the same, we should first have to make some 
assumption on the quantum numbers (either or -P|) of the initial state 
of "^Be. The ground state of "^Li is taken to be the 2p, component of the 
doublet, in conformity with the observed angular momentum. The I(Wi/) 
and I Gif being then determined, we get the fraction of transitions to the 
excited state of ^Li as the ratio of the products | G// \-I(Wif). By means 
of {Al.11-7) we can also derive the value of Tq from the observed half- 
life. The following results are obtained: 


Transitions 

assumed 

IG//P 

Wif 1 

KWif) 

o/o transitions 
to excited state 

^0 

10* sec 

P. 

1 ft 

\ 

'i. 

i i» 

1.7 

0.82 

3.57-10-4 

0.83*10-4 

19 

1 ■ 

1,69 


H 

1.7 

3,57-10-4 : 



P, ^ ^ 

TT 



3 

2,35 


] 

IT 

0.82 

0.83-10-4 




Although the lack of data about the nature of the states involved in the 
process prevents us from submitting the theory to a closer test, we can, 
following WiGNER * and Konopinski [43], draw some general conclusions 
from the consideration of the constant tq listed in the above table. If we 
had to do with a Fermi interaction, this constant would be identical with 
Tq and should thus have the same value throughout. Considering the poor 
accuracy of the determinations of most life-times and upper limit energies, 
and the sensitiveness ol I{W) to even small changes of W, the relatively 
small fluc^tuations of the to values might be taken as supporting the theory 
based m* Fermi interaction, were it not that weighty arguments can be 
adduced in favour of a predominance of Gamow-Teller interaction 

In the latter case, we have generally to expect complex /i-spectra. Since 
the value of W given in the table is the largest of the Wi/ and I{W) is 
an increasing function of its argument, it follows from the formula 
(AL11--7) for the observed life-time and the definition (1) of to that 


To ^ 




( 2 ) 


the sign of equality corresponding to the special case of a simple spectrum. 


* Sfec WlQNER [39b] and a discussion by WiGNER at the end of the paper of 
White et at. [41]. 

** These arguments are summarized by KonOPINSKI [43]. 
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For the class of nuclei under consideration, this general formula reduces 
to {AL131) 

ro^tQ. (3) 

In view of this relation, it is interesting to observe that the states involved 
in the transition ioNe-> which is one of those yielding the smallest 
revalues, are probably S states (10.32), while the angular momentum of the 
product nucleus is known to be this is therefore probably a 
transition, which {A1.131) indeed gives a simple spectrum. This argument 
would point to a value of 

7 o 3*10^ sec. (4) 

The association of a simple spectrum with a larger tq value in the case of 
^•»N would then imply a failure of Wigner’s approximation for the states 
playing a part in this decay process. On the other hand, the case of "^Be 
seems to afford an example of a compound transition with exceptionally 
small To; the above calculation shows that this is at any rate compatible 
with a value of of the order of magnitude given by (4), provided the 
initial state is assumed to have the angular momentum i. 

AL21L Life-time of the neutron. Formally, the neutron belongs to 
the class of nuclei just discussed. Disregarding the kinetic energy of the 
proton after the process, we have 

w = MjHZlMr — 2,47 

m 

(1.22-5) and the corresponding I(W) is given by (Al.ll-A). We have 
here to do with a simple transition, for which | Gi/ p 1 ; taking the value 
(4) of Ty, we compute by means of (A/.7/-1) a half-life of about 25 
minutes. 

A1.212* The ^-decay of and the mass of the neutrino. The process 

/3~ 

3H 3He, in which the states of both nuclei involved likewise belong to 
the supermultiplet (J, J.-a), is an exceptional example of allowed ji-- 
transition, due to the fact that the increase in Coulomb energy in this case 
is just small enough to make it possible; the maximum kinetic energy of 
the electron emitted is in fact extremely small: according to the latest 
estimate (Watts and Williams [46]), < 0,03 m. On the other hand, 

the life-time of the triton has a surprisingly low value of about* 12 years; 
much too low, in fact, as emphasized by Konopinski [47], to fit in with 
the evidence just discussed on class (a) nuclei, and especially with the 
estimate (4) for the constant tq. Since for the process under consideration, 
in which S states are involved, one expects (Al.131) | Gi/|-= 1 , this 
constant should be directly given by the quantity defined by formula 


NOVICK [47] gives 12,1 ± 0,5 years, GOLDBLATT et al [47] 10,7 ± 2 years. 



386 


Ah ALLOWED ^-TRANSITIONS 


A1212 


(1), Now, for very small values of W —1, the expression for 

the factor/(W) occurring in (1) recfuces to 

The above data then yield < 0,55* lO^sec. In order to remove this 
discrepancy, one would have to assume a maximum energy as large as 
0,05 m; this figure is perhaps not entirely ruled out in view of the difficulty 
of the measurements. 

Konopinski attempted to link the discrepancy to the question of the 
mass of the neutrino. In fact, the above expression for l(W) is only valid, 
strictly speaking, for a vanishing neutrino mass, or at any rate for values 
of W-\ sufficiently large compared with the ratio // of this mass to that 
of the electron. In this respect, the case of ^H, in view of the exceptionally 
small value of W—1, might require a quite different treatment. It is also 
necessary, as pointed out by Pruett [48], to take into account the in¬ 
fluence of the nuclear Coulomb field on the electron and a relativistic 
correction arising from the finite neutrino mass when summing over the 
spins of the emitted leptons. Pruett’s conclusion is that the value of [x 
needed to account for the experimental data is in any case larger than 
0,05 and might be as high as 0,3 (if 0,02 m)\ 

However, such a large value of fx would definitely conflict with the 
evidence about the mass of the neutrino that can be derived from energy 
balances of cycles of nuclear reactions, mainly of the types 

zNucl (n,p) ^'^iNucI , z-iNucl ^ zNucl 

zNucl (p. n) 4.Nucl , z+,NucI ^Nucl. 

or from the study of the shape of the /8-spectrum near its end-point. In 
a comprehensive and critical survey of the relevant reaction cycles, Frank 
[47] obtains the estimate /x 0,0631 ±: 0,0701; this means, allowing for 
any po sible systematic error, that the neutrino mass is certainly less than 
of the electron mass, and is probably zero. A recent investigation by 
Hughes and Eggler [48] leads to even more precise conclusions. From a 
cloud chamber study of the reactions 

3He (n, p) 3H and (n, p) 

combined with the values of the ^H and /?-spectra, they derived 
values of the neutrino mass amounting to a few keV, with a total margin 
of error of about 25 keV, This result puts the upper limit of fx at about 
0,05, while pointing to a probably much smaller, or even vanishing, value. 
Besides, it shows that the neutrinos involved in the two processes studied 
have the same mass within about 5 keV; this information is interesting, as 
we shall see presently, in view of the anomalous character of the decay 
(A7.22). 

The other method of ascertaining the mass of the neutrino necessitates 
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for its application a very accurate determination of the shape of the 
^-spectrum right up to its end-point. Quite recently, it has been possible 
for the first time to derive from such measurements on the spectrum of 
35S (Cook, Langer and Price [48], an upper limit for the neutrino mass 
//< 0 , 01 . 


Al«22* Class (6) nuclei. All known data on class (b) nuclei are 
collected in the following table (KONOPINSKI [43]*; the last entry according 
to M G F). The third column indicates the type of decay, as defined by 
the transition Ts-^ Ts; the last one again gives the quantity tq defined 
by (1), 


A1, 22* Decay processes of nuclei of mass 4a + 2, involving an odd isobar 
without neutron excess 


A 

Isobaric pair 

Type of decay 

t 


W 

^0 




see 

MeV 


1 C* sec 

6 

2He 3Li 

r (1 -*■ 0) 

0.8 

3,7. 

8,25 

1,67 

10 

^Bc-^ 5B 


9,M0>5 

0,56 

2.1 

8,2-10'i) 

10 

6 C*^ 5B 

/?+ (-!->■ 0) 

9 

3.35 

7,57 

8.6 

14 

6C-^7N 

^“(l-<-0) 

1,5-10" 

0,143 

1,28 

8,7-105 

18 

9F -► gO 


6720 

0.7 

2.37 

8.42 

22 

iiNa-> loNe 


>10* 

0.55 

2,08 

>2-10< 

26 

13A1-> i2Mg 


7 

2,98 

6.85 

3,46 

30 

15P hSi 


153 

2.99 

6,87 

72 

34 

17CI~> igS 

/?+(0-, 1) 

1980 

2,5 

5,90 

403 

38 

IgA 


462 I 

2.3 

5,50 

58 

42 

21 Sc 20^21 


1,2*106 

1.4 

3,74 

1,9-10^ 

58 

29 CU -+■ 28Ni 


81 or 474 

— 

— 

- 


Since (11*41) the ground state of the odd isobar is normally a triplet 
state, all the transitions listed in this table would be forbidden on Fermi 
interaction (Al.132). Now, the large values of tq occurring in most cases 
are readily explained by supposing that the corresponding transition is a 
forbidden one. But the small tq values obtained for 

tHe. 'IC. '5F. fiA\ (5) 

cannot be accounted for in this way; on the contrary, their occurrence 
constitutes one of the main arguments for the preponderance of Gamow- 
Teller interaction. 

On the quasi-atomic model (10*24), the ground states of the first three 
nuclei (5) would be S states, and this would also probably be the case 


♦ More recent data; HUGHES et al [47], McMiLLAN [47]; REID et al. [46], 
Levy [47] (K^=zO,\54 MeV), SALOMON, Gould and Anfinsen [47] (same as 
Levy), Norris and INGKRAM [48] (half-life 1,6. 10^^ sec). 
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for Al Tabic A1.132 then shows that their ^-decay would be simple; in 
the first two cases, one would have tq = 2 to, in the last two tq =fro* 
The To values so obtained, viz. 

3,34 ; 17,2 ; 5,61 ; 2,31 (6) 

(103 sec), arc — except the second — of the required order of magnitude 
(4), determined by the evidence from class (a) nuclei. The larger t© values 
appearing for higher mass-numbers (from A 30 on) — and perhaps 

also the exceptionally high value for — could be ascribed to the in¬ 
adequacy of Wigner*s approximation. In fact, for heavier nuclei, the 
perturbations due to the spin dependent nuclear forces would gradually 
tend to blur the distinction between allowed and forbidden transitions 
{AL12). 

Much more puzzling are the high tq values corresponding to the 
transitions 

. 'sC-^’^N , ??Na-i.f^Ne. (7) 

As compared with the allowed decay processes of the nuclei (5). these 
transitions are characterized by abnormally long life-times and abnormally 
low energy releases. It is not probable that their highly forbidden character 
can be ascribed to some anomalous behaviour of the initial or final state. 
Thus, it has been established, by the examination of the band spectrum, 
that the angular momentum of the nucleus is zero (Jenkins [48]). 
As regards it would be difficult to understand how the initial state 

of this nucleus could be so very different from that of the other unstable 
isobar which seems to behave normally: the two isobars differ only 
by the exchange of two neutrons for two protons, and (on the quasi-atomic 
picture) lie symmetrically with respect to as regards the filling of the 
2p shell {1032); there can thus at most be a second order perturbation due 
to Coulomb interaction, and this effect, estimated by CooPER and Nelson 
[41], c.lthough working in the right direction, seems definitely too small. 
This deadlock has induced Oppenheimer [41] to put forth suggestions 
with far-reaching implications on the nature of the neutrinos involved in 
such anomalous processes; but this interesting speculation does not seem 
to be promising *. 

The formally similar transition (7.2) 

}H + lH->?D . (8) 

requires some comment. As stated in 7.2, one can use the cross-section for 

* Oppenheimer’s suggestion that the neutrino in question would have a spin } 
has been shown by Kusaka [41] to lead to difficulties as regards the form of the spectrum. 
His assumption that there would be a difference in mass between the neutrinos taking part 
in “normal'* and anomalous processes has been disproved by the work of Hughes and 
Eggler described in A 1,212. 
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the /J+'process (8), treated as an allowed transition, to investigate the rate 
of energy production in a white dwarf star as a result of this reaction. All 
published papers on this subject conclude that it is impossible on this basis 
to reconcile the observed low luminosities and relatively large masses of 
these stars. In other words, the calculated rate of the reaction (8) would 
seem to be much too fast. This conclusion would suggest that the process 
(8) behaves in the same anomalous way as the transitions (7), which 
would be equally hard to understand, since it is obvious that we have here 
a transition of the type ’S ^5. However, a renewed examination of the 
astronomical evidence has recently led Dr. SCHATZMAN to reverse the 
conclusion just mentioned. When due account is taken of the fact that the 
hydrogen in a white dwarf is localized in a thin superficial layer, there 
appears to be no difficulty in accounting for the rate of energy production 
by the reaction (8) considered as an allowed process. 
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ELECTROMAGNETIC PROPERTIES OF NUCLEI 


A2.L Mttltipole moments of a system of charged particles 

A2A\^ System in slowly varying external field. Let us consider a 
system of charged particles under the action of an external electromagnetic 

field. The distribution of electricity of the system is characterized by a 
—► 

current density I and a charge density q. the external field by a vector 

potential A and a scalar potential B, from which the field strengths E, H 
are derived in the usual way. The interaction energy, insofar as higher 
powers of the potentials may be neglected, has the form 

V.iru. = -IA-ldv+JBi>dv. (1) 

where we must take for I and q their expressions in absence of any electro¬ 
magnetic field. More particularly, we shall consider a slowly varying field, 
i.e. assume that the relative variations of the field components over 
distances of the order of the dimensions of the system and times of the 
order of the proper periods connected with the system are small compared 
with unity. In such a case, it is well-known that expression (1) for the 
interaction energy can be put into a more convenient form, involving the 
values of the electromagnetic field and its derivatives at some arbitrarily 
chosen point O and the successive multipole moments of the system with 
respect to this point. The properties of the system to any desired 
approximation are then easily derived from the expressions for such multi¬ 
pole moments. 

We shall here carry out the transformation of the operator (1) up to 
the se :oi|d order of approximation, on the further assumption that the 
velocities of the particles arc small compared with the velocity of light, 
i.e. that the dimensions of the system are small compared with the proper 
wave-lengths (M0LLEr^ and Rosenfeld [43]). This approximation involves 
the few first multipole moments, defined by the following formulae, in 

which the vector x is taken from the point O as origin: 

the total charge 

the electric dipole* moment 
the magnetic dipole moment 
the electric quadrupole moment* 


e ~~-f Qdv 
P =jQxdv 
M xAIdv 

Qik I”:: (xiXk-^idikr^)dv . 


( 2 ) 


In the expression for the Jr/(i= L2, 3) denote the Cartesian components of 
• -♦> 
the vector x. 



A2.11 MULTIPOLE MOMENTS 

We start from the expansions 

B = Bo + x'gradoBo + ^ x:(x-grado)gradoBo + R 

—► —> —► 

A = Ao + (xgrado) j4o + R', 
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( 3 ) 


the residuals R, R' containing higher derivatives of the potentials with 
respect to the point O. Remembering further that 


jldv^P 

and putting for a moment 

Qik^\l QXiXkdv. 

we therefore get * 

jBQdv = eBo-\- PgradoBo + (Q'grado)gradoBo + R!' 


( 4 ) 


( 5 ) 


j AIdv = PAo + //(xgrado) Ao dv + R", 
the residuals being of higher order of approximation than the second. Now, 

I(xQTado)Ao—x{I^T&do)Ao = {x/\I)Ho 
/(j: grado) Ao + Jr(/grado) Ao = /grad [x’(xgrado) Ao]: 
whence, on account of div I + q = 0, 

/ /(xgrado) Ao dv = MHo + (Q'grado) Ao. 


and 


-/ AIdv = PAo- MHo + (Q' grado) A o 


(5a) 


cdt 


[PAo+(Q'grado)Ao]-P" 


The time derivative of an operator, occurring in this formula, can be omitted 
since it does not give any contribution either to the expectation value 
of the interaction energy in stationary states or to the matrix-elements 
corresponding to transitions between states of the system with the same 
total energy. From (5) and (5a), we thus finally get, apart from higher 
order residuals, 

V^cLm. = € Bo — PEo — MHo — (Q grado) Eq — .... (6) 

In this formula, it was possible to replace Q' by the traceless tensor Q, as 
defined by (2), because, for an external field, div^S^rr 0. The various 

* If Q is a tensor and u a vector, Qu represents the vector with components S 

k 


14 
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terms of the expansion ( 6 ) have familiar interpretations, which it is super¬ 
fluous to recall. We shall here especially be concerned with the quantities 
known in spectroscopy under the names of magnetic moment and electric 

quadrupole moment: these are not the vectors M or tensors Q themselves, 
but certain mean values of components of these quantities, which we shall 
now proceed to define. 


A2,12, Magnetic moment in spectroscopic sense. In the first place, 
we deal, in the theory of hyperfine structure, with the expectation value 
of the electromagnetic energy in the ground state of the nucleus investigated. 

As is well-known, only the projection of M on the direction of the total 
angular momentum contributes to the expectation value of this vector in 
any state in which the total angular momentum is fixed. Calling this angular 

momentum!?/ and taking the nuclear magneton (1.21-2) pQ=:l}e/2Mp 
as unit, we may thus write 

avM = ~j p^av], (7) 

ft being a constant which may depend on the quantum number / of the 
state considered, but not on the magnetic quantum number m defining the 

‘‘orientation’* of the vector /. The convention usually adopted is just to call 
this constant p the magnetic moment: it may be described as the expectation 

value (in units po) of the projection Mz of M on some fixed direction in 
the substate of maximum magnetic quantum number (m = J). 


A2,13* Electric quadrupole moment in spectroscopic sense. The de¬ 
finition of the electric quadrupole moment in spectroscopic sense rests on a 
similar basis (Casimir [36], § 4): the expectation value of Q can be 
split into two factors, one of which is independent of the magnetic quantum 

number, while the other is the expectation value of the tensor Ji]k—^Sik 
The f rs| factor can therefore again be determined by considering one of 
the components of Q, Q 33 say, and taking its expectation value in some 
suitable substate; the definition of the electric quadrupole moment con- 

vcntionally given is the expectation value of 6 • - • Q 33 in the substate of 
maximum magnetic quantum number, i.e. 

Q = av(m=/) -^/e (3z^—r^) dv , (8) 


the coordinates being referred to the fixed point O as origin. The factor 
1 /c means that the spatial distribution of the particles rather than the 
electric density is considered, so that Q has the dimension of the square 
of a length. For the deuteron, in particular, we can say, more simply, that 
the quadrupole moment is the average value, in the substate with m = /, 
of U.e operator Q=i(3r>-,>), (9) 
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expressed in re/at/(;e coordinates. Since av{Ji]k —J <5/jt/2) vanishes identically 
for / = 0 or an electric quadrupole interaction occurs only for nuclei 
with angular momentum / ^ 1 , 

A2«14« Higher multipole moments. In the application of equation ( 6 ) 
to problems of hyperfine structure, the ratio of successive terms of electric 
or magnetic origin is of the order of magnitude of the ratio of nuclear to 
atomic dimensions. This explains why no higher than electric quadrupole 
moments of nuclei have ever been detected. The possible occurrence of a 
magnetic octupole moment in the case of Iodine has been discussed, with 
negative outcome, by Casimir and Karreman [42]. 

A 2 . 2 * Magnetic moments of nuclei 

A 2 « 2 L The empirical data. Our knowledge of magnetic moments of 
nuclei enables us to enunciate some general regularities, which indirectly 
throw light on the properties of nuclear forces: 

( 1 ) Even nuclei have no magnetic moment. This is, of course, in 
agreement with the conclusion (10.24) that the ground states of such nuclei 
are iS configurations. 

( 2 ) The magnetic moments of stable odd nuclei (given in the accom¬ 
panying table A2.21-1 according to Millman and KUSCH [41]) exhibit 
a regular decrease, which, as we shall see, can be brought in relation with 
an increasing influence of non-central nuclear couplings (15.1). 


A2.21—1. Magnetic moments of 
stable odd nuclei 

P 

0,857 


0,821 


0,598 


0,403 


(3) From the list A2.21-2 of the magnetic moments of odd mass nuclei 
hitherto measured, two remarkable regularities emerge, the bearing of 
which on problems of nuclear structure will also presently be discussed: 

(а) when plotted against the total angular momentum (fig, A2.21-\, 2), 
the magnetic moments fall into two groups, roughly distributed along 
two separate curves; this division obtains separately for the odd proton 
and the odd neutron nuclei, the curves being quite different in the two 
cases; 

( б ) if two isotopes differing by two neutrons have the same angular 
momentum, they mostly have also the same magnetic moment. This 
last regularity is strikingly exhibited by the figures in the fourth column 
(of both left and right half) of table A 2 . 2 /- 2 , which gives the ratios 

magnetic moments of the isotopes of mass A + 2 

and A. 





Fig. A2*21-2. Magnetic moments of odd neutron nuclei. — Limiting curves {A2J3) 
according to Meirgcnau and Wigner (MW) and to Schmidt (S). 
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A2.21— 2. Magnetic moments of odd mass 

r nuclei 


Odd proton nuclei 

1 1 

Nucleus 

l‘A 

Odd neutron nuclei 

Nucleus 

; 


j 


iH 

h 

2.7928 

n 

i 

-1.9125 


1 

'3 

2.9791 


1 

3 

(-) 2.131 


8 

3 

1 3.2532 

"Be 

S 

3 

-1.176 

’.;b 

1? 

2.686 

13p I 

6'^ 1 

1 

3 

0.701 


2 

(~)0.280 











A2*21~'2. Magnetic moments of odd mass nuclei {Continued) 


Odd proton nuclei 


Nucleus 


Odd neutron nuclei 


Nucleus 


5.49 ^ 

5.49 ') 


-0.65 ^ 
-0.65 S 


-0.89 ^ 
-0.89- S 


( 1 . 612 ) , 
1.628 ^ 


I 'i^Hg 


0,837 ^ 
0.936 S 


This table has been compiled from partial lists given by MARQENAU and WiGNER 
[406], MillmAN and KUSCH [41], and INGLIS [41]; full references to the sources 
will be found in these papers. Additional references: H. ANDERSON and A. NovilCK, 

P.R. 71, 372. 1947; F. Bloch, A. Graves, M. Packard and R. Spence, P.R, 71, 
373, 551. 1947; ^He H. ANDERSON and A. NOVICK, P.R. 73, 919, 1948; (spin) 
F. JENKINS, P,R. 72, 169. 1947; ^’^Cl (spin) E. SCHRADER, P.R. 64, 57. 1943; 

R. POUND, P.R. 73, 523. 1948; BECKER and KusCH [48]; ^9, sijgr 

S. Brody, W. Nierenberg and N. Ramsey, P.R. 72, 258. 1947; R. Pound, P.R. 72, 
1273. 1947; W. MeekeS and R. FiSHER, P.R. 72, 451. 1947; T. HaRDY 

and S. MillmaN, P.R. 61, 459. 1942; (spin) W. GORDY ef al. [47a, 6]; 

H. POSS, P,.R. 72, 637. 1947, 
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Finally, wc note that the spins and magnetic moments of two heavy odd 
nuclei of long life-time have been determined: 


, A2,21—3. Magnetic moments of long-lived odd nuclei 

Nucleus 

7 


Reference 

19^ 

4 

-1,290 

J. Zacharias, P.R. 61. 270.1942 

71 Lu 

>7 

3.8 

(see INGLIS [41]) 


A2>22. General expression for magnetic moment. According to the 

terminology of 4,42, the expectation value of the magnetic moment M 

consists of a direct contribution Mnud the constituent nucleons and an 

exchange moment Afexch; the latter, however, may be expected to be small 

and is generally neglected ‘The quantity Mnud can further be analyzed 

into a term Msp^ due to the spins of the nucleons and another Morb due to 
the "orbital*' motion of the protons: 


with {4.42-9) 


and 


A/nud — -^^spin A/orb » 


Mspin = 


i 


l(0 = ^^(i)/\pU\ 


( 1 ) 

( 2 ) 

( 3 ) 


The most comprehensive discussion of the expectation values of 
expression (1) is that given by Margenau and WlGNER [406], Before 
we proceed with this discussion, it will be good to recall a well-known ** 
theorem of quantum mechanics concerning average values of angular 
momenta, which is of constant application in calculations of magnetic 

moments. Consider two commuting vectors A, B, whose components 
satisfy the characteristic commutation relations of angular momenta, and 

let C — A + B. Consider further a stationary state characterized by definite 

values of the lengths of the vectors A, B, C, i.e. by quantum numbers 

—► 

A, B, C, such that av As — A(A 4* 1) etc. Then, the expectation value of 
“>• 

the projection of A on some fixed direction Oz is given by 


av Az = av -gj" w» 


. * For the exchange contribution to the magnetic moments of and *He, see A2.251, 
** Sec, e,g., E. CONDON and G, ShorTLEY, The Theory o[ atomic Spectra (1935), 
Chapt, III, 10 (p, 64). 
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i.e., owing to the relation 


by 


2AC = a+A^-B^. 


a’v A z 


C(C4-l) + i4(A+l) - B( B+1) 
■ 2 C(C+ir 


avCz. 


(4) 

( 5 ) ' 


The most important contribution to the magnetic moment comes from the 

spins of the nucleons. With the notation (10.14-6,7), the z-component 
—► 

of Mspin may be written 


(Mz).,p,„ = /io [(/<n+A<p)52 — {jlp—flnYi z] . (6) 

The mort convenient representation of the eigenfunction of the stationary 
state considered is therefore that based on the supermultiplets (P,P',P")» 
or more briefly P, of Wigner (10J4)\ each supermultiplet can further 
be analyzed into spin multiplets (10.13) with quantum numbers L,S, so 
that we have 


^— ^^PLS ^PLS * 

the sum involving all combinations compatible with the given value of the 
total angular momentum J; further, the eigenfunction !P refers to a definite 
magnetic quantum number m, which will ultimately be given the maximum 
value m = J(A2.12). In the expectation value of the operator (6) in the 
state (7), non-diagonal elements of the type / if^AsYz ^PiS' will generally 
occur, but they may be neglected in comparison with the diagonal elements; 
if we denote the latter by the symbol aVp^^, we thus get 

aV (A^2)spln — ^ PLS » (S) 

but since av^^^ Yz can be expressed, by application of formula (5), in 
terms of av^^^^ Sz, we may define by 

= f*o 9s(PS) ^Vp^^z (9) 

a *Xande factor'* or '‘gyromagnctic ratio" gs(PS) of the spin magnetic 
moment, which depends on the quantum numbers P and S, but not on L. 
Transforming the factor aVp^^Sr in (9) by another application of (5). and 
inserting (9) in (8), we obtain finally for the spin contribution jus to the 
magnetic moment jti, defined in A2.12, 

, . „o) 

The Lande factor gs takes on a very simple form for the lowest super- 
multiplet (PP'P") of the nucleus under consideration. For odd mass 
nuclei, this supermultiplet, according to 10.311 is (in,-J, ±:^), the value 
Yz= + i corresponding to an odd neutron, = to an odd proton; 
therefore. 


gg = 2/i/i neutron nuclei) 

gs = 2fJLp (odd proton nuclei). 


( 11 ) 



A222 


MAGNETIC MOMENTS OF NUCLEI 


399 


The lowest supermultiplet of an odd nucleus corresponds in any case to a 
maximum spin quantum number Szzr 1, together with — 0: this gives 

ps — ~}“ iWp = (odd nuclei). (12) 

These results are, of course, obvious consequences of the fact that the 
lowest configurations of the nuclei in question are spin-saturated, while the 
odd proton and the odd neutron in an odd nucleus have parallel spins. In 
many calculations of magnetic moments it may be assumed that only the 
lowest supermultiplet has to be taken into account; this simplifies formula 
( 10 ): 


(.3) 

and it may further be notpd that in this configuration no cross-terms 
such as have been neglected in formula (10) occur. The expression (13) 
is independent of any model of nuclear structure: if the quasi-atomic model 
is adopted, S and L have definite values, so that there is only one term in 
the sum. Odd mass nuclei with neutron excess zt 1 have also been treated 
on the a-particle model: the role of L is then played by the quantum 
number K (1322), which may have the values / ± 

The calculation of the orbital magnetic moment does not lead to such 
results of fairly general validity: the use of different nuclear models here 
gives rise to rather divergent estimates. The eigenfunctions U^piSf or, if 
we drop for a moment the index of the supermultiplet, Wis * can be 

decomposed according to the eigenvalues of the total orbital momenta Lp, 

Ln of the protons and the neutrons: 


^LS= Z bLSLpLfj ^LSLpL„ • (H) 

Again, there occur in the expectation value av(M^)orb» besides the diagonal 
elements av^^(M^)ofb» non-diagonal terms 

ins(Mz)orl.^L^l,S 

which can be shown to be negligible. We thus have 


and, using (5), 


with 


av (Mz)oth aVj^g(Mz)oTh. 

av^^Afz)orb = gi{LS) aVj^gLz 


9i{LS) = 2\bLSL,L„\^ 


L(L+1) + £p(Ip-f 1) - L„{L„+)) 

YL{L+'{) 


(15) 

(16) 

(17) 


Inserting (16) in (15) after a repeated application of (5), we get the 
orbital contribution ju ^ to the magnetic moment in the form 


gt{LS) 


/(/+!)+ L(£+1)-S(S+1 ) j 

2/(/+l) 7 


(18) 
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Combining this with formula (10), we obtain for the magnetic moment ft 


f* — 2\cpi^s\^ [i [g's(PS)+0/(PLS)] 

+ i [gs{PS)-g,{PLS)] . 


The limitations of this general expression consist in the neglect of non- 
diagonal elements of the operators and (Mz)orb» 

On the quasLatomic model, the ground state has definite quantum 
numbers L and S, and the sum on the right-hand side of (19) reduces to 
a single term. Moreover, if we assume that the multiplet to which the 
ground state belongs is either normal or inverted, this term takes a very 
simple l')rm. In the case of an inverted multiplet, J = L + S and 

li=:gsS + giL; (20) 


for a normal multiplet, ] i=z\L — S\ and 



(L>S} 

f^ = j^[Lgi-{S+l)gs] 

{L<S). 


( 21 ) 


On this model, the different configurations U'LSLpLn entering into the 
expansion (H) can, for not too heavy nuclei, easily be determined and 
the expansion coefficients b explicitly calculated in terms of the assumed 
central interaction potential. The Lande factor gi{LS) is then given by 
(17). Such calculations will be discussed in the sequel (A2.252), 

For heavier nuclei, the best approach (MarCjENAU and WiGNER [406]) 
is provided by the liquid droplet model, according to which all constituent 
nucleons contribute equally to the expectation value of the orbital 
momentum *. This would mean 


gi(LS)^ZIA; (22) 

but formula (18) with this value of g^(LS) can give no more than a rough 
estimate of the orbital contribution from which individual nuclei will 
more or less deviate. The treatment of light odd mass nuclei with neutron 
excess ±1 on the a^particle model illustrates the kind of deviations that 
can be expected (Sachs [39]). In this case, the orbital momentum around 
the figure axis can be ascribed partly to the rotation of the nucleus as a 
whole, partly to an orbital motion around this axis of the extra particle or 
hole. To the first type of rotation a gyromagnetic ratio of the form (22) 
may be attributed, whereas the gyromagnetic ratio gp oi orbital motion is 
1 if the additional or lacking particle is a proton and 0 if it is a neutron. 


* Miss Way [39a], in her treatment of the droplet model, makes the same assumption 
concerning the spin momentum. This, however, as emphasized by MAROENAU and 
WjgneR [40b], is hardly acceptable. 
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Consequently, the gyromagnetic ratio pertaining to the component of 
orbital momentum around the figure axis will be of the form 


= + (23) 

the parameter B denoting the ratio of the contributions from orbital motion 
and bulk rotation to the total orbital momentum around the figure axis* 
The gyromagnetic ratio gi corresponding to any component of orbital 
moment perpendicular to the figure axis will be just Z/A, except when 
the configuration of the next a-nucleus is spherically symmetrical (e.g. 

, see 13.21), in which case it will be equal to The orbital 
magnetic moment arising from the bulk rotation is of the form (18), with 
S 1 =: ^ and L (or rather K) = / ±:|, and the gyromagnetic ratio g^. If 
gc, is different from g^,, it must be supplemented by a contribution from 
the orbital motion of angular momentum A (13.21, 13.22) around the 
figure axis, with gyromagnetic ratio — g^. In order to calculate this 
contribution, we expand the eigenfunction of the ground state in terms of 
the eigenfunctions corresponding to a definite orbital momentum 

K and projection trik of this orbital momentum on a fixed direction of space: 

since the projection ms of the spin on the same direction is zhl, while that 
of the total angular momentum, m, is specified (and taken = /), we have 
to take the summation over mu ~ m — ms for ms ^ ±:\, and over 
K = ] Calling B) the angle between the fixed direction and the figure 
axis, we have 




|cOS 0| K : . (25) 


in this formula, (K | cos f) | K')mf^A represents the matrix-element of cos 0 
for specified values of the quantum numbers mk, Af with respect to which 
it is diagonal*. The expansion coefficients indicating the 

proportions in which the two K states are mixed in the ground state, 
depend on the spin-orbit couplings (A2.252). 

A2*22\* Conjugate and self-conjugate nuclei. Owing to the symmetry 
of the nuclear interaction with respect to protons and neutrons (3.3), light 
isobatic nuclei (for which the asymmetry due to the Coulomb force can in 
first approximation be neglected) may be grouped in pairs of conjugate 
nuclei, with equal and opposite neutron excesses, having the same stationary 
states in that approximation: in two such conjugate nuclei, the respective 


* These matrix-elements have been derived by H. CAS I MIR, Rotation of a rigid body 
in quantum mechanics (thesis Leiden 1931), p. 50. In our notation, 

(K\cose\ K)^ A!K{K+ 1) 

(K\cose\K^l) = icos6>| K) = fK^-ml | . 
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roles of protons and neutrons are simply interchanged. This implies a very 
simple and general relation, pointed out by SACHS [46a], between the 
magnetic moments //+ and /i- of two conjugate nuclei. In fact, we get 
from (2) and (3) 


“i” ^^spin 2/iQ ‘S' 

^^orb "i" ^^oxh ^ » 


(26) 


whence, quite rigorously. 


+ H~ = I 


r 12 r »0 lU±})±S(S+_l)_-JAL+i) 
^PLSl L^d J(J+1) 


J{J+\) + L{L+l)-S{S+l)-\ j 

27 ( 7 + 1 ) J ^ (27) 

= (/^S+i) 7 + (^s-i) 2- / • 

This formula cannot, however, be checked by experiment for the time 
being, since at least one of the partners in any pair of conjugate nuclei is 
unstable and the technique of measuring magnetic moments of unstable 
nuclei has not yet been developed. The only exception concerns the pair 
of conjugate nuclei ‘"^H-^He {A2,251), 

An interesting case is that of the nuclei of zero neutron excess, which 
are self-conjugate: for those nuclei, the right-hand side of (27) represents 
twice the magnetic moment. In particular, the stable odd nuclei, for which 
{11A1) /zr 1, have a magnetic moment of the form 

^ 2’ \cp,s? : (28) 

this is the basic formula for the discussion of the empirical results {A2.26), 

It may be observed that the orbital contribution to (27) and (28) can 
be deduced directly from (17), (18) by noticing that on account of the 
charge symmetry of nuclear interactions we have (provided the Coulomb 
force be neglected) 

I btSLpLn P = I bLSL„Lp\^ , (29) 

wihence 

9?+97 = 1 ( 30 ) 

and for zero neutron excess 

9 / = -|. ( 31 ) 

A2«23« The distribution of the magnetic moments of odd mass nuclei. 
We are now in a position to discuss the regularities enumerated in A221 
from ,the theoretical point of view. We shall begin with the first collective 
property (3a) of odd mass nuclei, viz. the distribution of their magnetic 
moments along two curves, when plotted against the total angular 
momentum. If we assume that the ground states of the nuclei in question 
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belong to the lowest supermultiplet, their spin quantum number will be 
5 = J and they will in general consist of mixtures of two states with 
L = / From this point of view, developed by Margenau and WiGNER 
[406], we may draw two limiting curves, corresponding to the pure states 
with L= and L = J —so far as our assumption as to the un¬ 
perturbed lowest supermultiplet is valid, the magnetic moments should fall 
between these limiting curves. According to (20), (21), and (11), the 
limiting values of the magnetic moments are 


L=J— ^ — + (/—I) g, 

1 T (^ 2 ) 

^=7+ i : H’pn + (7+1) Qi f 

the symbol //pn denoting either jup or //n according as we are dealing with 
an odd proton or an odd neutron nucleus. Strictly speaking, these limiting 
moments are not merely functions of /, since gi, even with its rough value 
(22), may be different for two nuclei with the same /; however, for our 
purpose of getting a general survey, we may adopt some constant value, 

gi 0,4 , (32a) 

say. In this way, we obtain the curves marked MW in the fig. A2,21-\, 2. 

It must be admitted that the result is not very satisfactory. Not only 
does the theory fail to account for the separation of the empirical values 
into two groups within the above limits, but these limits themselves do 
not follow the general trend of the empirical curves. A much better 
agreement in this last respect is reached if, following the original suggestion 
of Schmidt [37], one adopts for gi, instead of the value (32a) pertaining 
to the droplet model, that resulting from the rather extreme assumption 
that the orbital momentum is entirely due to the motion of the odd particle. 
This would mean that in the representation (14) of the eigenfunction, only 
one term would remain, for which L would be equal to Lp or Ln\ the 
expression (17) for gi then reduces to the standard value gp for orbital 
motion (1 for a proton, 0 for a neutron): 

9, = 9p- (33) 

This value, inserted in (32), yields the curves marked S in fig. A221-’\, 2. 
Curves closely representing the empirical separation into two groups would, 
as noticed by Schmidt himself and, more precisely, by Inglis [38a], 
correspond to a sort of compromise between the extremes (32a) and (33). 
rather near to the latter, viz. 


9t — i 


(odd neutron nuclei) 
(odd proton nuclei). 


(34) 


The outcome of this analysis is therefore the disclosure of a strong 
influence of the structure of the nucleus on its angular momentum pro¬ 
perties: it is rather surprising that this influence should go towards 
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preserving Russell-Saunders coupling and, above all, concentrating almost 
the whole orbital motion on a single nucleon. 

The implications of this situation for the choice of the model of nuclear 
structure best adapted to the facts have been especially discussed in two 
papers by Inglis [38a, 41]. He concludes that in this respect the a-particle 
model is superior to the quasi-atomic one. In the crudest approximation, 
both models concur in predicting that all the paired nucleons would tend 
to form a configuration, leaving only the orbital momentum (and spin) 
of the odd particle. But the question is in how far the perturbations due 
to the close coupling of the nuclear constituents will modify this simple 
picture. On the quasi-atomic model, one would expect such perturbations 
to be very severe, especially for heavier nuclei. On the a-particle model, 
on the ether hand, it would seem that the iS configuration formed by the 
paired extra neutrons would be well isolated below the excited states, so 
that the odd proton would presumably be only weakly coupled with these 
neutrons. As regards the rotation of the framework of a-particles, its 
coupling with the odd proton would also be small on account of the 
exclusion of the low rotational levels (13.15). Altogether, a gyromagnetic 
ratio of the order (34) would thus seem plausible from the point of view 
of the a-particle model. 

A2*24* Isotopes with equal magnetic moments. We now turn to the 
other remarkable feature {3b) of odd mass nuclei mentioned in A2.21, 
viz, the existence of nuclei of this type, differing by two neutrons and 
having the same angular momentum and the same, or nearly the same, 
magnetic moment. From the consideration of this law, Inglis [41] draws 
another argument in favour of the a-particle model; we shall summarize 
his discussion. At first sight, the approximate equality of magnetic 
moments seems to be simply accounted for by the droplet value gi Z/A 
of the gyromagnetic ratio; but we have just seen that this value cannot be 
relied upon as describing the general behaviour of nuclear systems. We 
must therefore again look for an explanation in the structural properties of 
such systems. On the quasi-atomic model, one would expect in most cases 
the two neutrons to be added to an unfilled shell and to change gi con¬ 
siderably. On the a-particle model, the degeneracy of the individual extra¬ 
neutron states would not be so large: in contrast to the quasi-atomic case, 

different orientations of the individual orbital momenta P"* relative to the 
body axes would involve different energies because of the lack of spherical 
symmetry. The two neutrons would thus often come to occupy an individual 
level which was previously empty; this would affect gi only in higher order. 

It may of course happen that — whatever the model of nuclear structure 
adopted — the addition of the two neutrons entails a large perturbation of 
the stationary state of the first isotope and a corresponding difference 
between the magnetic moments of the two nuclei. A concrete example 
illustrating this case is that of the pair of isotopes treated by 
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Inglis [38a]. It will be convenient to use the description of the states 
concerned based on the quasi-atomic model. In conformity with the con¬ 
clusions of 1032, the ground state of is represented by a configuration 
in which the 3d shell is entirely filled but for one proton: owing to this 
'‘hole*\ the protons form a configuration, while the neutrons are in a 
configuration; the resulting state of the nucleus is a . Now, the two 
additional neutrons will be paired in the lowest level of the 3p shell, giving 
rise to a mixture of two states of the neutron system, viz. and ^D. The 
state of the nucleus is thus still a , but the admixture of neutron 
state will tend to lower the gyromagnetic ratio p/. in agreement with 
experiment. 

A2*25* Magnetic moments of light odd mass nuclei. The following 
considerations will now be concerned with more individual features, chiefly 
pertaining to the lighter nuclei, which are susceptible of detailed study. 
As regards odd mass nuclei, the comparison of the theoretical results with 
the observed values will throw some more light on the ability of the quasi- 
atomic and the a-particle model to account for finer features of nuclear 
magnetic moments, 

A2.251* The conjugate nuclei and ^He. The theoretical treatment 
of the simplest odd mass nuclei, and ^He, is interesting in that it can 
be carried out completely and affords an example of perturbation of the 
lowest supermultiplet by higher ones *. The comparison between theory 
and experiment, on the other hand, has important implications with regard 
to fundamental aspects of the problem of nuclear forces. 

In first approximation, the ground state of the nuclei in question is a 
one, antisymmetrical in the spins of the like particles (14.111), i.e. 
involving the spin eigenfunctions (12,3) (14.111-\4), in which 1,2 

refer to the like particles; this state, which belongs to the supermultiplet 
will be more precisely denoted by . The magnetic moment 
is, in this approximation, f^pn* However, the non-central nuclear interactions 
bring about (17.2) a mixture of this state with others, the effect of 
which on the magnetic moment we have to investigate. The admixed states 
consist of a involving the same spin functions and belonging to the 
same supermultiplet, and of other states belonging to the supermultiplet 
(if hi)* ^ -Sand a involving the symmetric spin functions 
^a^^(\2,3) (14.11-4), and two quartet states, ^P, ^D, with the spin 
functions ^o(l2,3) (14.11-5), which are symmetrical in-all three particles. 
We have to calculate the magnetic moments of all these states, and further 
to ascertain what combinations may give rise to non-diagonal terms in the 
expression for the magnetic moment of the ground state. 

The spin gyromagnetic ratio gs in the states ^S, ^P is (as already 
stated) 2 jupn* In the entirely symmetrical quartet states, we have, of course, 

• The following treatment is an extension of that given by SACHS and SCHWiNGER 
[46^]. 
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avoj/*=i, and consequently z=\(^fin+fip) for sH andp^j + fin) 

for 3He. Finally, the spin gyromagnetic ratio in the states ^S, is found, 
from the definition (9), by direct use of the explicit expression {14.11-A) 
for 2a{T2,3): 

9* = i [t^P + 2{2tin—fip)\ = /Up) for 3H, 

9 ’s = l(4/Up—/Ufl) for 3He. 


In order to calculate the orbital gyromagnetic ratios, it is necessary to 
consider the angular dependence of the eigenfunctions. We choose as 

Spatial coordinates the vectors x and X, which represent, respectively, the 
radius vector joining the two like particles and that joining the third 
particle to the centre of gravity of the other two: 

^>)_|(^(l)+^(2)). (35) 

If p, P denote the canonically conjugate momenta, it is easily verified 
that, in the system of reference in which the centre of gravity of the 
nucleus rests at the origin, 

h (/(o+P) = iXAP + xAp, f?P = IXAP. (36) 

In a state whose eigenfunction is either symmetrical or antisymmetrical 
with respect to x and X, we have 

av (X AP) = av (xf\p) \ 


combining this with the relations (36), we readily find 

av (Iz^+tz) = I av Lz 
av av Lz ■ 


(37) 


Now, the eigenfunctions of the P and D states under consideration have 
the symmetry property just mentioned: for (Gerjuoy and Schwinger [42]) 
the angular dependence of the P wave-functions can be represented by a 
linear combination of the components of the only vector of even parity 

built up from x and X, viz. x /\X, so that these functions are antisym- 

metric in x and X; likewise, for the state, we may distinguish four 
distinct types of angular dependence, characterized by the tensors 

r}f'= i{xiX,-{-x,Xi) - f 11 ^1 

^ ^ ^ 
Ti'k=aiak--idik\a\^ p with a = x, X. xAX, 

from which one can form 3 symmetrical combinations 

and one antisymmetrical combination If we accordingly intro¬ 

duce separately a symmetrical ^Ds eigenfunction, comprising the three 
symmetrical tensors, and an antisymmetrical one, ^Da (so that the state 
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is actually described by a linear combination of ^Ds and '^Da), we may 
thus say that the orbital Land^ factors in all P and D states are gi = 
for and gi = ^ for ^He* 

We can now write down the magnetic moments in the various component 
states, which enter additively into the general expression (19) for the 
magnetic moment, weighted by the absolute squares of th^f 

expansion coefficients of the ground state wave-function: 


Component 

state 

Pirn 

pPHe) 

25 

f^p 

f^n 

2 p 

— 


2 S 

H^Pn — f‘p> 

i{^Pp—P„) 

2 p 



4p 

y(2p„ + Pp)- J 

5 (2/‘p+^‘„) — 6 

^Ds,a 

-H‘2p„+Pp)-\-'s 

— * (2 /'p+/‘„) + 3 


It is essential, however, also to take account of the cross-terms which 
have been neglected in formula (19). These cross-terms are of two types, 
pertaining either to the spin or to the orbital moment, and both are 
represented in our case: there is clearly a non-vanishing matrix-element 
(2P |(M*-)spin| 4P), and matrix-elements (A | (Mz)orb 1 S) for all pairs of 
states with the same spin multiplicity, but different symmetry with respect 

to X and X: for it follows from (A [+ 0 and from (36) 

that, if A and B have the same symmetry, 

{A B) = 2{A I/*/’! B) = 0; 

on the other hand, if A and B have different symmetry properties, one gets 

{A\^^^+^^^lB) = -(A\fi^\B). 

which means that the orbital cross-terms are equal and opposite for 
and ^He, so that they disappear from the sum of the magnetic moments of 
the two conjugate nuclei, in conformity with the general theory of A2.22/. 
Likewise, 

(2P I I ^P) -(2P j of i ^P) , 

whence equal and opposite values, proportional to —//«). follow for 

the matrix-element (-P|(Mz)spin \^P) for and ^He. 

Using the relation X | cpis |- =::: 1 in order to eliminate the coefficient 
c{^5), presumed to be the most important one, we may finally write the 
magnetic moment of in the form 

f* = f*p-U2f^p-^) \c(^P)\^-i(f*p-/*n) |c(25)P-^M2A‘p+/^«-i) |c(^P)P 
- icWP- [IcTOP + lc(^D„)P] (39) 

+ 2 91 [c*(^P) c(^P) ifP 1 a»> I “P)! + 2 9i [2-c*(A) c(B) (A 14” | B)] : 

15 
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the pairs of states yielding orbital cross-terms arc * ^S^P, *P*Ds and 
*Da *Ds. A similar expression could be written down for the moment of 
3He; the two moments are connected by the general relation (27), which 
gives in this case 

fi(m) + ^ (’He) = C«S-i)} 311 c(^D,) P +1 cf^Da) P ] 

-}-2[|c(^:P)P4-!c(^P)P]-|c(^P)P|. 

Moreover, as ViLLARS [47] pointed out, it is necessary, since both 
moments have been measured with great precision, to take into account the 
small additional contributions due to the exchange term in the general 
expression for the magnetic moment (A222), Indeed, if the existence of 
such terns could be established, it would afford a very strong argument in 
favour Ox the field conception of nuclear forces. The order of magnitude 
of the exchange magnetic moments will depend a great deal, however, on 
the particular choice of the nuclear field (ViLLARS [47]). Their actual 
calculation has been carried out by Thellung and ViLLARS [48] on the 
basis of Moller and Rosenfeld*s symmetrical meson theory (76.42), using 
the wave-function of the ground state of the three-nucleon system obtained 
by Frohlich et aL (14.22). To this approximation, the absolute value of the 
effect is found to be //exch ~ 0,023; this quantity must be added to ju(^H) 
and subtracted from /^(^He), so that formula (40) remains valid. 

Let us now proceed to the discussion of the empirical results. Formula 
(40) yields information of general validity about the admixtures of P and 
D states to the ground state. Substituting the data, one finds (ANDERSON 
[48]) 

3 ! c(^Ds,a) p + 2 1 c(2?) p -- I c(^P) |2 = 0,13 ± 0,08. 

This relation is compatible with Gerjuoy and Schwinger’s analysis of the 
ground state (17.2), according to which the admixtures of P and Da states 
would be negligible, while | c(^Ds)\'^ ^ 0,04. However, it would hardly be 
possible, on such assumptions, to explain the fact that the empirical value 
of /><(^H) is larger than the proton moment juphy a factor very accurately 
determined as 1,066636 ±: 0,00001, For the Ds admixture alone would not 
give rise to any non-diagonal contribution in the expression (39) and 
would consequently tend to lower the magnetic moment />^.(3H); to counter¬ 
act this effect, the exchange contribution would have to be as large as 
0,27. In view of the theoretical estimate quoted above, it does not seem very 
likely that a field theory accounting for the nuclear interactions would 
yield such a considerable exchange effect. 

Whether the experimental results could be accounted for on the 
assumption of a more complicated mixture of orbital states, giving rise to 

* The matrix-element 1 1 ®P) vanishes because the eigenfunction, symmetrical 

in the spatial coordinates of the like particles, is an even function of the invariant x • X. 
The space factor of the eigenfunction, on the other hand, is an odd function of this 
invariant. 
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positive cross- terms in (39), cannot be decided witbout an explicit deter¬ 
mination of the eigenfunction of the ground state, much more elaborate 
than that attempted by Gerjuoy and Schwinger But it may immediately 
be observed that this explanation would call for the existence of spin-orbit 
interactions of appreciable magnitude besides the axial dipole couplings, 

since the latter will not to a first approximation couple a -S state to any P 
state; this conclusion would be in agreement with the tentative inter¬ 
pretation of the fine structure of ^He as a P doublet splitting (17A3). 

A2«252, The **2p shell' nuclei. The next class of light nuclei to be 
considered comprises those which, on the simple picture of the quasi-atomic 
model, correspond to the gradual filling up of the 2p shell (10,32), The 
magnetic moments of the stable members of this class are all known 
experimentally. Since these nuclei allow of a fairly detailed treatment on 
the tt-particle model as well as on the quasi-atomic one, they afford a very 
instructive comparison of these two models of nuclear structure. 

The quasi-^atomic picture offers the easier approach. In the crudest 
approximation, the ground state of all *'2p shell” nuclei is of the type; 
the magnetic moment is accordingly given by (20) or (21) with (11), i.e. 

if/ — t^ — fipn + g, 

ii J — h - f^— "IrMpn + ip/* 

The calculation of the Lande factors gi by means of formula (17) requires 
knowledge of the expansion coefficients b in (14). On Wigner’s 
approximation (9,23), the latter quantities are independent of the particular 
way in which the interaction energy depends on the distances between the 
nucleons; they may thus be calculated for the case of the ”long range 
fiction” (10,31), which reduces the work to the solution of very simple 
secular problems **, The results, together with the corresponding gi values, 
are embodied in the following table: 


A2.252'-l. Ground states and orbital Lande factors of 2p shell nuclei on 
Wigner*s approximation 


Configu¬ 

ration 

Ground state 

Odd 

proton 

nuclei 

9l 

Odd 

neutron 

nuclei 

9i 

p* p>i 

('S?P) 

5Li >5JV 

1 

5He '50 

0 


nws^P)+Y(WD^p) 

71/ '3N 

t 1 

a 

TBe '’C 

2 

3 

p* p’ 

>'(5/9) CS^P) - (>D2P) ± )/(>73) 

9B "B 

a 1 

»Be »C 

1 


A symbol like (^S^P) represents the eigenfunction WtSLpLfi of a configuration in 
which the nucleons (protons or neutrons) in even number form by themselves a 
state, while those in odd number form a state. — The stable nuclei are in italics. 


* See the more detailed discussion by SACHS [47b], The later calculations of 
Mrs. Goeppert-Mayer and SACHS [48] ignore the possibility of spin-orbit couplings 
and use the inadequate form of nuclear potential mentioned in the footnote to 16,20, 

** The necessary data for setting up the secular equations for all 2p configurations 
are contained in table IV of FEENBERG and WiGNERs paper (37a]. 
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In constructing this table, account has been taken (as expressed by the 
first column) of the symmetry between particles and “holes" resulting from 
the symmetry of the nuclear interaction with respect to the charge of the 
nucleons; only in the phases of certain component wave-functions can a 
change occur when passing from the one to the other of equivalent 
configurations: if the wave-function corresponds to an odd value of 
Lp + Ln — L, it changes sign when going over from particles to “holes"* 
It can further be verified that the inclusion of interactions explicitly 
depending on the spin and isotopic coordinates gives rise only to small 
variations of the Vs even within a wide range of variation of the inter¬ 
action parameters *. 

The theoretical determination of the /-values necessitates consider¬ 
ation of the splitting of the ground state as a result of non-central inter¬ 
actions. Assuming only relativistic spin-orbit coupling (RoSE and Bethe 
[37]), the application of Inglis* rule (15.22) would indicate an angular 
momentum / = | for the nuclei with and p*'^ configurations, and 

] ^ for those with p*^, p'\ p^i configurations: this prediction agrees with 

observation except in the case of which very probably has an angular 
momentum However, one would expect the first-order non-central 
couplings of mixed meson theory (16.42) or the static axial dipole 
couplings given by other variants of meson theory (16.3, 16,41) to be 
determinant in this respect, rather than the weaker relativistic couplings. 
In a short note. Miss Phillips [40] indeed points out that the effect of 
the axial dipole couplings might remove the discrepancy concerning ^iB: 
the quasi-atomic model predicts above the lowest state two neigh¬ 
bouring levels with / f, viz. a ‘-Pi. and a state, and the axial dipole 
interaction might perturb these levels to such an extent as to depress one 
of them below the ^Pj state. The ground state of i^B would then be a 
mixture of -P« and 2 D 3 states. On the other hand, as stated by Miss 
Phillips, the axial dipole coupling would in all other cases lead to the 
/-value expected from experiment. 

If we adopt Miss Phillips’ interpretation of the ground state of ^^B, 
we must get a somewhat more accurate evaluation of its magnetic moment. 
For the -D state we find the representation 


n^D)= y* cs^D) + y^v c d^d) ± y^v cd^p) . 

whence, by (17), 

9m=%, 

and by (19), 

= — ic(^'D)P — H] - 

The experimental value, 

= f*p—0,1. 


(42) 

(42a) 

(43) 


* See Rose and BETHE [37] and especially INQLIS [38fc]. 
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exhibits a radical departure from the theoretical one for a pure state; 
if it is used to determine the D-admixture, it yields 

|c(2D)P;::;0.2. (43a) 

On the a^patticle mode/, each type of odd mass nucleus requires a special 
investigation in order to ascertain the quantum numbers of its ground state. 
The assignment of the orbital momentum A around the figure axis follows 
from symmetry considerations (1322) which do not involve any detailed 
knowledge of the interaction energy. But the determination of / and of the 
possible mixture of orbital momenta K = J zt I depends essenUally on the 
spin-orbit coupling. With the same parameter 0 as in (23). the latter 
interaction may be written in the general form 

^aAS + (lS)f^KS. (44) 

but it is very difficult (except in trivial cases) to say anything definite 
about the signs and orders of magnitude of the constants a. p and 0; the 
only relation to be expected on general grounds between a and p is 
i ^ I I a |, since the former refers to the rotation of the whole nucleus, 
while the latter concerns the orbital motion of a single nucleon, which 
corresponds to larger velocities. SACHS [39], in his systematic discussion 
of the problem on hand, attempted to deduce the required quantities 
from the assumption that the spin-orbit coupling was of relativistic origin, 
and that the Larmor term could be neglected (75.22). However, Inglis 
[39c] observed that in the case of "^Li (17,53) and this neglect was 
not justified: in the first instance, on the contrary, the Larmor term is by 
far the larger, and in the case of the two terms are of the same order 
of magnitude and opposite sign, so that no definite prediction can be made 
on this basis regarding the angular momentum of this nucleus. Moreover, 
Inglis showed that the relativistic spin-orbit coupling in would be too 
small to bring about any appreciable admixture of state to the 
ground state, in contradiction (as we have just seen) to observation. 
It must again be pointed out that the spin-orbit couplings actually 
operative are undoubtedly of other origin, but nothing is known about 
their properties. We have therefore no other course at present but to take 
all /-values over from experiment, and further apply the coupling (44) 
with undetermined coefficients, except for whatever restrictions on their 
range of variation the choice of J might imply; in this sense we may still 
use the results of Sachs’ paper. 

The outcome of the discussion is summarized in table ^42.252-2 below. 
The simplest cases arc those for which ^ 0: since the coupling (44) 

becomes K S, there is then no mixing of states with different K's; the 
expression for the magnetic moment has exactly the same form as on the 
quasi-atomic model, only with another numerical value of the orbital 
Land^ factor. Analogous circumstances present themselves in the case 
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A2.252—2. Ground states and magnetic moments of 2p shell nuclei 
according to a-particle model 

Nuclei 

j 

A 


K 







(obs.) 








7Li 

7Be 

;t 

1 

0 


1 






9Be 

,<> 

i 

1 


1 

1.2 

+ + 

if 

if 1* 

» 

« 

“1 

«i 



a 

1 

s 

1 

/V+iffl'I'+R?) 

if 1 e 

» 

a! 




1.2 

0,31/.^^ +0,76^^+ 0.58gr. 

- if 1 e 

« 


13N 


i 

0 


1 

— 7 t^pn + '^9^ 




>5N 

»50 

i 



1 

— fl f^pn + ^9- 






1 

j^^Z/A 

, = 9 

gp + (l-0) (Z/A) 





of 15N and in which, owing to the spherical symmetry, A in (44) 

becomes identical with K\ the value i of / implies aS + ^(I —0) > 0. In 
the remaining cases of mass numbers A zr 9 and 11, the value } = ^ 
gives rise to the condition aO + 2^(1 —^) < 0; the mixing of states with 
different /C-values depends on the ratio of the coefficient of spin-orbit 
coupling \a\ (the ^-coupling does not contribute to the mixing) to the 
energy separation 

1*1=I j ^}- K(K+i)+Hm+\)-m+i)-s(s+imi-^) 

= {J+h) f-/»{!-<?) : 

in the extreme case 1« 1 ^ 1 a 1, there is no mixing; in the opposite extreme 
case, mixing ratios * 


c(2D)P:lc(2P)P = l-.3 for A = 9 
= 3:4 for A = n 


(46) 


are found/The magnetic moment is the sum of the three contributions 
9 iven by (13) with (11). (18) and (25). respectively. 

We are now in a position to compare the observed magnetic moments 
with the predictions of both nuclear models. For this purpose, the most 


The take on the following values: 



A = 9 

A= 11 

‘^1,1, i = 

il'3 

2 

V7 

^2,\. i 

1 ! 

2 V5 


‘^2,2,-! “ 

IJ- 

2 
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suitable procedure will be to analyze the measured moments into a spin 
and an orbital contribution in conformity with the crudest approximation of 
the quasi-atomic picture: this is indicated in the 3rd and 4th columns of 
table A2,252-3; the two following columns give the calculated values for 
the quantities in the 4th column according to both models* The case of 
has already been touched upon in the preceding discussion: we have seen 
how the quasi-atomic picture could be improved to explain the experimental 
result, and provided a sufficient margin is granted the spin-orbit couplings, 
the a-particle model also covers this result; whether the actual non-central 
forces are of the required magnitude, remains a matter for further inquiry. 
The cases of ^Be and should presumably be handled in the same way 
as ^^B. The magnetic moment of (if the sign, as yet unknown, is 

taken to be negative) fits quite nicely with the unperturbed quasi-atomic 
picture; the «-particle model here requires the rather extreme case of 
purely orbital motion of the proton ‘‘hole'* (0 = 1) (Inglis [39a]). 


A2.252-“3. Observed and calculated magnetic moments of 2p shell nuclei 


Nucleus 

/ 

(ob.s) 

Observed moment 

Calculated 
on quasi-atomic 
model 

Calculated 
on a-partictc 
model 

7Li 

:< 

i 


/'p + 

0,4636 

0,33 

0.43 

9Bc 

3 


t‘n + 

0,734 

0,33 

0,22.. .1,03 

”B 

(t) 


f^p + 

— 0,1036 

0,67 

-1,31...0.73 


i 

(1 = 

— + 

0,064 

0,44 

0,31 

15N 

i 


— 3/^p + 

0,65* 

0,67 

0,31...0,67 


* Assuming the minus sign. 


All this evidence remains vague and inconclusive. The case of '^Li, on 
the other hand, has been studied in much greater detail. The difference 
between the two models is here clearly illustrated by the approximate treat¬ 
ment embodied in table A2252-3 (Bethe [ 38 c]): the spin contribution is 
the same in both cases, but the orbital Lande factors are rather different. 
On the quasi-atomic model, the two p shell neptrons are paired and only 
the odd proton spin contributes; the orbital momentum is about equally 
shared between these three nucleons, the closed s shell does not participate 
in the orbital motion *, and hence - On the a-particle model, the system 
consists of an a-cluster and a triton ('"^H) cluster: here again, the neutrons 
of the triton are paired and the spin moment is that of the odd proton; but 
the orbital motion is now shared also by the a-cluster, so that a larger 
orbital gyromagnetic ratio results. Roughly, all nucleons sharing equally 
as in a structureless droplet, we should have Z/A 3/7; somewhat 

more accurately, the orbital momentum would be shared between the two 


* For a formal proof, taking the motion around the common centre of gravity into 
consideration, see ROSE and BetHE [37]. 
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clusters in the inverse ratio of their masses, and since the specific charges 
of the a- and triton-clusters are ^ and respectively, one would expect 

+ = U = (47) 

Although this value deviates less from the experimental one than that 
given by the quasi-atomic model, it is too small and there is no obvious 
way of improving it; Inglis [39a] has verified that the polarization of the 
triton-cluster by the field of the a-cluster has no appreciable effect. On 
the other hand, various refinements of the quasi-atomic picture have not 
led to any substantial correction of the initial approximation. The Heisen¬ 
berg and Bartlett forces would reduce the orbital Lande factor gi to 
perhaps 0,3 (ROSE and Bethe [37], Inglis [38b]). The admixture to the 
ground s.ate of the configuration (^Psp) in which the spins of the 
neutrons are parallel is too small to modify the spin Lande factor signi¬ 
ficantly (Inglis [38b]). The second order perturbations due to inter¬ 
ference with excited configurations are negligible (Inglis [38b]). It is not 
likely that the axial dipole coupling would in this case give rise to any 
serious perturbation of the ground state (Phillips [40]). Altogether, 
therefore, the magnetic moment of '^Li remains a bit of a puzzle. 

A2«253« The *'2s shell* nuclei. If we interpret the building up of a 
nucleus following the completion of the 2p shell as the filling of a 2s shell 
(1032), we should expect the ground states of these nuclei to be of the 
2 S type, with the result that the magnetic moments of the odd mass members 
of this class would just be iipn. The a-particle model (SACHS [39]), as 
shown in table A2253, leads to the same prediction. The observed 
magnetic moment of reveals by its deviation from the predicted value 
pLp a perturbation of the ground state. On the a-particle model, one might, 
following Sachs, think of an admixture of the state with K = \ due to 
the energy terms arising from the centrifugal forces (which are usually 
neglected since they involve the square of the angular momentum). On 
the quasi-atomic model (Inglis [39a]), a different interpretation suggests 
itself: the spin dependent interactions will bring about a small admixture 
of a state, belonging to a higher supermultiplet, in which the two 2s- 
neutrons have parallel spins; this would give rise to a negative contribution 
(since jXn < 0) to the spin magnetic moment. 


A2.253. Ground states and magnetic moments of 2s shell nuclei according 
to a-particle model 

Nuclei 

/ 

A 

K 

iW 

(obs) 

17F 170 

19/7 19Ne 

i 

i 

0 

0 

0 

f^pn 

i^pn 

0,1646 


A2«26« Magnetif: moments of stable odd nuclei. Thanks to the rigorous 
expression obtainable (A2.221) for the magnetic moments of the stable 
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odd nuclei, the analysis of the empirical data in this case yields fairly 
precise information on the properties of the ground states of these nuclei 
(Sachs [46a])* Using the representation adapted to the quasi-atomic 
picture, we may say, since the angular momentum of the nuclei in question 
is 7=1, that the ground state is a mixture of ^S, and states. 

Since the P states, in the approximation of central forces, are found 
(10,22) to lie higher than the others, we may expect their proportions in 
the mixture to be small and even negligible for -H and (10,22), 
Combining formula (28) with the relation 

, |cPS)P= l-[|c(^D)P + |cCP)P + |cPP)P] (48) 

between the expansion coefficients, one finds 

M [ |c(^r>)P +1 k('P)P + |c(^P)i^]. (49) 

i.e. 

|c(^D)P + I ic(>P)P + i |c(»P)P = /?. /S = (50) 

If the P state admixture is negligible, equation (50) directly gives the 
^^D-admixture. In any case, we derive from (50) upper limits for the pro¬ 
portions of D and P states: 

|c(^D)i2 ^ /S. \c(W^. I ^. \cm\^ ^ 3^. (51) 

From (49) and (50) we easily deduce 

l-3P^^\c(^S)\^^l-^. (52) 

We may repeat this argument after interchanging the roles of and 
which simply means interchanging also iPand^P and replacing ^ by 1—/?; 
this yields the further inequalities 

|c(^5)P ^ 1 , |c(*P)P 3 (1^^). |c(^P)P I (1^/5), (51a) 

3^--2^ic(^D)|2^^, (52a) 

which are more useful when The application of these formulae to 

the data (table A2.21-\) yields the following results: 


A2*26* Ground states of stable odd nuclei 

Nucleus 

0 

p 

|c(3S)P 

|c(3D)p 

|c('P)P 

!c(3P)P 

2 D 

0,023 

0,04 

0,96 

0,04 

__ 

_ 

6 Li 

0,058 

0,10 

0,70... 0,90 

0 ...0.10 

0.,.0.15 

0...0,30 

lOB 

0,281 

0,49 

0,51 

0,49 

— 


MN 

0.476 

0.835 

0...0,165 

0,505.. .0,835 

0...0,495 

0... 0,248 


As regards the further question of the couplings responsible for 
admixtures of such orders of magnitude, little definite can be said. Inolis 
[39a] has shown, in the cases of ^Li and that neither the Coulomb 
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energy, nor an amount of spin-orbit coupling sufficient to account for the 
separation of the ’'Li doublet (17.5) would be able to yield more than a 
small fraction of the observed difference — /i. The axial dipole couplings 
are probably much more effective. 

A2,26L Unstable odd nuclei. There is a type of nucleus not covered 
by the foregoing discussion, viz. the odd nuclei of mass number 4a and 
neutron excess zii2, of which one example, the long-lived isotope has 
been investigated experimentally as regards its magnetic moment (table 
A2.27-3). Among the “2p shell** nuclei, the pairs of conjugate nuclei 
«Li~«B, belong to this type. They may be treated by the 

same method as the odd mass nuclei on the quasi-atomic model (ROSE and 
Bethe [37]). The characteristics of the ground states are as follows: 


Configuration 

Ground state 


9i 


9l 

p* p® 

± (i(2/>2P)+ I'l 

»H '2N 

K 

8B 

7 

¥ 


According to (19) and (12), the magnetic moments are given by 


= + (53) 

Relativistic spin-orbit coupling (limited to the Thomas effect) indicates 
J = 2 for ^Li-^B and ] = 0 for but these /-values are, of 

course, very uncertain. 

The case of ^oK is rather strange (Inglis [41]). From the possible 
components of the ground state: 

1 G 4 , 3 FG/f 4 , etc., 

the singlet and triplet ones are both excluded (as predominant components), 
because they would most probably imply a positive magnetic moment: this 
is obvious for the ^G 4 state, since gi will certainly be positive; and if we 
assume that in the triplet states gs is as for the light odd nuclei, 

we shall have in the most favourable case, viz. that of a state, 

= ^ (6gi — gs)f which is positive for any plausible value of gi. For 
quintet states, we expect the gyromagnetic ratio gs to be made up of one 
proton and 3 neutron contributions, i.e. 

gs = \{f^p + 3f>^n) = -\M. (54) 

whereas gi might be corresponding to equal sharing of the orbital 
momentum between those four nucleons. Then, two of the possible quintet 
states, viz. and are found, by (19), to give negative values of 
acceptable order of magnitude for the magnetic moment: 

M*D,) = 2(p, + ^,) = _2.44 

M'F.) = i = -1.41. 

We are thus driven to the conclusion that the ground state of ^oK would 
probably be a mixture of the quintet states 5 D 4 + although there is 
no obvious reason for the lack of pairing of two neutrons in this case. This 
difficulty docs not seem to arise in the case of the heavier odd nucleus 
^76Lu, whose ground state could well be a triplet one (iNGLiS [41]). 
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A2*27* Relativistic correction to the magnetic moment. The preceding 
considerations have been based on the non-^elativistic expression for the 
magnetic moment and although there is little doubt that this approximation 
is quite sufficient, it may be of some interest to estimate the order of 
magnitude of the relativistic correction. About the exact form of the 
magnetic moment operator there is some uncertainty owing to the occur¬ 
rence of the anomalous moments of proton and neutron. However, if we 
accept the principle of the explanation of these moments on field theory, 
we must regard them as originating from a definite current distribution (cf. 
6,13) and we then simply get, for the magnetic moment of a nuclear 
system *, 

M = 2 e'/' (Jf + fio ): (56) 

i 

this formula differs from the non-relativistic expression (1), (2), (3) by 
the occurrence of the operators implying corrections of the second 
order in the nucleon velocities. We shall carry out the computation of this 
correction in two cases: 

(1) one nucleon moving in a central field: this may be taken as a crude 
picture of the situation obtaining in odd mass nuclei (A2,23); 

(2) the ground state of the deuteron. 

Nucleon in central field. The well-known solution of Dirac's equation 
in this case ** may be written in our notation (4,21): 

w = «^+(e3) v'+ + w -; 

yr^ F^r) 

"" Fife ‘ F.(r ): (57^ 

/ =j + i : 

V-+ = [0=^- yr^ v4oz) + fi+m+l yr^ F^r) 

V-= yr-i^v4o'z)-F.{r). 

From the wave-equation, involving the potential energy V(r), one readily 
derives the relation 

f{E-V + M)\tp^\^dvz=J(E-V-M)\yj+\^dv ( 58 ) 

* See, e.g., MoLLER and ROSENFELD [43], p. 41 sq. In formula (37) of this paper, 

however, the factors are wrongly omitted from the terms containing the anomalous 
moments. 

** See, e.g., Bethe [33], p. 311 sq. 
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between large and small components v’+. V-i not too high velocities, 
the left-hand side can be r^laced by 2 M / | |2 dv, so that 

/|v_Pd,;;^2^/(£-V-M)(iv+P + |v-P)rfp; 

the integral on the right represents the average kinetic energy of the 
nucleon in the stationary state y’* Denoting by the ratio of this quantity 
to the rest energy M, we thus have 

(59) 

to which we may add the normalization condition in the form • 


f\xp+\^dv=: 1 —i/52. 


(60) 


With the help of these formulae, it is an easy matter to calculate the 
magnetic moment. One finds 


l=J- 


1 . 

IS • 


avp3 «, = y 


/=;•+ 


1 ... 


av Q, h 


[/- 

J L 


2/+3 




av £>3 Iz [f + 1 - y'fj /S^] . 


(61) 


Hence, the correction J// to be added to the non-relativistic expression for 
the magnetic moment jn is, for both values ol I = j ±: i, 

= — gp] . (62) 

For odd mass nuclei, this would mean a correction of the order of 1 %. 


In treating this problem, Margenau [40a] and Caldirola [46] prefer 
to compute directly the average value, in the state (57), of the interaction 
energy of the nucleon with a constant external magnetic field. Margenau’s 
statement that the calculation of the average value of the operator (1), 
(2), (3) gives a different answer is, of course, formally correct, but he 
seems to have overlooked the fact that this operator is not the true 
expression for the magnetic moment. If the factors are introduced, as 
in (56), no discrepancy arises. Margenau's treatment of the anomalous 
moments is thus necessarily inadequate; in this respect, Caldirola indicates 
the right procedure, which consists in starting from the Hamiltonian 
(4221-9)t in which, however, a factor p 3 must be inserted in the last term. 

Ground state of the deuteron*. Using the representation (4.33-18) 


* The folJowing calculation is inaccurate inasmuch as it neglects the second order 
correction to the Hamiltonian of the deuteron problem (15,22), and it accordingly does not 
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of the eigenfunction of any stationary state of the deuteron, we must in 
the first place fix its normalization* Multiplying it by some suitable con¬ 
stant C, we may write down the normalization condition, exact to the 
second order in the nucleon velocities, 

|CP[/lJl^4-/|vP] = l. (63) 

( 0 ) ( 1 ) 

We may now take for \p and y) the expressions (4.34-29b), in which the 

( 0 ) ( 1 ) 

radial functions are normalized to unity* Thus, f \y^\^ z=z and for /1 yj |2 
we get for instance in the case I = j — 1: 



“ i cfr HE 

'o 

in virtue of the wave-equation (4*3J/--27)* The quantity represents the 
ratio of the mean kinetic energy per nucleon to the rest energy of a nucleon* 
The other cases yield the same result, so that we get from (63) 

(65) 

Now, for the expectation value of any operator of the form 

in which the A*s do not contain the q*s we get, again neglecting a term of 
higher order, 

av A = I Cp [/ Y,* Y. + / Yo* Yo 

+ /Yo*(A<‘»-A®)Yo]: 

( 0 ) 

calling A the non-relativistic approximation, given by the first integral 

claim to be more than an estimate of order of magnitude. Calculations taking account 
of this correction have been carried out, for the state, by Brbit and BloCH [47c]* 
Adopting the Hamiltonian (75*22-16), they find an additional term to the first 

formula (70); with the Hamiltonian (75.22-17), the additional term is — cq/M^ 
Similar calculations by SACHS [47a] are incorrect in so far as they do not use the complete 
second order Hamiltonians, 

Sachs [47a] and PrimAKOFF [47] discuss the influence of axial dipole forces on the 
relativistic correction to the magnetic moment. 
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between the brackets, we may write the relativistic correction, up to the 
second order in the velocities, in the form 

JA = - /SM + 2 9{ / Yo* (A*'-Yo • (66) 

In all states with / j, the last term of this expression vanishes. In the 
states with / = ;dtl, this term involves a singlet-triplet transition and 
therefore vanishes, in particular, for all operators independent of the spin 
coordinates. For the magnetic moment of the deuteron, we have 

( 0 ) 

Aiii = — , (67) 

the term Aju' arising from the spin term only. Since 

av = av T- = ^, (68) 

we get 

= /.o [/ Yo* . 

for which a straightforward calculation, using (64), yields 

V = (69) 

the ± signs correspond to / =r:; 1, respectively. In particular, the cor¬ 

rections for the components of the ground state are 

The order of magnitude of is 1 %. 

A23* Quadnipole moments of nuclei 

A2.3L The empirical data. Electric quadrupole moments have been 
determined for a large number of odd mass nuclei; in addition, the electric 
quadrupole moments of two odd nuclei, the stable and the long-lived 
I'^^Lu are known. Recently, the analysis of the hyperfine structure of 
microwave molecular spectra has revealed the existence of quadrupole 
moments of ( Simmons and Gordy [48] *, Gordy et al [48a], 
Townes et aL [47a]) and of the ^5, stq and siBr isotopes 
(Townes et al, [47a], Gordy et al, [476, c]). By this method, the absolute 
values of the quadrupole moments cannot be ascertained without further 
study, since the quantity measured is the product (A2,ll-6) of the qua¬ 
drupole moment by the gradient of the electric field; only the signs and 
the ratios of the moments of isotopes can be given directly. However, for 
heavier nuclei, an estimate of the field gradient, and consequently of the 
quadrupole moment itself, can be inferred from data of atomic spectroscopy* 

* This paper contains references to previous work, experimental and theoretical. For 
the theory of the effect, including second order corrections, see further BarDEEN and 
Townes [48]. The authors do not all use the same convention as regards the definition 
of the quadrupole coupling; sec a clarifying note by FelD [47], 
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(Townes [476]); this method involves the neglect of the distortion of 
the electronic clouds due to molecular binding. Its application to the case 




A2.31. 

Electric quadrupole moments of nuclei 


Nucleus 

/ 

fi 

Q 

Nucleus 

/ 


Q 




cm* 




IO-a< cm* 

I Odd mass nuclei 


Odd proton nuclei 


Odd neutron nuclei 

17'^^ 

1 * 

1,368 

- 0.0795 


! 



J 7 L .1 

R ★ 

1,136 

- 0,062 





29 C-U 

1 

2,227 

- 0.1 



[ 


29 C-U 

5 

2,385 

~ 0.1 







1,994 

0,186 





3lGa 

ft 

5 

2,540 

0,117 






ft 

7 

1,6 

0.3 





790,. 

35°*^ 

8 

2,107 

Q;^ 0.2 





35Br 


2,271 

0.77 • Q 


ft 

~ 1,0 

0.15 


0 

i 

5,49 

0,84 





127t 

53* 

ft 

5 

2,8 

0 . 8 ? 

'?>Xe 

8 

9 

0.7 

0 ± 0,1 

«Eu 

ft 

3.4 

1.2 





‘gEu 

ft 

1,5 

2.5 


ft 

7 

-0.65 

3.9 

>”Lu 

i 

2,6 

5.9 





00 

ft 

7 

3.3 

2.8 






ft 

,7 

3.3 

2.6 

IjHg 

ft 

7 

- 0,6 

0.5 


n 

7 

3,6 

— 0.4 





Odd nuclei 


Stable odd nuclei 


Unstable odd nuclei 

P 

1 

0,857 

2,73 •10-3 






1 

0,403 

0 , 01 ... 0.1 


>7 ' 

3.8 

7 

\ 

* From molecular data, however, TOWNES et aL [47a], derive a /-value |. 


of NH 3 , from which the quadrupole moment of should be derived, is 
therefore rather uncertain, and only approximate limiting values can be 
indicated*. On the other hand, the quadrupole moments of the 35, 37 Q 


For the deuteron case, see footnote to (6J2--7). 
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isotopes have lately been measured by an atomic beam method {Davis et a/. 
[48]); this would enable us in this case to derive from the molecular data 
some direct information about the field gradients in the various molecular 
structures studied. All available results arc collected in table A2.37; referen¬ 
ces to the sources will be found in iNGLis' oft-quoted paper [41] It is a 
most striking feature of this material that almost all quadrupole moments are 
positive, indicating an electricity distribution elongated along the axis of 
angular momentum of the nucleus. Moreover, with increasing charge 
number, the values of the quadrupole moments pass through a maximum 
at about Z ~ 71. 

In addition, it has been verified (Dailey et at [46], ToWNES et aL 
[47c]) that, in accordance with the theory (A2.13), the nuclei 
33S, foi which J = and 34S, with J =: 0, have no quadrupole moment. 

A2*32» Quadrupole moments of odd mass nuclei and nuclear models. 
It is obvious that the elongated form of many nuclei revealed by the 
positive quadrupole moments is incompatible with the droplet model, 
according to which the only shape stable against arbitrary distortions is 
that of an oblate ellipsoid of revolution around the axis of angular 
momentum. Moreover, the quantitative discussion carried out by Miss 
Way [39a] shows that the flattening due to rotation would be much too 
small to account for the absolute value of the negative quadrupole moment 
of 209Bi. Ju.st as the magnetic moment, the electric quadrupole is an essen¬ 
tially structural property of the nucleus. And just as in the case of the 
magnetic moment, it is, as emphasized by Inglis [41], the a-particle model 
that affords the best possibilities of interpretation. 

In the first place, the investigation of the stablest packings of hard 
spheres (Wefelmeier [37a]) suggests that the most elongated framework 
of a-particlcs is in the neighbourhood of Z 71, just where the largest 
quadrupole moments are observed. However, it is essential for this inter¬ 
pretation that the total angular momentum should orient itself along the 
longitudinal axis of the framework. Now, the evidence from the magnetic 
moments suggests, as we have seen, that the ground state of an odd mass 
nucleus is a doublet state, in which the direction of the total angular 
momentum coincides with the average direction of the orbital momentum; 
further, the latter seems to be largely ascribable to the motion of the odd 
nucleon. As pointed out by Fano [37], the exclusion principle entails a 
repulsion of a nucleon by an a-cluster, and consequently a concentration 
of the wave-function of the odd nucleon as far away as possible from the 
concentrations of a-clustcrs: for an elongated structure of the a-clusters, 
this means an orientation of the orbital momentum of the odd nucleon 
along the longitudinal axis, as required for the explanation of the positive 

All the quadrupole moments given in the table, with the exception of those of 

»iBr, and have been determined directly by methods involving only the atoms 
of the elements concerned. For the isotopes, the recent results of BECKER and. 

^KUSCH 148] are given. Concerning see also GORDY et aL [48b]. 
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quadrupole moments. The same argument applied to a flattened structure 
would lead to an orientation of the orbital momentum perpendicular to the 
figure axis; taking the zero point rotation into consideration, this situation 
would correspond to spherical symmetry of the average charge distribution 
and a vanishing quadrupole moment. 

The fact that negative quadrupole moments occur only among odd proton 
nuclei is also in harmony with the picture derived from the interpretation 
of the magnetic moments. For the motion of single proton with a non¬ 
vanishing orbital momentum Lp in a central field gives rise to a negative 
quadrupole moment (Bethe [33], p. 557) 

Qlp — (QLpmp)mp=Lp = — av , 

where 

^_2[3ml-Lp(Lp+l)-] ^ 

QLpmp— (2Lp-\)(2Lp+3) ^ ' 

and this remains true for heavier nuclei, as we shall see presently {A2321), 
when the interaction with the other constituent nucleons is taken into 
account. If the framework of a-particles is nearly spherically symmetrical, 
the negative quadrupole moment of the odd proton may determine the sign 
of the whole effect. This simple interpretation, however, docs not seem 
immediately applicable to the five known cases of nuclei with negative 
quadrupole moments, because it is not clear that their a-framework should 
have nearly spherical symmetry, (For the detailed discussion, see INGLIS 

[ 41 ].) 

A232\* Quadrupole moment due to a single proton. The preceding 
discussion must be completed by the proof of the property just enunciated: 
in heavier nuclei, the motion of a single proton gives rise to a negative 
quadrupole moment. This proof has been given by Welles [42], Assuming 
the ground state to belong to the lowest supermultiplet, we have S ^ 
and L zzz J ± The substate with m J corresponds, for L = / — to 
definite values mi = L and ms = ^ oi the z-components Lz and Sz; but 
for L = ] + we have a mixture * of two states with mi = L, ms = — i 
and mi = L — 1, ms ^ +^-: 

^Z,=ry+i;5::^i y i ^L=y+I;m/=y-i;m5=:i • (3) 

If We therefore write the eigenfunction of the ground state (with m = J) 
in the form 

^ ifL=y~i;5=i + !PL=y+i;S=*» (4) 

• See E. CWDON and G, ShORTLEY, The theory of atomic spectra (1935), Chapt. V, 
4, formula (86), p. 123. 


( 1 ) 

( 2 ) 


16 
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we have for the quadrupole moment 

Q=|c,_,p 0,-1+[fffi q;.,+0,-.,] 

1 


-29lc: 


7-4 V+4 1/ 


nj+2 


qj- 


( 5 ) 


In this formula, the average values Qy_j* ^j+\* ^7+4 diagonal 

elements of the operator 3z^ — r2 of the odd proton with respect to the 
wave-functions Hf^Lm/m^with L = mi = J—L = mt= /+ J and L = J+i, 
mi = J —J; the non-diagonal clement 


q> = / = } {3r*—r^) !Pz.=y+J;m,=y-l;ms=i (6) 

is gcnert\lly negligible. 

The computation of the Q’s necessitates a further decomposition of the 
eigenfunctions. In the first place, we write 


nig — 2bLmimg\LpLfi ^Lmi;LpLji * ( 7 ) 

Lp being the orbital quantum number of the odd proton, Ln that of the 
'‘core'' formed by the neutrons and the other protons (assumed to give 
rise to a spherically symmetrical charge distribution). Further, 


where 99 is a function of the coordinates of the odd proton alone, and % ^ 
function of the coordinates of all the other particles. The expansion 
coefficients (Lml\mpmn)LpLf^ can be derived by arguments from group 
theory *. With the expansion (7), the Q's take the form 

Qlnii ^ 2 j \bLm^mg;LpLji\^ Cilmi;LpLf^ 

~f" 2^ ^img;Lp±2fLfj bi,m^pii^,LpLji qi.p * 

with diagonal elements OLm^Lpin respect to the WimiiLpin 
diagonal elements corresponding to a change from Lp±:2 to Lp. 
Again, the contributions from the latter elements can be shown to be 
small owing to compensation of terms of both signs. The diagonal elements, 
according to (8), are given by 


QLmi-,LpL„= 2 \{Lmt\mpmn)LpL„\^ Qlptn. . (10) 

mp+ntfizsmf 

with Qipnip defined by (2). The average avr2 occurring in this last 
quantity can be estimated, e.g. by assuming the odd proton to move in some 
fictitious central field, as usual in the quasi-atomic model; the order of 
magnitude of av r2 is, of course, that of the square of the nuclear radius 


/?2 = rl A2/3 - 2A2/5 • 10-26 cm2. 


They are given, e.g., by E. CONDON and G, ShORTLEY, op. cit. Cbapt. Ill, 14* 
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It will be observed that the Qipmp occurring in the average quadrupolc 
moment (10) of a proton of given orbital momentum in the nucleus may 
in general be of both signs, so that, in contrast to the case of an isolated 
proton, the average Qi/n/;ipL„can be positive as well as negative. However, 
if we make the assumption, consonant with the droplet model {A2.22^22), 
that all \bifnims;LpLn[^ approximately the same, the overall averages 
turn out, on actual calculation, to be always negative, though 
smaller in absolute value than the single proton moment (1). As regards 
the average calculation shows that it is related to by the simple 

equation 

^ 7+1 ~ 2/+1 

so that the total contribution corresponding to L = / + ^ in (5) is 


( 2 /^ 1 ) ( 7 + 2 ) , 

(2/+l)(7+l) 


( 12 ) 


the coefficient of is always positive, except for / zr when it vanishes, 
as it should {A2A3), Welles’ final results are as follows: 


/ 

Q/av r2 

3 

-0.057(1+0.72 |cy+j P) 

5 

'3 

-O.H (l+0.14|Cy+jP) 

i 

-0.19 (1+0.31 |cy+jp) 

3 

-0,27 (1 + 0,2 |c/^.jP) 


In particular, one gets 

for Cu: Q;^~-0,05 (1+0,72 10-24 

(14) 

for Bi: Q;:5-0,33(l+0,2|c^^J2)io-24cni2. ^ f 

according to these figures, the observed negative quadrupole moments 
might well be due to the motion of a single proton around a spherically 
symmetrical core. 


A2322« Quadrupole moments of light nuclei. If we adopt quasi- 
atomic model representations of the ground states of light nuclei, such as 
those given in table A2.252-1 for the odd mass 2p shell nuclei and in 
A2.261 for the unstable odd nuclei of this class, we can compute accurately 
the quadrupole moments of such nuclei. This has been done by WELLES 
[42]. Far from being negligible, the cross-terms analogous to the qf of 

formula (9) above are often predominant; but this is a feature of the 
quasi-atomic model, connected with the small number of component wave- 
functions entering into the representation of the ground state. Con¬ 
figurations symmetrical with respect to particles and “holes”, but cor¬ 
responding to the same value of the angular momentum yield, of course, 
quadrupole moments of opposite signs and nearly equal absolute values 
(the difference arising only from the slightly unequal avr^): these circum- 
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stances occur for the pairs ^Be-iiC. Table A2322 summarizes 

the results obtained by Welles: 



A2322* 

Calculated quadrupole moments of light nuclei 

Nucleus 

/ 

Q 

Nucleus 

/ 

Q 



lO”'-® cm® 



10-^' cm« 



-2.7 

7Bc 

3 

s 

-5.7 

9B 

3 

-i 

- 1.2 

9Bc 

3 

3.4 

"B 

i 

1.3 

"C 

3 

1 

-3.9 

UN 

1 

1 1 

0 

13C 

i 

0 

*Li 

21 

1.4 

»B 

21 

7,6 

'2N 

01 

0 

»2B 

01 

0 


A233* Quadmpole moments of stable odd nuclei. Like the deuteron, 
the other stable odd nuclei should exhibit quadrupole moments, increasing in 
magnitude as the mass number increases, owing to the increasing amount 
of D (and perhaps P) state entering into the representation of the ground 
state (A2.26). The expected order of magnitude would be roughly 
lO--^^ cm^ (as for other light nuclei; cf» table A2322). Hitherto, 

we have only some indication about the quadrupole moment of {A231). 




APPENDIX III 


STRONG COUPLING THEORY OF NUCLEAR FORCES 

A3*04 For a first introduction to the subject of strong coupling theory, 
Paulas booklet Meson theories o[ nuclear forces [46] can be recommended; 
further, section 4 of Wentzel’s article Recent research in meson theory 
[47] gives an authoritative survey of the question, with full references to 
the original papers. The following notes have no other purpose but to 
mention the main points of interest, 

A3.L Excited states of nucleons 

A3«ll« Theory. The Hamiltonian of a single nucleon at rest consists 
of a term describing the pure meson field created by it, and another 
expressing the interaction between this field and the nucleon. The latter 
contains a source density involving a spatial distribution function D(P) 
(135) and some operator depending on the spin and isotopic variables 

(7, T of the nucleon. Likewise, the operator defining the angular momentum 
of the nucleon is of the form 

S = io + 5fi*ld. (1) 

the term sbcM » which represents the angular momentum of the meson field, 
being a function of the field variables alone; a similar operator in isotopic 
space may be introduced: 

t = i r + tficid» (2) 

by means of which the charge of the nucleon (in units e) is expressed 
as i — tz. 

The fundamental problem consists in finding a canonical transformation 
which reduces the Hamiltonian to the diagonal form. More generally, we 
may assume the field originally to include also free mesons: the trans¬ 
formation in question then effects a separation between the proper meson 
field of the nucleon and that representing the free mesons. The eigenvalues 
of the total Hamiltonian are obtained in the form of an expansion with 
respect to decreasing powers of the coupling constant g (135)\ a constant 
term in is interpreted as the self-energy of the nucleon; terms independent 
of g pertain to the “free” meson field, distorted by the presence of the 
nucleon, and thus include a description of the scattering of mesons by the 
nucleon; finally, a term in g-'^ occurs, representing the excitation energy 
of the nucleon due to the inertia of its spin and charge. This last term 
has the simple form of the proper energy of a symmetrical top, such 

that the components of s correspond to the projections of the angular 
momentum of the top on axes fixed in space, while those of t 
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same part as the projections of the angular momentum on axes rigidly 
fixed in the top. Denoting by ; the quantum number of the angular 
momentum (/ = and by n an eigenvalue of its projection fg on the 

"body-fixed” axis 3 (| n | :< ;), we obtain the energy values 

Ej,n = const + i e [2y(/+1) — (3) 

in the case of a charged meson theory (831), and 

Ej = const + i €jXj +1) (4) 

for a symmetrical or neutral theory. In these formulae, e I being 

defined by (7.35-16); the exact relation of the symbol g to the source 
constants of the meson fields (1531) depends on the types or mixtures 
(1532) cf fields assumed. 

A3«12* Scattering of mesons by nucleons. It was first pointed out by 
Heisenberg [39] that the inertia of the spin and charge of a nucleon 
would have a considerable effect in reducing the scattering cross-section 
for mesons, especially for high meson energies, i.e. high frequencies of the 
meson field. While ordinary perturbation theory, when this inertia effect 
is neglected, leads to a cross-section increasing as the square of the meson 
energy, the inclusion in the calculation of the proper field of the nucleon 
gives rise to an extra factor which brings the cross-section down to a 
finite limiting value for very large meson energies. It must be stressed, 
however, that even without regard to spin and charge inertia, a similar 
modification of the scattering cross-section at high energies can be achieved 
by an improvement of the perturbation theory, enabling it to take account 
of the damping reaction of the meson field on the nucleon. 

A3*13^ Electromagnetic properties of nucleons. The proper meson field 
of a nucleon gives rise to an anomalous magnetic moment, and also to a 
spread of • the charge distribution around the nucleon, leading to an 
additional electrostatic self-energy. These effects have been carefully 
studied by HoURlET [45]. In first approximation, one finds that the 
anomalous magnetic moments of proton and neutron would be equal and 
opposite, while the mass difference between proton and neutron as a result 
of the charge spread would have the wrong sign; and these defects cannot 
be remedied by the correction terms appearing in higher approximation. 

A3.2* Properties of the deuteron 

A3*21* Static interaction. The strong coupling form of static inter¬ 
action between two nucleons can be derived by applying the method of 
canonical transformation mentioned above (A3.11) to the Hamiltonian of 
a pair of nucleons at rest a certain distance r apart, interacting with 
the meson fields: the interaction potential appears among the terms pro¬ 
portional to g^ (i.e. of second degree with respect to the various source 
constants). On symmetrical meson theory, the result can be expressed 
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very simply with the help of the transformation matri?c effecting the 
transition from body-fixed axes to axes fixed in space in our notation, 
the elements of this matrix are conveniently represented by a set of three 

vectors c in isotopic space, such that 


s = ct 


cs. 


( 1 ) 


It is then found that the operators ^(D ^ 2 ) £)(i 2 ) must be 

replaced (apart from a numerical factor) by e^2) and 

(et*Co)(c<2>Xo)- 

respectively. Physically, this entails an intimate interdependency of the 
spin and charge degrees of freedom, which would result in a much more 
complex mixing of states of different orbital momenta and multiplicity 

than on the weak coupling scheme. In fact, the operators e^), being 
given by their representation with respect to the individual quantum 
numbers 






one has to go over to the representation in terms of the quantum numbers 
/, K, £, /; /(i), of the two-nucleon system, defined as follows: /, K are 
the quantum numbers of the spin angular momentum and isotopic variable, 
while £, / are those of the orbital and total angular momentum: 




(3) 


(s(i)+ 5 ( 2))2 =/(/_(. 1 ), (t<‘>4-ti«)2 = if(/i:+l). etc.; (2) 

one has 

\jW-p\^j,K^p+j 
I /-I 1^ I ^J + L 
Since there is now an infinite sequence of /-values corresponding to the 
isobaric states /(D, a state with a given value of I will involve a 
mixture of an infinity of states with different L and }; e.g. the and 
states of the deuteron will actually be mixtures of the respective types 

3S + 3D + 7D + 7G + 11G+... and + 9G+.... 

A3*22« The S states of the deuteron. In order to discuss quantitatively 
the bearing of this situation on the account of the known properties of 
the deuteron, Villars [46] has transposed to the strong coupling case 
Rarita and Schwinger's schematic treatment of the distance dependence 
of the potential (16,2); i.e. he adopts for the distance dependence of the 
central and non-central parts of the potential, characterized by the operators 

in c and Xq given above, wells of different depths and equal widths. The 
constant e occurring in the expression {A3,11-4) for the excitation energies 


* See, c.g. H. CASIMIR, Rotation of a rigid body in quantum mechanics, thesis Leiden 
1931, p. 7—11, 44 sq., 50 sq. 
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of the isobaric states is a further parameter, whose value may be varied 
within certain limits. In fact, we may write 

and the condition (135-17) for strong coupling yields 

^<1- (5) 

Villars determines, for chosen values of e and the potential width D, the 
potential depths required to account for the binding energy and quadrupole 



Fig. A3.22. Values of potential depths for different widths D and isobar excitation 
energies f, according to ViLLARS [46]. Villars’ V and U correspond to 3J and 9aJ‘ 
respectively, in the notation of (16.27-1). The corresponding values of the energy E of 
the state of the deuteron are also indicated on the diagram. All energies are expressed 
in MeV, the width D in units 10”^^ cm. 


moment of the deuteron; for this purpose, he restricts himself to a mixture 
+ 7D and verifies by control calculations that this approximation 
is permissible. He might have added the requirement of accounting for the 
magnetic moment, which would have fixed the width D for every assumed 
value of €. From the figures he gives for the amounts of and 
admixtures, it would seem that, whatever the s-value assumed, the 
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potential width should not be far from the value D ^ d of Rarita and 
Schwinger's theory (which corresponds to £ =: co); moreover, as we shall 
see presently (A3.3). the first saturation requirement implies that the 

distance-dependent factor V of the central potential operator efDc^s) must 
be positive (corresponding to an attractive central potential in the ground 
state), and this condition puts a lower limit to the width, for which values 
not much below d are obtained: they vary from 2,6 • 10~i3 cm to 
2,3 • 10 ”“cm for e varying from 30 MeV to od. As regards the potential 
depths, that pertaining to the non-central part of the interaction hardly 
shows any dependence on the value of e: just a slight increase with 
decreasing e; the depth of the central potential, on the other hand, decreases 
markedly with decreasing e: for £ = 30 MeV, e«g., it is less than half the 
Rarita-Schwinger value pertaining to £ = co. All these features are clearly 
illustrated by fig. A3,22, reproduced from Villars’ paper. 

Having fixed the potential depths, Villars proceeds to calculate the 
energy E of the state. The admixture is found to depress this 

state to a considerable extent, so that it generally becomes a state of binding 
unless very high values of e are assumed. In fact, the accompanying dia¬ 
gram shows that a virtual level cannot be obtained for any £ below 

200 MeV. Since this figure is far larger than the extreme limit of 

100 MeV above which the condition (4), (5) for strong coupling is no 
longer fulfilled, the outcome of this investigation is to show rather strikingly 
that the actual situation is much nearer the weak than the strong coupling 
case. 

A3*23* Fast neutron scattering by protons. Even when one disregards 
the effect of admixture on the states, one finds that the effective 
potentials in the ^Po,i ,2 substates have radically different properties 
according to the strength of the coupling, i.e. the value of t. In comparison 
with the Rarita-Schwinger case, the effect of a finite value of £ is to 
depress the effective potentials of the three substates, with the result that 
both the 3Po and potentials become attractive and the scattering ratio 
A (833-23) is accordingly decreased; for £ iz: 180 MeV and 14 MeV 
neutrons, Villars finds A = 0,97. 

A3.24* Charge independence of nuclear interactions. It might be 
thought that a strong coupling theory could give rise to charge-independent 
interactions even with charged meson fields only (8.31). But an explicit 
calculation by JOST [46] has established that the approximate equality of 
like and unlike particle interactions cannot be obtained on this basis. 

A3*254 Excitation of isobaric states. Processes involving a sufficient 
amount of energy should be expected to lead to excitation of isobaric states 
of the participating nucleons. Some instructive estimates of the effects to 
be expected have been published. JauCH [46] discusses the inelastic photon- 
dissociation of the deuteron. Assuming the first state of excitation of the 



432 


A liU STRONG COUPLING THEORY 


A33 


nucleon to lie at about 45 McV, he finds that the ratio of the photoelectric 
cross-sections (the only ones of importance for high energies) for the 
inelastic and elastic disintegrations has a maximum of about 0,07» which 
is reached for an initial y-ray energy of 87 MeV. LoPES [46» 47] has 
calculated, upon various assumptions about the energy of the first excited 
state, the inelastic scattering cross-section of very fast neutrons by protons: 
he finds for the ratio of this cross-section to that for elastic scattering 
values of the order 10“^ as soon as the excitation energy of the first 
isobaric state is of the order of a few hundred MeV. 

A3 Saturation requirements 

The problem of the saturation of the nuclear interactions has been studied 
on strong coupling theory especially by COESTER [44], His treatment is 
based on the approximation of the individual model; further, he replaces 
the non-central part of the potential by its average over all angles, so that 
he deals essentially with an effective central potential of the general form 
J(r)0, O being the operator which embodies the spin and isotopic varia- 

bles: in a symmetrical theory, we have {A3,21) in a neutral 

theory. 0 Ei: . 

The first saturation requirement (11A3) is fulfilled by all theories for 
which J(f) >0. Coester’s proof of this general saturation condition may 
be illustrated by the simplest case of a neutral theory. In this case, the 

operator O is the cosine of the angle a between the two unit vectors eJJ^ 
symbolizing the spin states of the interacting nucleons. At small distances, 
i.c* I ^ the lowest stationary state of the system of two nucleons 

is obtained by minimizing the potential energy J(r) cos a, i.e, for a = 0 if 
J < 0 and for a n if J > 0. For a system of A nucleons, the former 

possibility leads to a '‘freezing** of all vectors parallel to each other 
and, consequently, to a predominance of ordinary non-saturation forces. 

If, however. J >0, the vectors will tend to “repel** each other and to 
distribute themselves uniformly over all directions: the resulting average of 
the ordinary part of the total potential energy therefore vanishes, at any 
rate in the approximation of the Fermi gas model. 

The second saturation requirement presents a special problem owing to 
the existence of isobaric nuclei of arbitrary charge; it must be examined 
whether this might not lead to a greater stability of nuclei in which a 
certain number of neutrons or protons have been replaced by isobars of 
negative charge, thus leading to a smaller charge number than expected 
for a system of neutrons and protons. The problem is discussed by Coester 
in the Fermi gas model approximation; he treats the limiting cases of both 
large and small e [i.e, e large or small compared with the maximum kinetic 
energy Em of a nucleon (9.4/-5)], but finds it possible to interpolate 
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between them, so as to obtain a rough idea of the behaviour of the total 
energy over the whole range. Neglecting Coulomb energy, one finds that 
no stable nucleus will exist if the values of g and e are too small; in fact, 
we must have, in the first place. 


b ~ M' 


( 1 ) 


nuclear radii of the right order of magnitude are then obtained for 

eSilOMeV. (2) 

The calculation of the Coulomb energy shows that condition (1) is also 
compatible with the empirical dependence of the charge number Z on the 
mass number A. However, the approximation of the Fermi gas model, on 
which these conclusions are based, is far from reliable. 
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Pitid pour nous qui combattons toujours aux fronti^rcs 

Dc I’iHimite et dc I'avcnir 

Pitic pour nos erreurs piti^ pour nos p^ch^s 

Guillaume Apolliwaire, CalHgrammes 

Besides correcting the mistakes that came to my notice, I have endea^- 
vourcd, in the following, to summarize the contents of the latest publi¬ 
cations relating to the various sections of the book. This was no easy task, 
as it had to include, among others, an account of the new discoveries of 
different kinds of mesons and of the bearing of these discoveries on our 
conceptions of a field theory of nuclear forces. The most important 
’ additions are distinguished by a mark some of the additional matter I 
have found convenient to present in a new subsection, marked in the same 
way. Cross-references to any part of the Addenda will be preceded by the 
word “ad*‘, e.g. (ad 1.332). The greatest part of the publications covered 
by the Addenda are contained in vol. 72 and 73 of the Physical Review 
and vol. 160 arid 161 of Nature. 

1*132* Existence of the neutrino. A very interesting survey of the 
whole problem has been published by H. CRANE (Rev. mod. Phys. 20, 
278. 1948). The study, by B. Wright (P.R. 71, 839. 1947), of the recoil 
nuclei from the A'-capture process of i^’^Cd was somewhat inconclusive. 
More interesting are the experiments of R. CHRISTY et al. (P.R. 72, 698. 

1947) on the /8-decay of ^Li. The product nucleus ^Be diwSintegrates into 
two a-particles, whose cloud chamber tracks may be studied : from the 
angle between those tracks and from their ranges the existence of a recoil 
momentum and an estimate of its magnitude can be inferred. The examina¬ 
tion of 217 cases, including 28 in which the electron track was also visible, 
tended on the whole to favour the neutrino idea: no marked correlation was 
found between the directions of emission of the electron and the neutrino. 
Still more recently, C. Sherwin has developed a much improved technique, 
based on the production of monoatomic layers of the /8-emitter under in¬ 
vestigation; this makes possible a more detailed quantitative study of the 
/S-process. The electrons and recoil nuclei emitted in selected directions 
are suitably detected, and from the time of flight of the recoil nucleus its 
momentum is deduced. In this way, curves of distribution of recoil momenta 
are obtained for different values of the angle betweeh the electron and the 
recoil nucleus. Experiments have been carried out with 32p (P./?. 73, 216. 

1948) and (P.R. 73, 1173. 1948). In both cases the analysis of the 
results shows that there is no conservation of momentum for the electron 
and the product nucleus only. Sherwin further tries to derive from his data 
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a definite law of correlation between the directions of emission of electron 
and neutrino; but this part of his analysis is not very convincing. 

^ 1.14* Anomalous magnetic moment of electron. From precise com¬ 
parisons of the atomic Lande factors pertaining to certain states of the 
Ga and Na atoms, P. Kusch and H. Foley (P.R. 72, 1256. 1947; 73, 
412. 1948) * drew the important conclusion that the intrinsic magnetic 
moment of the electron differs from the Bohr magneton by a factor 
1,0012. This anomaly has found a remarkable theoretical interpretation 
through the new development of quantum electrodynamics initiated by 
the discovery of a small anomaly in the term values of the hydrogen 
spectrum. J. Schwinger (P.R. 73, 416. 1948) pointed out that the 
electro nagnetic radiation field produced by an electron in an external 
field should have a small finite effect on the coupling of the electron with 
this external field, and he showed that both the anomalies mentioned above 
were of this type. In particular, for the radiative correction djue to the 
intrinsic magnetic moment o/ ^be electron he derived the value 

d/iie = y • /lIq — 0,001162 jiiQ, 

in excellent agreement with Kusch and Foley’s results. 

A consequence of the existence of the magnetic radiative anomaly is 
that the values of those nuclear magnetic moments which were determined 
in relation to that of the electron should be increased by the same factor. 
In most cases, however, this correction falls within the margin of uncer¬ 
tainty of the measurements. Only for the very precisely determined 
magnetic moments of the proton, neutron and deuteron does it lead to 
significant changes. The figures collected in table 11.22 must be replaced 
(there and in the formulae quoted in the last column of the table) by the 
following: 

fxp =: 2,7928 

an —1,9125 
//O zi: 0,8803 
jiid = 0,8575. 

In Appendix II, and especially in table A2.21-2, account has been taken 
of the correction so far as was thought necessary. 

The small modification imposed by this correction upon the highly 
accurate values ol and pd has removed a puzzling discrepancy that had 
arisen between the results of very precise measurements of the hyperfine 
doublet separations for hydrogen and deuterium and the values of these 
separations calculated by means of the uncorrected magnetic moments 
(J. Nafe and E. Nelson, P.R. 73, 718. 1948 **). A still more exacting test 

* More detailed account: P.R. 74, 250. 1948. See further J. McNally, P.R. 73, 1130. 
1948, who applied the same method to the Ca II spectrum, with a similar result. 

This paper contains all previous references. 
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is provided by the comparison of the empirical ratio of the hyperfine doublet 
separations with that deduced from the ratio of the magnetic moments* 
which has lately been determined much more accurately than either fip or 
jud (A. Roberts* P.R* 72, 979. 1947; F. Bloch, E. Levinthal and M. 
Packard, P.jR. 72, 1125. 1947; F. Bitter et a/., P.i?. 72, 1271. 1947): 
IJLpifid = 3,257195 Hz 0,00002. 

In order to obtain complete agreement, it is then necessary (A. BoHR, 
P.jR. 73, 1109. 1948) to take into consideration the asymmetry of the 
magnetic interaction of the electron with the proton and the neutron in the 
deuterium atom. 

^ 1.33* New discoveries about mesons. When this subsection was 
handed over to the printer* in the spring of 1947, the exhortation to *‘be 
prepared for the eventuality that other kinds of mesons ... may also play 
a part, perhaps even the main part, in bringing about nuclear interactions'' 
was by no means intended as a rhetorical flourish. It was inspired by the 
uncertainty arising from the unexpected behaviour of negative mesons 
slowed down in light materials (1.332). Shortly afterwards it indeed 
became clear, as will be more fully explained below (ad 1.332), that the 
mesons observed under usual conditions had only a very weak interaction 
with nucleons and could not be made responsible for the forces between 
them. At the same time, however, a succession of spectacular discoveries 
revealed an unsuspected wealth of particles with different masses, inter¬ 
mediate between those of electron and nucleon, which offered new possibili¬ 
ties of interpretation of the nuclear field. 

The study of the tracks produced in photographic emulsion (6.42) by 
Cosmic radiation at high altitudes led Powell and his collaborators * to the 
following general conclusions: in nuclear explosions produced locally by 
the impinging radiation, charged particles of mass roughly 300 m can be 
emitted, of which some, the a-mesons, are observed to produce nuclear 
explosions, showing as “stars” in the emulsion (12.30), while others, the 
n^mesons, decay with an extremely short life-time into a somewhat lighter 
charged particle, the fi-meson, and another neutral particle (we shall call 
it a juO^meson) which must have a finite mass again somewhat smaller than 
that of the fji-meson. In fact, while absolute mass determinations from the 
emulsion tracks are difficult **, the ratio of the masses of ;7 t- and /«-mcson 
has been fixed with some accuracy ***: 

M^:Mp = 1,65 ±0,15. 

* C. Lattes, G. OCCKIALINI and C. Powell, Nature \5% 694. 1947 (with 
H. MuiRHEAD); 160, 453, 486. 1947; G. OCCHIAUNI and C. PoWELL, Nature 162* 
168. 1948. See also F. FRANK, Nature 160, 525. 1947. 

*♦ For a-mesons, see S. LattimoRE, Nature 161, 518. 1948. For both tt- and of-mesons, 
an estimate (270 ± 40) m is quoted in G. OCCHIALINI and C. PoWELL, Nature 161, 551. 
1948 (referred to as O 6 P). 

Value quoted in O 6 P. The method is described by C. Lattes, G. OCCHIALINI 
and C. POWELL* Proc. Phys. Soc. 61* 173. 1948. 
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The evidence is thus compatible with the assignment of a mass of about 
200 m to the //-meson (identified with that hitherto observed in cosmic 
radiation) and of (330 ±:30) m to the ji-meson; the mass of the //O-meson 
is then estimated from the energy balance of the decay process at about 
100 m. It is natural to regard the tt- and a-mesons as particles of the same 
kind, with a positive and a negative charge respectively: before it has time 
to decay, the negative a-meson is captured by a nucleus and thus induces 
a nuclear explosion. 

A brilliant confirmation of these results was obtained when the same 
phenomena could be reproduced at Berkeley with much greater intensity 
by bombarding targets of various materials with a-particles from the 
large cyclotron. By using the emulsion technique, it was found that when 
the ene^’gy of the a-particles exceeded 300 MeV, jt- and a-mesons were 
produced in nuclear collisions with rapidly increasing yield *. The appli¬ 
cation of magnetic deflection, besides establishing definitely the sign of 
the charge of the tt- and a-mesons, made possible a much more accurate 
determination of their mass; a value 

M:^= (313 It 16) m 
was found, from which one derives 

M/i n: 200 m , Mfjfi m 90 m. 

Obviously the :T-mesons ** are strongly coupled to the nucleons and 
must essentially contribute to the nuclear interactions; their mass gives 
a quite acceptable value for the range of the forces. In fact, a mass value 
around 300 m corresponds more closely to the range derived from proton- 
proton scattering experiments {7A3) than would a mass of 200 m. It is true, 
on the other hand, that the lower mass value seems to be favoured by other 
evidence derived from the binding energies of light nuclei (1422), but this 
is of very little weight indeed; evidence from the proton-neutron system 
(8.33, 8.34) is inconclusive, but certainly not incompatible with a mass 
value 300 m. Precisely how the nuclear forces are brought about by the 
?T-mesons will primarily depend on their spin, about which we have no 
experimental indication whatever. Much the simpler course, for the time 
being, is to assume that they have integral spin (0 or 1). It is then 
possible to take over all the discussions bearing on “mesons'" in the text 
of the book, except that of subsection 15.35; the only change being in the 
mass value. In particular, the charge independence of the nuclear inter¬ 
actions will then require the existence of neutral :n:-mesons (8.31), which 
would presumably be highly unstable with multiple photon emission 
(8.311). 

The assumption that ji-mesons have integral spin does not commit us 
to any definite value for the spin of the //- and //O-mesons. Indeed, there 

* A preliminary acount of the Berkeley results is given in OGP. 

** Henceforth, we shall call n.^mesons all those of the kind to which both and 
o-mesons belong, whether they be positively or negatively charged, or possibly neutraL 
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is nothing in the known properties of these mesons to give the preference 
either to an integral or to a half-integral spin; cosmic ray evidence {1333) 
only excludes spin 1, but is compatible with either 0 or i. In the following, 
we shall treat the case of half-integral spin; but the whole discussion would 
not be materially altered if we started from the alternative assumption. We 
shall thus consider the /i- and jn^^mesons as two states (of different charges 
and masses) of a new kind of particle of spin for which we shall use 
the name (just as we use "‘leptons’* for both electrons and 

neutrinos). In this case, the decay process of a .'r-meson into a pair of 
/4-mesons can be treated in much the same way as its decay into a pair of 
leptons (1535); we have to introduce a coupling between the :T-meson 
and the pair consisting of a //- and a /4<>-meson, with a set of coupling 
constants whose order of magnitude we shall represent by g. The life-time 
of the Ji-meson is given by formulae somewhat more complicated than 
(1535-25) owing to the occurrence of the non-vanishing mass of the 
/i^-meson; they have been established for a pseudoscalar and a vector 
j7-meson by C. Marty and J. Prentki (C./?. 226, 787. 1948). 

Now. the order of magnitude of the life-time of the :7r-mesons 
produced in the Berkeley experiments can be estimated from a con¬ 
sideration of the paths they describe between the moment of their 
emission from the target and that of their decay in the emulsion; the result 
is 10”^ sec. It is remarkable that this implies for the coupling constants g 
roughly the same order of magnitude as that which had to be assumed for 
the coupling constants ^ between mesons and leptons in order to explain 
the /8-decay by a mechanism involving the meson field as an intermediary 
between nucleons and leptons (1322), In view of this coincidence, it is 
tempting to imagine that the rr-mesons are coupled to pairs of //-mesons 
and to pairs of leptons in exactly the same way (in fact, as if //-mesons 
and leptons were different states of a single species of elementary particles 
of half-integral spin). The mechanism just mentioned for the /?-decay could 
then be maintained in the form discussed in 15,35; of course, all con¬ 
siderations developed in that subsection in connexion with a meson life-time 
of about 2 //sec (which is that of the ju-meson) lose any significance and 
should be ignored. On the other hand, it is just as likely, for all we 
know *, that there is no direct coupling at all between jr-mesons and 
leptons, and that the /?-decay results from a direct coupling between 
nucleons and leptons, as assumed in Fermi's original theory, and sym¬ 
bolized, as regards the order of magnitude, by a “coupling constant” 
9f ^ 9^1 As to the decay of the //-meson, it raises a problem by itself, 
which will be discussed below (ad 1332) in the light of new evidence. 

According to the above scheme, there is an indirect coupling between 

* The decay of a ;;r-meson into leptons would not be observable with the present 
emulsion technique. 
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a nucleon and a pair of /i-mcsons, through the intermediary of a Ti-meson; 
on account of ^ the corresponding coupling constant is of the same 

order of magnitude as that between nucleons and leptons. Such a weak 
coupling is just what we should expect from the fact that a negative meson 
slowed down to the “/C-orbit** around a light nucleus has time to decay 
before being captured by the nucleus; a straightforward estimate (A. 
Lodge, Nature 161, 809. 1948) of the capture probability on the basis of 
the theory just outlined agrees even quantitatively with the latest data on 
negative meson decay (ad 1332). The smallness of the interaction between 
/-t-mesons and nucleons is also in qualitative agreement with the great 
power of penetration of cosmic ray (yU-) mesons through matter, as shown 
by thei** small scattering cross section in air and the presence of an appre¬ 
ciable 1 umber of mesons even deep underground. In fact, the contrast 
between the large cross section (of the order of nuclear dimensions) for 
the production of the hard component of cosmic radiation by the primary 
protons and the 100 times smaller scattering cross section of mesons by 
nucleons had led to the hypothesis of an intermediate step in the process 
of //--meson production even before the discovery of the :77-'meson (R. 
Marshak and H. Bethe, P.R. 72, 506. 1947; V. Weisskopf, P./?. 72, 
510. 1947). It is therefore rather puzzling that in the Berkeley experiments 
/i- and ji-mesons seem to be produced in comparable numbers in the target; 
the interpretation of the results, however, is not yet quite definite. 

If, as the above scheme implies, the /i-mesons interact with nucleons only 
in pairs, the capture process of a charged ^-meson should be accompanied 
by the emission of a (neutral) /x^-meson, carrying away at least 45 MeV 
energy. This mechanism would explain the empirical fact (cf. O. PiCClONi, 
P./?. 73, 411. 1948; J. Retallack, P./?. 73, 921. 1948) that the /^-meson 
capture does not give rise to nuclear excitation and explosion. 

The 71-^mesons and properties of cosmic radiation. In view of the dis¬ 
covery of the jr-meson, the usually accepted picture of the production of 
the (//--)meson component of.cosmic radiation has to be altered. The 
primary protons are expected to give rise, in nuclear collisions, to groups 
of charged and neutral ;i-mes6ns; and the charged component will then 
decay into charged and neutral /-/-mesons. An interesting attempt has been 
made by G. Chew (P./?. 73, 1128. 1948) to analyse this mechanism in a 
more quantitative way. Starting from a schematized model of the multiple 
emission of yr-mesons by excited nuclei, he fixes the parameters entering, 
into the description of the model by comparison with suitably chosen data 
on the distribution of fast yU-mesons at different altitudes and latitudes; he 
eventually obtains a remarkably accurate check of his calculated meson 
distribution in energy at sea-level by the relevant empirical data. He 
estimates the mean free path of the primary protons for nuclear collisions 
at 5 cm Hg, i.e. somewhat more than would correspond to a cross-section 
of nuclear dimensions; the average multiplicity of ;;t-meson production 
would be 5 at high altitude and would increase as the square root of 
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the proton energy* It is interesting that he finds that only about half the 
primary energy goes into the production of charged ji-mesons. 

The neutral 7r-mesons, supposed to be produced in the same nuclear 
process, would be expected to decay almost immediately into two or more 
photons, which would start cascade showers of the usual type (8311). 
K, Greisen (P.R. 73, 521, 2nd letter. 1948) enumerates a whole series of 
features of cosmic radiation in qualitative support of this view: the increase 
of burst production with altitude; the large amount of soft component in 
giant air showers; certain cloud chamber evidence of electrons emitted in 
nuclear explosions (as consecutive products of the photon decay of neutral 
TT-mesons); the comparison of the electron with the meson spectrum, 
revealing the double origin of the former (decay of neutral 7r-mesons and 
of charged /i-mesons). He further suggests various experiments capable of 
throwing light on this aspect of the question. 

A rather close estimate of the life-time of the ^r-mesons can be derived 
by considering the variation of the number of (/.t-) mesons with depth 
underground; in fact, this distribution reflects the conditions under which 
these mesons are produced near the top of the atmosphere by decay of 
jT-mesons of very high energies. It can easily be shown (K. Greisen, P.jR. 
73, 521, 1st letter. 1948) that the occurrence of the :7T-meson as an inter¬ 
mediate step in the production of //-mesons by nucleons has the effect of 

modifying the rate of production by a factor [l + being the 

height of the homogeneous atmosphere and Rip) the range of a ^TT-meson 
of momentum p, i.e. R(p) ctQpjMn, where to is the life-time of the 
*i^-meson at rest. From the change of slope in the distribution curve of the 
//-mesons with depth, i.e. with the momentum p, one estimates to ^ 6 • 10~s 
sec. The correctness of this interpretation of the change of slope of the 
distribution curve is confirmed by the existence of a temperature effect. 

133L **Heavy” mesons. Some additional evidence of “heavy” mesons 
with a mass around 1000 m has been presented: (a) G. Rochester and 
C. Butler (Nature 160, 855. 1947) interpret two events occurring in 
cloud chamber pictures of penetrating showers as evidence for the spon¬ 
taneous decay of a neutral and a charged “heavy” meson into lighter 
mesons; (b) L. Leprince-Ringuet et al (C.R. 226, 1897. 1948) have 
observed in a photographic emulsion an event that must probably be inter¬ 
preted as the production of a star by a “heavy” meson. It is, of course, not 
known whether these various instances refer to a single kind of particles, 
and any speculation as to the place occupied by “heavy” mesons in the 
complicated constellation of “elementary” particles would be premature. 



4« 


ADDENDA ET CORRIGENDA 


5K 1332* Behaviour of negative mesons slowed down in light materials 
The effect discovered by Conversi, Pancini and Piccioni has now been 
studied for the following materials: 

4 Be : SiGURGEIRSSON and YAMAKAWA 
[47], Valley [47] 
sB : Nereson [48] 
water : VALLEY [47] 

«C ; CONVERSI et al [47], VALLEY 
[47]. Nereson [48] 
llNauF; TiCHO and SCHEIN [48] 

13 AI : RASETTJ [41], TiCHO [47a]. 

Valley and Rossi [48], 

Nereson [48] 

In all elements from onwards no decay of negative mesons has been 
observed; in particular, Nereson and Rossi’s precise measurement of the 
life-time to ~ 2,15 //sec refers to the positive mesons. By recording cloud 
chamber pictures of the decaying mesons. Valley [47] was able to 
establish that the mesons concerned are **jn-’mesons* of mass 200 m. 

It was discovered by TiCHO and ScHEiN [47a, b, 48] and independently 
by Valley and Rossi [48], that while the life-time of the positive mesons 
has the constant value to, that of the negative mesons exhibits a rapid 
decrease with increasing atomic number of the absorber; for NaF, the 
apparent life-time of the negative particles is 1,33 ±: 0,14 psec, for Al it 
is 0,74 ±:0,17 //sec. The natural interpretation of this result is that in the 
case of the negative mesons, there is competition between spontaneous 
decay with the life-time to capture by the nuclei of the absorber. The 
life-time tc corresponding to the latter process will be expected to vary 
rapidly with the atomic number; simple considerations (}. WHEELER, P.R, 
71, 320. 1947) show that one would expect 1/tc The above figures 

for the apparent life-time tapp “ 

the relation 



The fraction of decaying negative mesons can be measured directly and 
compared with the calculated value t ^yJto\ this check on the consistency 
of the proposed interpretation comes out satisfactorily in Ticho and Schein’s 


compatible with 


loS : SiGURGEIRSSON and YaMAKAWA 
[47] 

2 cFe ; RasetTiI [41], CONVERSi et al 

[47] , Valley [47], Nereson 

[48] 

2:)Cu : Valley [47] 

82 Pb : Nereson and Rossi [42, 43]. 


The following recent papers will be listed and quoted here according to the system 


(N, 22) adopted throughout the book: 

H. TiICHO 

1947a; , P./?. 72, 255. 

19476: — and M. SCHElN, P./?. 72, 248. 
1948: — and M. SCHEIN, P.J?. 73, 81. 


N. Nereson 1948, P.P. 73. 565. 

G. Valley 

1947: — . P.P. 72, 772. 

1948: — and B. Rossi, P.P. 73, 177. 
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case, while there remains a discrepancy of uncertain origin in Valley and 
Rossi's measurements *. 

From the theoretical side, unpublished calculations by Ferretti and by 
Bethe have made it clear that the ingenious mechanism suggested by Bohr 
is not sufficient to prevent a negative meson from reaching the "/C-orbit" 
in a time very short compared with the life-time for capture tc indicated 
by the experiments. There is therefore no escape from the conclusion ** 
that the interaction of the /^-mesons with the nuclei is about 10^2 times 
smaller than it would be if those mesons were responsible for the nuclear field. 

Nature of /i-meson decay* New cloud chamber pictures of decaying 
yU-mesons, of which only one has hitherto been published (C. ANDERSON 
et aL, PJR. 72, 724. 1947), make it quite clear that the balance of energy 
and momentum not accounted for by the observed decay electron is not 
simply carried away by a neutrino of small or vanishing mass. In fact, in 
Anderson's picture, the decay positon had an energy of only 24 MeV 
instead of the 50 MeV expected on the usual lepton pair hypothesis. Other 
pictures (if their interpretation is correct) seem to indicate varying energies 
of the decay electron between 21 ±6 and 55 dr 15 MeV. This feature 
points to a process involving more than two particles. In view of the close 
association of /i- and ^i^^-mesons in the decay of the jr-meson. it is tempting 
to assume that besides an electron and a neutrino, the decaying /^-meson 
produces a neutral //^^-meson; the so-called decay of the charged //-meson 
might thus more appropriately be called a transmutation into a neutral 
/>6^-meson with emission of a lepton pair. Theoretically, this process would 
be described by introducing a direct coupling between the /^-//^-meson 
pair and the electron-neutrino pair; the coupling parameter, determined by 
the life-time of about 2 //sec, would be of the order of magnitude Qp, 
The complete net of interactions between the various kinds of particles 
might then be symbolized by either of the following schemes, in which 
dotted arrows represent indirect couplings: 


Nudeous 



Nucleons - 


9 or 9 t-\ 


\ 

_ r_ 



Tj-mesons 

W 

9 


Leptons 


9f 


• /u-mesoos. 


The spin of the //-mesons is left unspecified. 


* An alternative theory, according to which the /^-meson would not be captured by 
the nucleus, but its decay would be sjtimulated by electromagnetic fields (in particular 
by the Coulomb field of the nucleus), seems to be disproved by various observations: 
negative mesons stopped in a cloud chamber are not found to be associated with decay 
electrons (J. RetallaCK, P,R, 73. 921. 1948); likewise, an analysis (O. RlCCIONI, P.R- 
73, 411. 1948) .of RasE'1;tii's [41] experiments shows that not all negative mesons stopped 
in the absorber are accompanied by decay electrons; the meson decay with photon 
emission to be expected on such a view has not been observed (see below). On the theory 
of stimulated meson decay, see S. BPSTBIN, R. FinkeLSTEIN and J. OPPENHEIMER 
(P./?. 73, 1140. 1948). 

Cf. E. Fermi, E. Teller and V. Weiskopf, P.P. 71. 314. 1947; E. Fermi and 
E. Teller, P.i?. 72, 399. 1947. 
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A search for y-rays that might accompany the decay process of the 
/^-mesons has been carried out by E. Hincks and B, PONTECORVO {P*R. 
73, 257, 1122. 1948). They have established that the decay does not 
consist of the emission of an electron and a photon 

2,14 Nuclear radii. From an improved theory of natural a-radio- 
activity, M. PRESTON {P.R. 71, 865. 1947) derives a new estimate of the 
radii of heavy nuclei, somewhat larger than that given by (2.7-1. 2). 

2421* Attention is called to E. Feenberg*s detailed semi-empirical 
analysis of the nuclear energy surface {Rev. mod. Phys. 19, 239. 1947), 
This should also be consulted in connexion with sections 3,22, 3*4, 10*3 
and 12.1* 


3*41* On page 36, the last word of line 6 should be ‘‘low'*. 

3*42* On page 38, first line, replace “smaller" by “smaller or larger". 

5*121* In formula (5.727-26), the last term on the right hand side must 
have the minus sign. 

5*31* Calculation of phases. L. Hulth^n {Arkiv 35A, No. 25. 1948) 
has further elaborated his variational method. Another method of approx¬ 
imation has been developed by W. Ramsey (Proc. Cambr. 44, 87. 1948). 

6*122* It has been pointed out by M. Hamermesh (P.R. 73, 638. 1948) 
that there is an error in Casimir's [40] calculation of the effect of the 
quadrupole field of the deuteron in accelerating the para-ortho conversion 
of deuterium dissolved in water; the result given by Casimir is too large 
by a factor 5. 

6*22* Scattering of slow neutrons by protons. The availability of 
intense sources of slow neutrons monochromatized by “velocity spectro¬ 
meters" (cf. 6.37) has greatly facilitated scattering cross-section deter¬ 
minations in the range of slow neutron velocities. The variation of the 
cross-section with velocity can now be studied continuously; in the thermal 
region the increase of the cross-section with decreasing neutron energy 

An old argument of L. NORDHBIM (P./?. 59, 554. 1941) taay be revived in this 
connexion. Nordheim pointed out that the ratio of the intensity of the part of the soft 
component of cosmic radiation which arises from the decay of the hard (^-meson) 
component, to the intensity of the latter can be calculated on cascade theory on the 
assumption that every meson gives a definite fraction a of its energy to cascade producing 
particles (electrons or photons): the comparison with experimental data would thus lead 
to an estimate of a. Assuming that the energy of the meson is equally shared by all its 
decay products, one would expect a = 1 if the decay products are an electron and a 
photon, a = ^ if they are an electron and a neutral particle, a =r | if they consist of an 
electron and two neutral particles, etc. The empirical evidence would seem to exclude 
definitely the value o = 1 in favour of a smaller value; but it is not possible to decide, 
e.g., between i or 4. 



2J. 2,2L 3AU 3.42, 5J2L 5.31, 6.122, 6.22, 5K 6.31, 6.33 
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owing to the binding of the scattering nuclei can be followed accurately 
and compared with theory. The cross-section for scattering by free nuclei 
is actually obtained with neutrons of a few eV energy. Scattering by 
paraffin has been studied in this way by L. Rainwater et al. {P.R, 73, 
733, 1948). 

The latest value of the proton scattering cross-section for neutrons of 
2 cro energy (6.22-32) is that obtained by E. Melkonian {P.R. 73, 1265. 
1948): 

(S - (19.96 =fc 0,2)* 10'2^ cm2. 

It must be pointed out that the new measurements of the oxygen cross- 
section (E. Melkonian et al., P.R. 73, 1399. 1948) yield 

& = 3,68-10-2^ cm2 

instead of the higher value quoted in table 6.22-3. This puts Simon's value 
of the proton cross section, in the same table, at (14,6 dr 0,8) • 10-“24 cm^, 

^ 6.314 Scattering of slow neutrons by molecular hydrogen. Alvarez and 
Pitzer's measurements have been extended, with improved technique, by 
R. Sutton et al. (P.R. 72, 1147. 1947). The scattering cross-sections of 
gaseous ortho- and parahydrogen at 19,5® K have been determined for the 
whole range of neutron temperatures 10® ... 30® K (E =:::: 0,8673 ... 
2,386 meV); the results are markedly different from the provisional values 
(6.37-1) obtained by Alvarez and Pitzer. For 20® K neutrons, e.g., Sutton 
et al. find 

for 0 H 2 : 124 ' 10“"2'» cm2, 

for PH 2 : 3,97- 10”’2< cm2. 

^ 6433 , When subjected to the analysis outlined at the end of 6.33, 
Sutton et a/.’s results yield a value of the proton scattering cross-section 
for slow neutrons S {0) = 19,7 • lO--'* cm^, in excellent agreement with 
the direct measurements (6,22-32) of this quantity. Because of the small¬ 
ness of the ratio (3 • + ia)2/(^3—^a)2» the quantity S (0) depends 

essentially on Sonho* as a comparison of (6.33-9) and (6.32-6) (in which 
Sp.^o=0) will show. The agreement just mentioned therefore confers 
additional reliability to the determination of cSortho- The measurement of 
<Spara » howevcr, is more difficult and any error in its determination would 
mainly affect the value of the relatively small scattering radius Sa. From 
the data, one finds 

= 0.522 cm , »a = 2,34 • 10 ~ ^2 

The singlet scattering radius la is compatible (cf. table 6.43/-1) with a 
width iD 2.8 • 10-13 cm for the corresponding potential well, such as 
one would expect, assuming charge independence {8.1), from the proton- 
proton scattering data. But the triplet scattering radius 3a yields a much 
smaller width value for the effective potential, viz. 

3D=: (1,5 ±: 0,4) . 10-13 cm. 
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One would have to assume a one to two percent contamination of the 
parahydrogen sample with orthohydrogen to raise the triplet width derived 
from the experiments to the same value as 

However, the low value has received a striking confirmation from 
quite independent experiments of E. WOLLAN and C. Shull and their 
collaborators 73, 830, 842. 1948) on the diffraction of slow neutrons 
by crystalline powders. The distribution of the diffracted neutrons will 
depend on the scattering amplitudes characteristic of the nuclei of the atoms 
constituting the crystal; for hydrogen this scattering amplitude is clearly 
proportional to (3 • '"^a + ^a). Now, by combining the results obtained with 
different suitably chosen crystals, it is possible to assign definite scattering 
amplitudes to the various nuclei involved. Thus, experiments with 
sodium containing crystals, including metallic Na and NaH, yield among 
others the hydrogen scattering amplitude. The resulting value of 
(3 • ^a + ^a) is in complete agreement with that derived from the molecular 
hydrogen data; combining it with the known value of <S{0), one finally 
gets m (1,6 ±: 0,2) • 13 cm. 

There is of course no a priori objection to having effective potential 
wells of different widths for the and configurations of the proton- 
neutron system. It must be stressed, however, that a value of as low 
as that just derived would be difficult to reconcile with the electric qua- 
drupole moment of the deuteron (see ad 1621). 

6.35* J. Schwinger (P.JR. 73, 407. 1948) discusses the polarization of 
fast neutrons in their passage through matter, owing to the action of the 
nuclear Coulomb field. Indeed, the electrostatic potential Ve gives rise to 
a magnetic interaction (1522-9) on the moving neutrons 

-► 

Yj;^2l^no(qTaA Ve A p). 

6A\t 6*52^ The most recent data on neutron scattering and capture 
cros-sections have been collected by H. Goldsmith, H. Ibser and B. Feld 
(Rev. mod. Phys. 19, 259. 1947). 

^6,413, Scattering of very high energy neutrons by protons. When 
the 180 MeV deuterons from the Berkeley cyclotron strike a target, they 
produce a narrow beam of high energy neutrons as a result of grazing 
collisions with the nuclei of the target, in which the proton of the deuteron 
is stripped off, while the neutron continues on its way. This phenomenon 
provides us with a powerful beam of neutrons, of well-defined direction 
and average energy 90 MeV. The total scattering cross-section of various 
nuclei for these neutrons has been measured by L. CoOK et al. (P.R. 72, 
1264. 1947). For hydrogen, the result is (0,083 zh 0,004) • 10-24 cm2. 

^ 6.42* The angular distribution of the 90 MeV neutrons scattered by 
paraffin has also been determined in the angular range # = 70^ ... 170^ 



635, 6.41, 6.52,^6.413, ^6.42, 6.431. 6.52, 6.53, 7.12 
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(J; Hadley et at., P.R. 73, 1114. 1948). In this range, the intensity of the 
scattered beam is found to increase steadily with angle, with some in¬ 
dication of a minimum about & = 80°. The anisotropy parameter 

A = S(n)IS{i7i) 

is^of the order of magnitude of 3, Preliminary observations indicate that 
for smaller scattering angles, the variation of the scattered intensity is 
roughly symmetrical to that just described, with presumably another 
maximum at {1 = 0; it is not clear whether this maximum is greater or 
smaller than that in the backward direction. The consequences of this new 
evidence for the theory of the nuclear field will be discussed below (ad 
833, ad 16.22). 

6*431* On page 128, line 14 (not counting the table), replace B by BH. 

6*52, see ad 6.41. 

6*53* Deuteron disintegration by electron impact. The statement about 
the angular dependence of the effect, following formulae (23) on p. 139, 
needs correction. The differential cross-section of the electric effect in¬ 
cludes an additional term containing the angular factor y5(t?), which 

arises from the longitudinal part of the field E^. This term does not give 
any contribution to the total cross-section. 

The discussion of the magnetic exchange effect by Lubariski and Rosen- 
feld, mentioned at the end, was based on the erroneous expression for 
Km^gn ^iven by Pais (8.34). Actually, the magnetic exchange effect is 
quite negligible. 

7*12* To the ‘‘second group" of experiments (p. 148) must be added 
those of J. Dearnby, C. Oxley and J. Perry (P.R. 73, 1290. 1948) with 
protons of 7 MeV. The scattered protons were collected on photographic 
plates, the point of entry in the plate determining the scattering angle. In 
a note added in proof to their paper, the authors announce that preliminary 
results of new experiments yield larger cross-sections than those they 
obtain; it is therefore premature to consider the conclusions of the theo¬ 
retical discussion they give. A detailed account of Wilson et a/.'s experi¬ 
ments with 14,5 MeV protons has now been published in P.R. 72, 1131. 
1947. 

As regards the reliability of the experiments of the "first group" (p, 
149), it may be noted that the results obtained by Herb et al. at 2,1 MeV 
proton energy have been confirmed by new measurements at 2,08 MeV 
with the same apparatus (Taschek et al. [47]). On the other hand, 
measurements by a similar method, recently announced (W. Sleater 
et al., P.R. 73, 1241. 1948), with protons of 2,4 and 3,0 MeV, yield values 
of scattering intensities at 2,4 MeV larger than Hcrb‘s by 2,9 % (while a 
probable error of only 2 % is claimed). 

In table 7.12 (p. 150), first column, line 6 from the bottom, read 1200 
instead of 1220. 
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7*13* An interesting attempt to establish an analytical formula giving 
the nuclear potential in terms of the phases has been made by C* FrOberG 
(Arkiv 34A, No 28, 1948). However, since the analysis is entirely based 
on Born's approximation, the scope of the final formula is still too limited 
for practical applications. A more general iteration procedure has been 
outlined by E. Hylleraas (A/?., 74, 48. 1948). 

G. Breit, a. Broyles and M. Hull (P./?. 73, 869, 1948) discuss the 
sensitivity of proton-proton scattering experiments with respect to the 
distance dependence of the nuclear potential. 

The paper by J. Lubanski and C. DE Jager is now published in Physica 
14, 8. 1948. 

Discussion of 10 MeV data. According to a note by L. Foldy 
(P.i?. 72, 731. 1947), the theoretical curves of fig. 7,131 correspond to a 
^P potential well of the same depth as the potential, yielding, when 
repulsive, a 3P phase of — 1,4^. If we take for the phase the theoretical 
value of 52,5®, the data, as pointed out by Peierls and Preston, would 
indicate for the sp phase the somewhat lower figure of about —0,8®; this 
they try to account for on the assumptions stated in the text. 

The 10 MeV results have also been discussed by Ramsey * on the 
assumption of the meson type of potential. A phase of the order of 
magnitude just mentioned might be accounted for by the potential cor¬ 
responding to a meson mass of (270 zt 30) m. The most likely choice of the 
strength of the ^P effective potential (as given by the ''symmetrical" 
theory, 8,32) then leads to a ^P phase of the right sign, but of too large 
an absolute value. 

7.14, 12.33. The study of the penetration of a fast nucleon into nuclear 
matter has now been extended to- the case of meson interaction by Dr. 
ZWANIKKEN. The results are not sensitive enough to the range of the 
interaction, however, to yield useful information concerning the value of 
the meson mass. 

7.2. On page 157, line 3, after "For white dwarfs", insert: "it may be 
applied to the boundary layer; in the degenerate core,'.'. 

^ 8.33. Neutron^proton scattering at very high energies. The experi¬ 
ments on scattering of 90 MeV neutrons have been the occasion of an 
unprecedented outburst of theoretical calculations, which does little credit 
to the system of free enterprise in the realm of physics. Each author having 
his own pet nuclear potential and set of constants, the result is a mass of 
unconnected information — rudis indigestaque moles — from which some 
general qualitative features emerge, which might have been obtained with 
less trouble in a more systematic way. In this subsection we shall only 
discuss the case of a central nuclear potential; the influence of non-central 
and non-static forces will be treated below (ad 16,22): The following table 
gives a survey of the scope of the various contributions: 


• Proc , R . S , A194, 228. 1948. 



7,n 7.m. 7.14, 7.2, m.33 
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Distance 

dependence 

Ra 

35 

lO”"*'* cm 

ngc 

15 

10“»«cm 

Isotopic 
factor * 

Neutron 

energy 

MeV 

Angular distribution 
given 

Reference 




n, c, s 

20...80 

for 80 MeV 

Camac and Bethe [48] 


7 R 

n, c, 5 

83 

yes 

Massey et ai [486] 




fl, s 

100 

5(:/r):5(^.’r):<S(0)for5 

Eisenstein 6 Rohrlich [48] 




s 

100 

5(:T);5(i;r) 

Wu [48a,6] 

Well 

2,8 

2,8 

s 

80 

5(jr): 5(i.?r) 



2,0 

2.8 

s 

80 

id. 

Wu [486] 


1.5 

2.8 

s 

80 

id. 



1,8 

2.8 

n 

100 

no 

Eisenstein 6 Rohrlich [48] 

Exponen¬ 

2 


c, s 

100 

yes 

Barker [48] 

tial 

1 


c, s 

100 

yes 



1,94 

1,94 

n, c, s 

100 

yos 

Wu [48a] 

Gauss 

1,39 

1.94 

s 

100 J 

5(jr):5(J;t) 

Wu [486] 


1,04 

1,94 

s 

100 



Meson 

1,18 

s 

80 


Chew and Goldberger [48] 

(Af^=326rn) 








* n == neutral, c = charged, s = symmetrical (15.21)^ ' 

Other (not reliable) data in Eisenstein and Rohrlich’s [48] and Wu's [48a, 6] papers. 


F. Barker 1948, Nature 161, 736. 

M. Camac and H. Bethe 1948, P.R. 73, 191. 

G. Chew and M. Goldberger 1948, P.R. 73, 1409. 

J. Eisenstein and F. Rohrlich 1948, P.R. 73. 641 (Erratum ibid. 1411). 

H. Massey, E. Burhop and T. Hu 19486, P.R. 73, 1403. 

T. Wu 1948a, P.R. 73, 934. 

19486, P.R. 73, 1132. 


The method used in all cases, except in that of the Gauss potential, is 
a straightforward numerical calculation of the phases, generally up to 
/ rz 4; Born’s approximation for the higher phases has not been found 
reliable. A second approximation to Born’s formula has been developed by 
Wu [48a] and applied by him to the case of a Gauss potential. 

The total cross section is insensitive to the choice of the distance 
dependence of the potential and varies very little with neutron energy in 
the range 80 ... 100 MeV. It also depends little on the choice of the isotopic 
factor, being largest in a neutral theory and smallest in a symmetrical one. 
In any case it is of the right order of magnitude, but rather too large. The 
angular distribution generally * has a minimum in the neighbourhood of 
and a maximum as well in the forward as in the backward direction. 
But in a neutral theory, the forward maximum is much larger than the 


* The case of a neutral interaction of the Gauss type is exceptional in yielding a 
differential cross-section which decreases raonotonically with increasing angle of scattering. 
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Other, while the situation is reversed in a symmetrical or charged theory, in 
conformity with the “exchange'* character of the interaction in these casesj 
there is no great difference between charged and symmetrical theory* It 
must be stressed that the presence in all cases of a “secondary** 
maximum in the theoretical distribution makes the interpretation of the 
experimental results more complicated; so long as the behaviour of the 
differential cross-section at small angles is not more quantitatively 
elucidated, it will be premature to conclude (as is sometimes hastily done) 
that these results establish the impossibility of a predominantly neutral 
form of nuclear interaction. 

For a more rapid comparison of theory and experiment, the anisotropy 
ratio A = S(^): S(jJt) is therefore not sufficient to characterize the 
distribution; the ratio S (l^) : S(0) ought also to be taken into consideration. 
At present, however, we have only the empirical estimate yl 3 at our 
disposal. This compares with theoretical values of A of the following order 
of magnitude: 


Distance dependence 

Neutral 

Symmetrical or charged 

Well 

^10 

^ 100 

Gauss 

— 

60 

Meson 

_ 

6.8 

(Mm = 326 m) 




Obviously, the assumption of a single range central potential is inade¬ 
quate. In view of the recent indications (ad 6,33) of a smaller range of the 
effective potential, the effect of decreasing this range has been tried by 
Wu [486] (for the well and Gauss potentials; see above table): the total 
cross-section is only, slightly increased, but the anisotropy ratio A falls 
steeply to a value of the order 5 or 6 for the smallest range value con¬ 
sidered. However, the assumption of a small triplet range gives rise to 
difficulties (ad 16,21), and it is therefore gratifying that the non-central 
part of the interaction is found just as effective in reducing the value 
of A (ad 16,22). 

8*344 Table 8,34-1 should be completed by the following one, cor¬ 
responding to a meson mass Mm = 296 m, nearer to that of the ;z-mesons 
{ad 1,33): 



10”** cm* 

^magn 

10”*« cm* 

^total 

10”»* cm® 

Hb« 

H,ab 

Neutral theory 

10,50 

3,19 

13.7 

0.168 

0,190 

Symmetrical 

theory 

10,05 

3,21 

13.3 

0,176 

0,198 


All these results have been obtained by Dr. Hulth£n with the colla¬ 
boration of Mr. Hansson. It will be noticed that the transformation from 








8J4. 1233. I3JU 13.211. 14:12. 1534. 1535 
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the baryccntric to the laboratory system of reference has an appreciable 
effect on the intensity ratio H. 

The total photo-disintegration cross-section (table 834-2) has now been 
measured with greater accuracy: 


Reference 

l?v 

MeV 

^total 

10“*^ cm* 

R. Wilson, C. Collie and H. Halban, 

2.62 

16,2 ± 1,0 

Nature 162, 185. 1948 



B. Russell et al. P.R. 73, 545. 1948 

2,76 

16,4 


1233, see ad 7.14. 


133!♦ According to A. Hemmendinger (P.R. 73, 806. 1948), the 
ground state of ^Be has an energy larger than that of two a-particles by 
(0,116 It 0,010) MeV. 

13.211* More data about the excited levels of a-nuclei will be found 
in HorNYAK and LauRITSEn’s [48] survey article. 

14.12* The free deuteron scattering cross-section for slow neutrons is 
(3,3 ±0,2) • 10-24 cm2 (value for 5 eV neutrons), according to L. Rain¬ 
water et al (P.R. 73, 733. 1948) (ad 6.22). 

The total scattering cross-section of the deuteron for 90 MeV neutrons 
(L. Cook et al. P.R. 72, 1264. 1947; see ad 6.413) is 
(0,117 ± 0,005) . 10-24 cm2. 

Theoretical calculations on the scattering of high energy (100 ... 200 MeV) 
neutrons by deuterons have been carried out by T. Wu and J, Ashkin 
(P.R. 73, 986. 1948), using Born's approximation; insofar as the Coulomb 
force can be neglected, the results are also applicable to proton-deuteron 
scattering. They assume a Gauss type of nuclear potential with neutral, 
charged or symmetrical form of isotopic factor and discuss the angular 
distribution both for elastic and inelastic scattering. The total cross-sections 
for 100 MeV neutrons are of the right order of magnitude, larger than 
the experimental figure on neutral or charged theory, and smaller on sym¬ 
metrical theory. For 200 MeV neutrons, they become smaller by a factor 

1. In all cases, they are definitely smaller than the corresponding sums 
of neutron-neutron and neutron-proton cross-sections (ad 16.22). The 
formulae for the case of a non-central potential are also given in the paper 
quoted, but without numerical discussion. 

15*34* In table 15.34. the expression given for the scalar field must 
be replaced by 0. The simplification of the expressions originally given in 
Rosenfeld's paper for the scalar and pseudovector cases is effected by a 
canonical transformation of the nucleon variables; see a forthcoming note 
by Le Couteur and Rosenfeld. 

15*35* In contradiction to the statement following table 15.35. Sakata $ 
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value of the ^-dccay constant on pseudoscalar meson theory, given in that 
table, does not correspond to the most natural choice of the Hamiltonian, 
As pointed out by E. Nelson (P.R. 60, 830. 1941), such a choice would 
lead to a formula involving the product 



Since this contains the same combination of constants as the meson life*^ 
time, the exceptional position of the pseudoscalar meson field, discussed 
at the end of 75.35, would not normally arise. This correction, of course, 
has now only academic interest. 

^ 16,20^ 16,21* The question of how far the assumptions of the Rarita- 
Schwinger theory, especially that of equal ranges for the central and 
non-central forces, involve an arbitrary restriction, has been investigated 
at my request by Mr. Demeur. For this purpose, he introduced different 
ranges for the two kinds of potentials just mentioned and tried to adjust 
all the parameters of the theory thus extended so as to account for the 
properties of the ground state of the deuteron. His conclusion is that Rarita 
and Schwinger's original choice is essentially unique; of course, some slight 
variations (including unequal ranges) are allowed by the margin of un¬ 
certainty of the empirical data, the most sensitive one being the electric 
quadrupole moment. In particular, such a low value of the range of the 
central part of the ground state potential as seems to be indicated by the 
slow neutron interference effects (ad 633) would be entirely excluded by 
the accepted value of the quadrupole moment *. 

JK 16.22. Scattering of high energy neutrons by protons on Rarita and 
Schwinger s theory. We have seen (ad 833) that (as might be expected) 
the assumption of a central nuclear potential is unsuited to account for the 
observed angular distribution of the scattered neutrons of 90 MeV energy: 
it yields for the anisotropy ratio a value which is in any case too high and 
for most types of distance dependence much too high. It is therefore 
interesting that Rarita and Schwinger's theory, which seems to give a fairly 
accurate model of the static nuclear forces, including their axial dipole 
component, shows in this respect a definite trend in the right direction. 
Considering that a central meson potential gives a value of A only about 
twice too large, it may be conjectured that the inclusion of non-central 
terms in such a meson theory might achieve agreement with experiment. 
Leaving this, however, for future examination, I shall only collect here 
the data obtained on the simple Rarita-Schwinger theory. In this case, they 

* This conclusion was actually drawn already by Schwinger in 1941 by a more 
qualitative argument; see formula (6./2-13). 

An investigation similar to Demeur’s has just been published by W. GuiNDON (P./?. 74. 
145. 1948). i > 
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Reference 

Neutron 

1 Total cross section 

1 Anisotropy ratio 

energy 

n 

c 

* 

n 

c 

5 


MeV 

10"“ cm* 

10"“ cm* 

10 “ cm* 1 




Massey et al [486] 

83 

0,234* 

0.158* 

0,141* 

0.58* 

3,80* 

9,56* 

Eisenstein and 
Rohrlich [48] 

100 

0.205 

— 

0.113 

— 

— 

t 

J. Ashkin and 

100 

0,205 

0,205 

0,129* 

0,31 

3,69 

10* 

T. Wu. P,R, 73. 
973. 1948 

150 

0.143 

0.143 

0.114 

0,011 

5.43 

17,6 


200 

0,108 

0,108 

0,090* 

0,030 

12.1 

35.5 

t = 4,03 

: 0,51: 1,22 






are fortunately coherent, since there was hardly anything else to do tut 
to adopt the parameter values given in Rarita and Schwinger's paper. In 
the table above the references by authors' names are to the papers 
quoted in the table ad 8,33; the asterisks distinguish the figures derived 
by exact calculation, the others having been obtained by Born's approxi¬ 
mation. 

Eisenstein and Rohrlich point out that decreasing the range of the non- 
central part of the potential has the effect of increasing the total cross- 
section and decreasing the anisotropy ratio. Both Massey et al, and Ashkin 
and Wu give complete angular distributions; the latter authors give them 
also for proton-proton scattering (neglecting the Coulomb force). 

H. Snyder and R. Marshak (P,R, 72, 1253. 1947) have drawn 
attention to the fact that at such high energies as are dealt with here, the 
velocity dependent nuclear interactions might begin to become significant; 
at any rate, no precise comparison of theoretical and experimental results 
should be attempted without taking them into consideration. An estimate 
of the scattering cross-section including the effect of the non-static forces 
may be obtained by applying Moller's relativistic treatment to the meson 
field description of the interaction between nucleons: this corresponds to 
a relativistic extension of Born’s method. In a special example, the authors 
quoted show that the result, for the energies considered, may differ by as 
much as a factor 2 from that of Born's approximation applied to the static 
interaction. 

1633. A detailed treatment of the ground state of the deuteron on 
Hulthen's unsymmetrical theory is given by C. Froberg (Atkiv 35A, 
No 17. 1948). 

17.51* Addition to table 17,51: D. Zaffarans, B. Kern and A. Mit¬ 
chell (P,R, 74, 105. 1948) have measured the y-ray from the reaction 

6Li (d. n) ^Be '^Li, 

using 11,5 MeV deuterons. They find for the excitation energy of '^Li the 
value 0,474 ziz 0,004 MeV, 

IS 
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ADDENDA ET CORRIGENDA 


A1.2. The large table of nuclei contains i^me additional data and 
references pertaining to the class {b) nuclei (table A1.22) sHe, 22Na, 
84C1, 38K, 68 Cu. The fact that the decay of 82Na leads to an excited state 
of the product nucleus might perhaps provide an explanation of the 
anomalous character of the process in this case. 

A2.21. New determinations of magnetic moments. R. Pound {P,R. 
73, 112. 1948) gives the following values: 


Nucleus 

7 


31n 

15^ 

4 


®Ga 

s 

2,0165 

slGa 

» 

2,5611 

127 . 

53 * 

B 

7 

2.8122 


A2.31. Correction to table A2.3I: according to new measurements of 
W. Gordy et al. {P.R. 74, 243. 1948), the ratio of the quadrupole moments 
of **iBr and ’^^Br is 0,835. 


Trivial misprints 

2.21. P. 24, last line before the table, instead of "accuary” read 
"accuracy”. 

5.12. P. 70, line 3, on the right-hand side of the second formula (20), 
the argument of the cosine should be z — J In. 

6.21. P. 99, the left-hand side of formula (6.21-4) must be e'** (not 

6.412. P. 121, table 6.412, in the heading of the last column, instead of 
"cm” read "cm-”. 

7.12. In the caption of fig. 7.72-1, instead of “Heydenberg” read 
“Heydenburo”. In the caption of fig. 7.12-2, lines 6 and 7, instead 
of “according” read "according to”. 

7.131. P. 153, line 8 from bottom, the last word should read "exempli¬ 
fied”. 

8.1. P. 159, last line but one, instead of "on an arbitrary way” read 
“in an arbitrary way”. 

14.21. P. 302, formula (14.21—3), the binding energy of ®He should be 
— 27,4 MeV. 
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and mass defect 257 

lability 269, 276 sq. 

degree of dissociation 277 

life-time compared with periods of rota- 

[tion and vibration of a-nucleus 277 sq. 

a^nuclei 

(see a-particle model) 
definition 191 

and second saturation requirement 231 
properties of ®Be 271 

a^particle 

(see a-cluster, a-nuclei, a-particle model) 
and nuclear radius 22 
binding energy compared to deuteron s 28 
binding energy of ^He 304-306, 355 sq. 
scattering in He 270 sq. 

Interaction of two —s 271-275 
first approximation 272 
second approximation 274 
range 271, 274 sq. 

comparison with intermolecular forces 

[272-274 

additivity 274 

U'^particle model 
definition 189, 191 
geometrical model of a-nuclel 275 
binding energies of a-nuclei 275 sq. 
maximum 33 

additivity of a-particle interaction 275 
higher approximations 276 
rotations and vibrations of a-nuclei 

[277-281 

surface vibrations 277 

vibrational quanta 278 

rotational quanta 278 

reduction of low lying rotation levels 

[278-281 

stationary states of lightest a-nuclei 

[281-285 

theory 281-283 
data 283-285 


stationary states of nuclei of mass 
[number 4a ± 1: 285-287 
doublet of ^Li 370, of 411 
magnetic moments 400 sq., 409-414 
quadrupole moments 422 sq. 
comparison with quasi-atomic model: 
doublet of "^Li 372 sq. 
magnetic moments of odd mass nuclei 

[404 

magnetic moments of light odd mass 
[nuclei 409-414 
equal magnetic moments of isotopes 404 


Angular distribution 

proton-neutron scattering 123-126 
on meson theory 171-175 
on various theories 340. 344, 347 
proton-proton scattering 148, 344 sq. 
neutron-deuteron scattering 296 sq. 
proton-deuteron scattering 299 
nucleon-helium scattering 358-362 
photodisintegration of deuteron 133, 

[175-179 

Angular momentum 
connexion with statistics 7 
general invariance 199 
conservation of — In /?-decay 379 
of odd nuclei 31, 205, 207, 237 
of even nuclei 30, 205, 207 
of nuclei of mass number 4a ± 1 : 

[285-287 

of deuteron 7, 90 
rotation of a-nuclei 278-281 
of lightest a-nuclei 281-285 
and pairing of like nucleons 30 
and fine structure of nuclear levels 

[357, 410-414, 416 
and magnetic moment 392 
and quadrupole moment 392 sq. 

Anisotropy ratio 
definition 174 
on meson theory 175 sq. 
on various theories 340, 344, 347 
on strong coupling 431 
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AntUparticle 
definition 3 
anti**]epton 3sq. 
anti<-proton 8-10 
anti^neutron 10 

Asymptotic form of eigenfunction 
(see Phase of eigenfunction) 
two-nucleon system 69 sq. 

Axial dipole coupling 
operator of — 94, 314 
on meson theory 
as static interaction 322 
as non-static interaction 329, 349 
as a perturbation 335 sq., 349 
on Rarita-Schwinger theory 337-342 
on meson theories with cut-off 342-345 
and dcuteron ground state 333-335, 338, 
[342-345, 350 sq. 
and ground state of 410 sq. 
sign of — and sign of deuteron qua- 
[drupole moment 335 
and mixtures of states of different orbital 
[momentum and spin 333 sq., 355, 

[410 sq. 

and saturation properties 353-355 
and P-doublet splitting 365 sq. 

Barycentric system of reference 
reduction of wave-equation to — 54 
transformation to laboratory system 102, 

[296 

fi^decay 

mechanism XVII, 3 
on meson field theory 14 
energy balance 4 
stability conditions 4, 37 sq, 
stability of isobars 30 
relation between life-time and decay- 
[ energy 377, 386 

Fermi interaction 378 


Gamow-Teller interaction 378 
simple and complex spectra 378, 380 
selection rules for allowed transitions 

[378-380 

calculation of matrix-elements 380-382, 

[384 

of neutron 8, 385 

of and neutrino mass 385-387 
positon emitters of neutron excess —^1; 
transition allowed 379 
matrix-elements 381 
data 382-385 

Coulomb energy difference 34 sq., 383 
class (b) nuclei of mass 4a + 2: 
definition 379 
matrix-elements 381 sq. 
data 387 
anomalies 388 
/?-decay parameter 
on meson theory 331 
from data 385 

deuteron formation by proton collision 
[15S-157, 388 sq. 

Binding energy 
(see Mass-defect) 
and mass-defect XVII 
energy surface 35-37 
semi empirical formula 24 
method of “equivalent two-body pro- 
[blems” 303 sq. 

of “last” nucleon 33 
of deuteron 7, 90 
of o-nuclei 275 sq. 

of ®H and ®He by different methods 302 
of *H, »H, -^He 304-306 
of ®Ll and ®He 306 sq, 
of and ♦He on Rarita-Schwinger ' 
[theory 355 sq. 

Borns approximation 

phases of states of higher orbital momen- 

[tum 89 

collision of fast nucleons 258-261 
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Central interactions 
two-nucleon system 59-€l 
types of distance dependence 66-68 
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general form of central potential 160-162 
on meson theory 170 sq. 
summary of argument 180 sq. 
determination of central potential from 
[sattu’ation requirements 233 sq. 
representation of short range potential 

(229 

Charge 

(see Isotopic factor, Isotopic variable) 
positive and negative — 
of electron XVII 
of proton 6. 8 
of meson 163 sq. 
coupling between — and spin 21 

— -symmetry of,nuclear forces 33-35, 

[167 

— -multiplicity: two nucleon system 58 

— -multiplct 199 

— -conservation 164 

— -transfer effect 167-169 

— -exchange 

and saturation properties 226 sq. 
and non-static interactions 165, 

[325 sq. 

— -Inertia 19-21 

— -number and Coulomb energy of light 

[nuclei 215 sq. 

Charge independence 
definition and limitations 158-160 
neutral and symmetrical meson theories 

(165-167 

on strong coupl^g dieory 163, 431 


and saturation properties 233 sq. 
argument for force between like nucleons 

[306 

Compound nucleus 

definition 185 

in reactions involving ^Li 369-371 

Congruent nucleons 

definition 254 

spatial correlations 254-257 

Contact interaction 
relativistic invariance 53 
no finite binding energy 73 
on meson theory 322 sq. 

Coulomb interaction 
approximate expression 23 
of light nuclei 215 sq. 
of 3Hc 34, 294, 301 
for pairs of light isobars 34 sq. 
difference 

between ®Li and ®He 307 
between ®Li and ®He 357 
positon emitters of neutron excess —1: 

(34 sq., 215 sq., 383 
between a-particles 272, 274 
and density variation within nucleus 

[242 sq. 

influence of Coulomb field on /^-decay 
[of m 386 
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Cut-off meson theories 

definition 323 

non-'Static interactions on — 325 sq. 
symmetrical pseudoscalar theory 342 sq. 
Ferretti s theory (neutral pseudoscalar 
[and charged scalar) 343 
Bethe s neutral vector theory 344 sq. 

saturation properties 354 
Hulthfe’s unsymmctrlcal theory (neutral 
[scalar and small charged pseudoscalar) 

[345 

saturation properties 354 

Density 

constant (to a first approximation) 22. 

[195 

variation in surface layer 240 
variation due to proton repulsion 242 sq. 
mixed — 219 sq., 222 

Deuteron 
ground state: 
parity 90 

binding energy 7, 90 
admixture of D state 91-93, 334, 344 
angular momentum 7, 90 
magnetic moment 93, 95, 419 sq. 
electric quadrupole moment 91-95, 335, 
[344, 347 

magnetic interaction 95-98 
importance of axial dipole coupling 
[338, 342-345, 350 sq. 
on Rarita-Schwinger theory 338 
virtual state: 

from slow neutron scattering 110 sq. 
from radiative capture of slow 
[neutrons 111 
from scattering of slow neutrons by 
[hydrogen molecules 116 
relativistic corrections 319 
states of — on strong coupling 428-431 
disintegration 

by photons 132-135, 175-180 
by electron impact 138-141 
deuteron formation by proton collision 
[155-157, 388 sq. 

Dichotomic variable 
main properties 43-50 
linearisatkm of wave^quation 50 sq. 

Dipole moment 

(see Electric dipole moment. Magnetic 

[moment) 


Disintegration star 

(see Penetration of fast nucleon into 

[nucleus) 

Effective central potential 
(see Central interactions) 
definition 59 

four types in two^nucleon system 59, 

[161 sq. 

on meson theory 171 
on Rarita-Schwinger theory 339 sq. 
on Bethe's neutral vector meson theory 

[344 

— on Schwinger's mixed meson 
[theory 347 sq. 

Electric dipole moment 
definition 390 
exchange — 64 
Siegert’s theorem 64 
photodisintegration of deuteron 132-135, 

[176-179 

disintegration of deuteron by electron 
[impact 138-141 

Electric quadrupole moment 
definition 390 
in spectroscopic sense 392 
of deuteron 91-95, 335, 344 
on Schwinger s mixed meson theory 

[347 

sign of deuteron — and axial dipole 
[interaction 335 
effect on photodisintegration of deuteron 

[132 

of odd mass nuclei: 
on liquid model 422 
on a^particle model 422 sq. 
on quasi-'atomic model 425 sq. 
due to single proton 423-425 
of odd nuclei 425 sq. 
empirical data 420-422 

Electromagnetic interactions 
transmission by field 10 
nucleon in extemed electromagnetic field 

[52, 418 

and neutron^proton exchange 62 sq. 
Siegert s theorem 64 

slowly varying external electromagnetic 
[field 63, 390-392 
ground state of deuteron 90-93, 95-98, 
[335, 344, 347, 350 sq., 419 sq. 
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radiative processes 132-Hl, 175-180» 
[341 sq. 345 

gauge invariance and charged meson 

[field 163 

multipole moments 390, 393 

Electron 

positive and negative XVII, 3 
spin 3 
statistics 3 

disintegration of deuteron by electron 
[impact 138-141 

Even nuclei 
(see a-nuclei) 
definition 29 
stationary states 206 sq. 
ground state 207, 212 
angular momentum 30 
magnetic moment 393 

Exchange interactions 

definition 26 

types of central exchange potentials 61, 

[160 sq. 

electromagnetic — 62 sq. 
spin dependent — 214 
saturation property 222, 227 
on Wigner's approximation 208-211 
on individual nuclear model 218-221 
on Fermi gas model 246 sq. 
and stability of isobars 236 
and interaction of a-particles 274 

Exchange moments 

definition 63 

effect on radiative processes 132-141. 

[176-180 

exchange magnetic moment 397 
of and ^He 408 

Exchange operator 

definition 47 

and exclusion principle 61 
and exchange potential 61 
neutron^proton exchange 62, 165 
and general form of central potential 

[160-162 

and sources of meson field 164 
average value in supermultiplet states 
[210 sq., 214-216 


Exclusion principle 
(see Statistics) 
formulation 3 

and dichotomic variables 47-50 
and exchange operators 61 
symmetry character of eigenfunction 201 

Exponential potential 

(see Central interactions) 

Fermi gas model 

definition 188 sq. 

kinetic energy of ground state 192-194 
of excited states 194 
kinetic properties 195-198 
second saturation requirement 231-233 
mass-defects 238-240 
nuclear radius 241 sq. 
variation of nuclear density 242 sq. 
second approximation 243-258 
virial theorem 257 sq. 
penetration of fast nucleon into heavy 
[nucleus 258-268 

Fine structure of nuclear levels 
general remarks 356 sq. 
and ^-spectra 356 
and angular momentum 357 
of «He and »Li: 
correlation between them 357 
scattering of nucleons by ^He 358-365 
axial dipole coupling 365 sq. 
spin-orbit coupling 366-368 
of ^Li: 

empirical data 369-371 
interpretation 370 
relativistic doublet splitting 372 sq. 
of 13C 411 

Gauss potential 
(see Central interactions) 
binding energy 
of light a-nUclei 231 
of heavy isobars 232 
of standard heavy nucleus 247-250 
nuclear radius of heavy nucleus 242 
interaction of two o-particles 273, 276 

Heavy nuclei 

(see Nuclear matter. Penetration of fast 
[nucleon etc., Standard heavy nucleus) 
Bohrs droplet model 185-188 
Fermi gas model 188 sq., 192-198, 

[238-268 
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second saturation requirement 231-233 
magnetic moments 400 

Hulthens potential 

(see Central interactions) 

Hylleraas potential 

(see Centra] interactions) 

Individual model 
definition 190 
Slater<-determinants 217 
exchange interactions 218-221 
saturation conditions 224-227 
doublet states of 3'nucleon system 

[293-295 

Individual nuclei 
(see Deuteron, o^particle) 
light o-nuclei: (see following column) 


stationary states 207, 281-285 
binding energies 275 
light odd nuclei of mass number 4a: 
stationary states 207 
magnetic moments 416 
quadrupole moments 426 

stable odd nuclei (^H, |LI, 'JB. ’JN): 
Stationary states 206 
angular momentum 31, 207, 237 
magnetic moment 393, 402, 415 sq. 
quadrupole moment 426 
light nuclei of mass number 4a + 2 : 
stationary states 205-207 
/?-decay 387 
odd mass nuclei: 
stationary states 204 sq., 207, 

[285-287 

fi-decay 34 sq., 215 sq., 383 
magnetic moments 394-396, 409-414 
quadrupole moments 420-422 
additional references: 



Coulomb energy difference 34, 294, 

[301 

binding energies 304-306, 355 sq. 


/J-spectrum and mass of neutrino 

[385-387 


Coulomb energy difference 357 
fine structure 363-365 

|He 

stationary states 302 

|He, jLi 

difference in spin dependent energy 

[214 

Coulomb energy difference 306 sq. 
binding energies 306 sq. 

^Be. ^Li 

Coulomb energy difference 34 

369-371, 383 sq. 
existence of neutrino 5 


fine structure 369-373 
magnetic moment 413 sq. 

»Li 

orbital shell configuration 357 


stationary states 271, 276 

JB..1B 

Coulomb energy difference 34 

'jBe, '®C 

», ♦» „ 35 

'jBe 

anomalous /^-decay 388 


'iB 

ground state and magnetic momei 


[410 S4 

'Ic 

/?-decay and existence of neutrino 

*^C 

slow neutron scattering cross'sectio 


[1C 

"c 

fine structure 411 

'tN 

/^-spectrum 383 

'tc 

anomalous /9-decay 388 

1o 

slow neutron scattering cross^sectic 

??Na 

[1C 

anomalous j9*decay 388 

30c, 30p 
, 401 , ijt' 

difference in spin dependent energ 


. [21 

16^ 

/9-spectrum and neutrino mass 387 

38pi 

jyU 

^^decay and existence of neutrino 

»-t’K 

magnetic moment 405 

«K 

„ 397,416 

“Be 

binding energy 275 

SjKr 

/9^decay and existence of neutrino 
magnetic moment 397, 416 
quadrupole moment 421 


Isobars 

of anomalous charge and spin 19-21 

stability 30, 234-237 

atomic weights 31-33 

unstable — and charge symmetry 33-35 

pairs of stable — 40 


Isotopes 

mass-'defects 33 

number of stabile — of given charge 40 
with same magnetic moment 393-396, 
[404 sq, 
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Isotopic factor 
definition 165 
charged theory 165 
neutral theory L65, 167 
symmetrical theory 166 sq. 
on strong coupling 432 
in various types of interactions 313 sq. 
and saturation properties 225-227» 233 sq. 
evidence 

from scattering of fast neutrons by 
[protons 171-176, 340 sq. 
from neutron'^deuteron scattering 

[298 sq. 

from proton^deuteron scattering 300 
from photodisintegration of deuteron 
[175-179, 341 sq. 
from saturation properties 233 sq. 

Isotopic variable 

definition 51 

and exclusion principle 47-50 

and sources of meson fields 164-167 

and types of nuclear interactions 313 sq. 

Recapture 
mechanism 4 
energy balance 4 
stability condition 4 

relation between life-time and energy 377 
of '^Be 369-371, 383 sq. 

Kinetic energy 
order of magnitude 27 
on Fermi gas model 192-194 
and surface energy 240 
and virial theorem 257 sq. 

Lepton 

(see Electron, Neutrino) 
definition XVII 
Interaction with mesons 14 

Life-time 
of neutron 8, 385 
of meson 16-18, 330-332 
of /^-unstable nucleus 377, 386 

Light nuclei 
quasi-atomic model 189 sq. 
resonating group model 190 


a-particle model 191 
Wigner approximation 191 
mass-defects 
empirical 33 

on Wigner s approximation 212-214 
binding energies of lightest nuclei 

[301-307, 355 sq. 
Coulomb energy 215 sq. 
fine structure 
of light nuclei 356-373 
of «He and ^Li 357-368 
of ^Li 369-373 
stationary states 203-207 
magnetic moments 400, 405-416 
quadrupole moments 425 sq. 

^-decay 382-389 

positon emitters of neutron excess —1 : 

[34 sq., 215 sq. 
light a^^nuclei and second saturation 
[requirement 231 
estimate of spin dependent interactions 

[214 

Like nucleons 
(see Pairs of nucleons) 
definition XIX 

system of two —: effective potentials 59 
argument for force between — 306 
pairing 29 

no pairing in ground state of 416 

Liquid model 
saturation properties 25 
kinetic effects 27 
Bohr's droplet — 185-188 
statistical treatment 186 sq. 
evaporation 187 sq. 
level density 187 
magnetic moments 400 
quadrupole moments 422 

Long range fiction 

definition 210 

estimate of spin dependent interactions 

[214 

sufficient saturation conditions 227-229 

stability of isobars 234-237 

ground states of light odd mass nuclei 

[409 

Magnetic moment 
definition 390 
in spectroscopic sense 392 
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and nuclear models 404, 409-414 
and meson field 6, 8 
relativistic correction 417-420 
on strong coupling 21 
exchange — 63 

Land^ factor or gyromagnetic ratio 

[398-401 

general expression for — 397-401 
spin — 397 
orbital — 397 
exchange — 397, 408 
Wigner 5 approximation 397-400, 403 
quasi^atomic model 400 
liquid model 400 
a-particle model 400 sq. 
effect on 

photodisintegration of deuteron 134, 

[176-179 

radiative capture of slow neutrons by 
[protons 137, 180 
disintegration of deuteron by electron 
[impact 138-141 

of proton 6, 428 
of neutron 8, 428 
of deuteron 93, 95 
of even nuclei 393 

of stable odd nuclei 393, 402, 415 sq. 
of imstable odd nuclei 397, 416 
of odd mass nuclei 393-396, 402-404 
of light odd mass nuclei 409-414 
of conjugate nuclei 401 sq., 408 
of self conjugate nuclei 402, 415 sq. 
of m and 3He 405-409 

Many-^body interactions 
mechanism on field theory 18 
saturation properties 25 sq. 
evidence from binding energies of 
[lightest nuclei 304-306 

Mass 

(see Meson mass) 
of neutron 7 
of meson 15 
of neutrino 386 sq. 

Mass^defect 

(see Binding energy) 
main properties 23 sq. 
of light nuclei 33 

of light nuclei on Wigner’s approxim- 
[atlon 212-214 


on Fermi gas model 238-240 
influence of spatial correlations on — 

[257 

Meson 

(see Meson field. Meson mass) 
mass determination 15 
spin 12, 18 
decay 14, 16-18 

of heavier — into lighter one 332 
life-time (theory) 330-332 
scattering of — by nucleons 428 
neutral meson: ^ 

existence 165 
instability 167-170 
decay into photons 169 sq. 

Meson field 

definition 11 

covariance properties 12 
gauge invariance 163 
mass-range relation 12-14 
range (see Meson mass. Range of 

[nuclear force) 
Fourier amplitude 163 sq. 
components: Hermitian and non- 

[Hermitian 163, 165 

charged 163 
neutral 165 

neutral and symmetrical theories 165-167 
[(see Isotopic factor) 
argument for charged fields from 

[saturation properties 226 sq. 
mixture of —s (see Mixed meson 

[theories) 

cut-off of radial singularity (see Cut-off 
[meson theories) 

sources 164-167 
source constants 322, 349 
interaction with leptons 14, 330-332 
lepton source constants 330-332 
tables of data for the four types of 
[meson fields; 

static interactions 322 
velocity dependent interactions 329 
life-time of free meson 330 
/?-decay parameter 331 
and static nuclear interactions 13 
charged field 163-165 
neutral and symmetrical theories 

[165-167 

central interaction 170 sq. 
derivation of general types 320-323 
mechanism of /?-decay 14, 330-332 
and anomalous magnetic moments 6, 8 
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scattering of fast neutrons by protons 

[17M76 

photodisintegration of deuteron 175--179 
radiative capture of slow neutrons by 
[protons 180 

Meson mass 
direct determination 15 
from proton-proton scattering 152 sq. 
from scattering of fast neutrons by 

[protons 173, 176 

from radiative capture of neutrons by 

[protons 180 

from binding energies of lightest nuclei 

[305 sq. 

Meson potential 

(see Central interactions) 

Mixed density 

definition 219 

and exchange interactions 220 
and saturation property 222 

Mixed meson theories 

definition 324 

non-static interactions on — 326 
“correspondence" point of view 326 sq., 

[329 

velocity dependent interactions on — 

[327-329 

Schwinger’s — (symmetrical pseudoscalar 
[and vector of unequal masses) 346-348 
Moller and Rosenfeld’s — (same with 
[equal masses) 348-350 
spin-orbit coupling and ^He doublet 368 

Models of nucleus 
(see a-particle model, Fermi gas model, 
[Individual model. Liquid model, 
[Quasi-atomic model, Resonating 
[group structure) 
table of — 192 
collective 190, 269-289 
and magnetic moments 404, 409-414 

Morse potential 

(see Central interactions) 

Neutrino 
definition XVI, 3 
existence 5 
spin 3 


statistics 3 
mass 386 sq. 

Neutron 
spin 7, 116 sq. 
statistics 7 
mass 7 

/?-decay 8, 385 
magnetic moment 8, 428 
polarized —s 118 
— cluster 218, 225 sq., 354 

Neutron excess 
definition 23 
critical values 38-40 
estimate for large mass numbers 193 
quantum number of charge multiplct 

[199 sq. 

dependence of binding energy on — 24, 

[239 

Non^central interactions 
(see Axial dipole coupling, Spin-orbit 
[coupling) 

general evidence 311 
types of — 314 
on meson theory: 
static — 322 
non-static — 325-329 

Non-static interactions 
(see Velocity dependent interactions) 
on meson theory 165, 325-329 
spin precession 165, 325 sq. 
charge exchange 165, 325 sq. 
types of — 314 

Nuclear matter 

(see Penetration of fast nucleon into 
[nucleus. Standard heavy nucleus) 
constant density 22, 195 
variation of density 240, 242 sq. 
temperature 186 
entropy 187 
kinetic energy 192-194 
specific heat 194 

viscosity and heat conductivity 195-198 
velocity of sound 242, 250 

Nuclear radius 

main properties 22 

positon emitters of neutron excess —1: 

[34 sq. 
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pairs of light isd^ars 34 sq. 
on Fermi gas model 241 sq» 

Nuclear reactions 
(see Penetration of fast nucleon into 
[nucleus, Photodisintegration of the 
[deuteron, Radiative capture of neu> 
[trons by protons, Scattering) 
according to Bohr s droplet model 185 
as sources of neutrons 108 sq., 119 sq. 
in neutron detection 110, 121 
deuteron formation by proton collision 
[155-157, 388 sq. 
radiative capture of neutron by deuteron 

[300 

disintegration of deuteron by nucleon 
[impact 300 

evaporation of nucleons 187 sq. 
and "^Li fine structure 369-371 
and mass of neutrino 386 

Nucleon 

(see Congruent nucleons, Like nucleons, 
[Neutron, Nucleon radius, Pairs of 
[nucleons. Penetration of fast nucleon 
[into nucleus. Proton) 
definition XVI 

excited states 19-21, 427 sq., 431 sq. 
scattering of mesons by — 428 
electromagnetic properties 428 
magnetic moment due to single — 403 

Nucleon radius 

definition 23 

on strong coupling theory 19-21 
on Fermi gas model 241 sq. 

Odd mass nuclei 
number of — 29 
stationary states 204 
ground state 207, 211 
order of doublets 316 sq. 
positon emitters of neutron excess —1: 

[34 sq., 215 sq., 382-385 
magnetic moments 
of 393-396. 402-404 
of light — 405-414 
quadrupole moments 420-426 

Odd nuclei 

definition 29 


stationary states 206 sq. 
ground state 207, 212, 235-237 
nuclei of mass 4a+2 with odd isobar of 
[zero neutron excess 387 sq, 
angular momentum 31 
magnetic moments 
of stable — 393, 402, 415 sq. 
of unstable — 397, 416 
quadrupole moments 421, 425 sq. 

Orbital momentum 
(see Orbital shell) 
of two-nucleon system 55 
5 states 72-80, 83-86 
states of higher — 74, 88 sq., 172 
mixture of states of different — 91, 
(333 sq., 355, 410 sq., 416 
“mixed * resonance 360-362 
selection rules in /^-decay 380 
orbital magnetic moment 397 

Orbital shell 
definition 200 
— structure 
of light nuclei 203-208 
and mass-defects of light nuclei 213 
order of multiplets 317 
configuration of *Li 357 

Ortho^deuterium 

(see Para-deuterium) 

Ortho-^hydrogen 

(sec Para-hydrogen) 

Pairs of nucleons 
pairing of like nucleons 29 
pairs of protons 215 
symmetrical and antisymmetrical coupling 
[of nucleons 209 

enumeration 

of pairs of like nucleons with parallel 
[spins 210 

of bonds (pairs of nucleons with same 
[space-function) 210 
spatial correlations of congruent and 
[non-congruent nucleons 254-257 

Para^-deuterium 
para-ortho conversion 95 
scattering of slow neutrons 115 
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Para-hydrogen 
para-ortho conversion 95 
scattering of slow neutrons 111-116 

Parity 

two-nucleon system 58 
general invariance 199 
of ground state of deuteron 90 
of states of light nuclei 203-208 
of states of light a-nuclei 281-285 
conservation in /^-decay 379 

Penetrability 

of potential barrier 22 

Penetration o[ [ast nucleon into 
nucleus 

determination of range of nuclear force 
[154 sq.. 268 

differential collision cross-section 258-261 

total collision cross-section 261-263 

energy loss 263-265 

Williams* theorem 264 

range of nucleon in nuclear matter 266 

disintegration stars 266-268 

Phase of eigenfunction 

definition 70 

calculation by variational method 81 sq. 
•S states of low energy 83-86 
potential well 86 
exponential potential 87 
Hulthen’s potential 87 
meson potential 88 

states of higher orbital momentum 88 sq. 
S phase from proton-proton scattering 

[149 sq, 

P phase from proton-proton scattering 

[153, 345 

phases in scattering 
of neutron by deuteron 297 
of proton by deuteron 299 
of helium by helium 270 sq. 
of nucleon by helium 359 sq., 363 sq. 

Photodisintegration of the deuteron 
threshold frequency 
and neutron mass 7 
and deuteron binding energy 90 
theory 132-135 
on meson theory 175-180 
on Rarita-Schwinger theory 341 sq. 
on Bethe's neutral vector meson theory 

[345 


Potential energy 
order of magnitude 28 
invariance requirements 53 
decomposition in ordinary and exchzmge 
[terms 217-221 

in supermultiplet state 208-211 
on Fermi gas model 238 sq. 

second approximation 243-250 
relativistic corrections 314-319 
and saturation properties 224 
and virial theorem 257 sq. 

Proton 
spin 5 
statistics 5 

magnetic moment 6, 428 

quadrupole moment due to single — 

[423-425 

slow neutron scattering cross-section 110 
proton-proton scattering 142-154, 344 sq. 
deuteron formation by proton collision 
[155-157, 388 sq. 
scattering in helium 364 sq. 
scattering of a-particles in hydrogen 365 

Quadrupole moment 

(see Electric quadrupole moment) 

Quasi-atomic model 
(see Orbital shell) 
definition 189 sq. 

stationary states of light nuclei 203-207 
compared with a-particle model 286 
second saturation requirement 231 
comparison with a-particle model 
doublet of "^Li 372 sq. 
magnetic moments of odd mass nuclei 

[404 

magnetic moments of light odd mass 
[nuclei 409-414 
equal magnetic moments of isotopes 

[404 

stationary states of light nuclei 203-207 
calculation of matrix-clement of /J-decay 

[380-382 

magnetic moments 4(X) 
of light odd mass nuclei 409-414 
of light odd nuclei 416 
of 4 ik 405 
of 40K 416 

quadrupole moments 425 sq. 


20 
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Radiative capture of neutrons by 
protons 
theory 135-138 
on meson theory 180 
experimental data 136 sq. 
evidence about level of deuteron 111 

Range of nuclear force 

(see Meson mass) 

mass-range relation on meson field 
limited range [theory 12-14 

and uncertainty relations 12-14 
and nuclear radius 22 
representation of short range potential 

[229 

lower limit from deuteron properties 93 
from disintegration "stars*' 154 sq., 268 
and neutron-deuteron scattering 299 
range of interaction between two 

[a-particles 271 

Rarita-Schwinger theory 
definition 337 
deuteron ground state 338 
proton-neutron scattering 338-341 
photodisintegration of deuteron 341 sq. 
binding energies of and ^Hc 355 sq. 
®Hc doublet splitting 366 
saturation properties 354 
strong coupling 429-431 

Relativistic effects 
order of magnitude 27 
two-nucleon system, "large" and "small" 
contact interaction 53 [components 56 
second order corrections to Hamiltonian 

[314-319 

relativistic spin-orbit couplings 316-319, 
[328, 410 sq., 416 
and ®He doublet 366-368 
and '^Li doublet 372 sq. 
and doublet 411 
relativistic correction 
in jff-dccay 386 
to magnetic moment 417-420 

Resonating group structure 
definition 190 sq. 
general method 287-289 
stationary states of 3-nucleon system 

[290-293 

neutron-deuteron scattering 296-298 
application to and ^He 302 


Saturation properties 

definition 24 

connexion with range 25 
types of interactions with — 25 
of exchange interactions 222, 247 sq. 
of velocity dependent interactions 223 
first saturation requirement 224 
necessary conditions 225-227 
sufficient conditions 227-230 
second saturation requirement 224 
condition from light a-nuclci 231 
condition from heavy nuclei 231-233 
determination of central potential from 
[— 233 sq. 

saturation conditions and stability of 
[isobars 234-237 
Watanabe’s modification of saturation 
[conditions 247 sq. 
and axial dipole couplings 353-355 
"conditional" saturation 354 
on strong coupling 432 sq. 

Scattering 
proton-neutron: 
theory 98-101, 338-341 
transformation to laboratory system 

[102 

slow neutrons by bound protons 

[103-105 

experimental data 107-127 
angular distribution 123-126, 171-175,. 

[340, 344, 347 

proton-proton; 
theory 142-146, 344 sq, 
experimental data 146-150 
neutron-deuteron: 
experimental data 295 
angular distribution 296 
theory 296-299 
proton-deuteron 299 sq, 
experimental data 299 
theory 300 

collision of fast nucleons 258-261 
inelastic — of protons and o-particles by 
[^Li 369, 373 

of slow neutrons 
by bound nucleus 105 sq. 
by bound deuteron 106 
by hydrogen molecule 111-116 
of polarized neutrons by protons 118 
of fast neutrons by protons 119-122, 

[175 sq- 



SUBJECT INDEX 


489 


of a-'particlea 
by helium 270 sq. 
by hydrogen 365 
of nucleons b;y helium 358-365 
theory 358-362 * 

experiments 363-365 
of mesons by nucleons 428 

Slater^determinant 
and exclusion principle 48 
and quasi^atomic model 190 
and individual model 217 
and Fermi gas model 244 
of ®Be system 272, 276 

Spatial correlations 
correlation operator 245 
correlation energy 257 
symmetrically and antisymmetrically 

[coupled nucleons 209 
a-clustering 256 sq. 
in standard heavy nucleus 254-257 
in electron systems 257 

Spin 

definition XVI 

as dichotomic variable 44 sq. 

of lepton 3 

of proton 5 

of neutron 7 

of meson 18 

— inertia 19-21 

coupling between — and charge 21 
influence on scattering of slow neutrons 

[106 

— multiplet 200 

order of nuclear multiplets 316 sq. 
order of ®Hc doublet 363, 366 sq. 
saturation of —s 30, 218, 225, 228, 355 
parallel —s 218, 225, 228, 354 

— exchange and saturation of binding 

[226 

types of spin dependence of nuclear 
[interactions 312-314 

— precession 2 md non-'Static interactions 

[165, 325 sq.' 

mixture of states of different — 355 

— transitions in /?-decay 379, 381 sq. 

— magnetic moment 397 

Spin dependence of nuclear intern- 
action 
evidence 

from deuteron 95-98 


from proton-neutron scattering 110 
from radiative capture of slow 

[neutrons 111 
from scattering of slow neutrons by 
[hydrogen molecules 116 
excluded on Wigner s approximation 191 
estimate of — 213-215 
and saturation conditions 225 sq. 
singlet-triplet separation for 6-nucleon 
[systems 307 

singlet-triplet separation for deuteron 
[and axial dipole interaction 338, 
[342-345, 350 sq. 

Spin^orbit coupling 

types of — 314 

relativistic 316-319, 328, 410 sq., 416 
Thomas precession 316 
Larmor precession 316 
as non-static interaction on meson theory 

[329 

and ®Hc doublet: 
relativistic 366-368 
mixed meson theory 368 
and “^Li doublet (relativistic) 372 sq. 
and magnetic moments of and ^He 409 

Stable nuclei 
classification 29 
Fuchs’ theory 35-40 
stability conditions 4, 37 sq., 234-237 
stable odd nuclei 29, 31, 237, 393, 402, 
[415 sq., 426 

Standard heavy nucleus 

(sec Nuclear matter, Penetration of fast 
[nucleon into nucleus) 

definition 193 

binding energy on Fermi gas model 

[243-250 

momentum distribution 250-254 
spatial correlations 254-257 

'*Star* 

(see Penetration of fast nucleon into 

[nucleus) 

Static interactions 
transmission by meson field 11, 162-167 
types of — 314 
on meson theory 320-324 
derivation 320 sq. 
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types of — 322 sq. 
cut-off of singularity 323 
mixture of fields 324 
limitation of scope 327 
on strong coupling 428 sq. 

Stationary states 
(see Angular momentum, Fine structure 
[of nuclear levels, Supermultiplet) 
classification 199-203 
charge multiplet 199 
spin multiplet 200 
supermultiplet 200-203 
of two-nucleon system: 
multiplicity 55 
angular momentum 55 
orbital momentum 55 
“large" and "small" components 56 
parity 58 

charge multiplicity 58 
radial eigenfunctions 68-75, 91, 334 
states of binding 75-81 
phases 81-89 

on strong coupling 428-431 
of three-nucleon system 290-295 
multiplicity 291 

on resonating group structure 290-293 
on individual model 293-295 
of lightest nuclei 301-307 
of light nuclei 203-207, 409-414, 416 
of deuteron: 

ground state 90-98, 338, 344, 350 sq. 
virtual state 110-116 
of «Be 271 sq., 276, 282, 284 
of ^^B 410 sq. 
distribution of — 

in heavy nuclei 186 sq. 
on Fermi gas model 184 
rotations and vibrations 
of a-nuclei 277-281 
of lightest a-nuclei 281-285 
of nuclei of mass number 4a ± 1 : 

[285-287 

Statistics 

definition XVI 

connexion with angular momentum 7 

Bose — 7 

Fermi — 3 

of lepton 3 

of proton 5 

of neutron 7 


Strength of nuclear potential 

definition 67 

Strong coupling 19-21, 427-433 

Supermultiplet 
definition 20D-203 
Wigner approximation 191 
— quantum numbers of ground state 

[211 sq. 

nuclear potential energy in — state 

[208-211 

mass-defects of light nuclei 212-214 
estimate of spin dependent interactions 

[214 

sufficient saturation conditions 227-229 
allowed /^-transitions: 
selection rules 378-380 
classes of ^-unstable nuclei 379 
calculation of matrix-elements 380-382 
magnetic moments 397-400, 403, 

[409-414, 416 

Surface energy 
general expression 24 
on Fermi gas model 239 sq. 

Three-nucleon systems 
stationary states on resonating group 
[structure 290-293 

multiplicity 291 

fimdamental wave-equation 292 
doublet states on individual model 

[293-295 

scattering of neutrons by deuterons 

[295-299 

scattering of protons by deuterons 

[290 sq. 

radiative capture of slow neutron by 
[deuteron 300 
disintegration of deuteron by nucleon 
[impact 300 

binding energy of ®H 302, 304-306 
on Rarita-Schwinger theory 355 sq. 
binding energy of *He 294, 301 
/^-decay of 385-387 
magnetic moments of and ^He 

[405-409 

Two-nucleon systems 
first order Hamiltonian 53 
stationary states: 
multiplicity 55 
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parity 58 

charge multiplicity 58 
angular momentum 55 
orbital momentum 55 
"large" and "small" components 56 
radial wave-equations 59 
central potential 60 sq., 68-75 
non-central potential 91» 334 
states of binding 76-81 
phases 81-89 

comparison of proton-neutron and 

[proton-proton potential 158-160 
general form of central potential 160-162, 

[233 sq. 

central potential on meson theory 170 sq. 
effect of non-central force at small 
[energies 336 sq. 
Moller and Rosenfeld's mixed meson 
[theory 348-350 

deuteron 81-89 

and axial dipole interaction 338, 

[342-345, 350 sq. 
on Rarita-Schwinger theory 338 
on Bethe's neutral vector meson 

[theory 344 

on Schwinger’s mixed meson theory 

[347 

on strong coupling 428-431 
proton-neutron scattering 98-131, 

[171-176 

on Rarita-Schwinger theory 338-341 
on Bethe’s neutral vector meson 

[theory 344 

on Schwinger’s mixed meson theory 

[347 

on strong coupling 431 
photodisintegration of deuteron 132-135, 

[175-179 

on Rarita-Schwinger theory 341 sq. 
on Bethe's neutral vector meson 

[theory 345 

disintegration of deuteron by electron 
[impact 138-141 
deuteron formation by proton collision 
[155-157, 388 sq. 
proton-proton scattering 142-154 
on Bethe’s neutral vector meson 

[theory 344 sq. 
on Schwinger s mixed meson theory 

[347 sq. 

radiative capture of slow neutrons 

[135-138, 180 


Uncertainty relations 

connexion with limited range 12-14 

Variational method 

variation-iteration method SO, 302, 

[304-306 

Hartree-Fock method and quasi-atomic 
[model 189 sq., 231 
on Fermi gas model 232, 241, 243, 

[248-250 

combined with resonating group 

[method 302 
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states of binding 78 
phases 81 sq. 

and three-nucleon system, energy of 
[doublet state 293-295 
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[276 sq. 
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[theory 355 sq. 
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first order — 314 
second order — 314-319 
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Description of table 

In the following table, the nuclei are classified by mass number, which 
is, of course, the rational arrangement from a theoretical point of view. 
Only those properties which are directly related to nuclear forces are listed 
in the table; fig. 3A2 at the end of the book provides some information about 
the abundances of the stable isotopes, while the electromagnetic properties 
are fully dealt with in Appendix II, 

Columns 1 to 5 give the characteristic numbers concerning the constituent 
nucleons and the chemical symbols. Use is made of the following types: 

clarendon for stable nuclei, 

antique for a-unstable nuclei *, 

italics for /S-unstable nuclei. 

Isomers are distinguished by an asterisk affecting the chemical symbol. 
Only those nuclei have been listed whose charge number is certain and 
mass number either certain or probable. Remaining uncertainties in this 
respect, or in the position of isomers, are indicated by brackets. 

Columns 6, 7, 8 contain the characteristics of the decay of unstable 
nuclei. Column 6 gives the life-time: s — second, m = minute, h = hour, 
d = day, a = year. Column 7 describes the mode of decay: K = /^-capture, 
I, T,=isomeric transition. Whether or not the emission of y-rays accompanies 
the decay process is indicated between brackets after the symbol of the 
mode of decay; when known, the different ;/-rays emitted are enumerated 
and the relative probabilities of the various competing modes of decay 
given. The symbols for the p'-rays are provided with indices only when the 
decay scheme has been investigated, so that it is established that 
these y-rays are emitted after the decay process; the order in which they 
appear between the brackets is that of their successive emission, in so 
far as this order can be fixed unambiguously **. Column 8 contains 
the energies of the particles or j'-rays emitted. For a-rays it gives the 
total energy liberated (i.e. the energy of the a-particles plus that 
of the recoil nucleus); only the a-rays corresponding to transitions 
between ground levels are considered. For /J-particles, the maximum 
energy of the spectrum is given. In each case (except for isomeric tran¬ 
sitions), the y-ray energies are listed under the product nucleus, since they 
correspond to transitions between levels of that nucleus. 

* For nuclei which are both a- and /^-unstable, italics are used. 

E.g. in a case like Au, the order of succession of y 2 ys cannot be fixed by means 
of the available evidence. 
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Columns 9 to 12 arc concerned with binding energies; first the difference 
between atomic weight and mass number is given, then the total binding 
energy in two different units, finally the average binding energy per 
nucleon. In these data the last decimal has been retained only because 
it may become significant in the computation of differences of binding 
energies, which are often known with greater accuracy than the binding 
energies themselves. 

List of references 

The table is entirely the work of Mr. A. H. Wapstra * and presents, 
it is hoped, various improvements on the similar one of Mattauch and 
Fliigge, on which it is primarily based. It embodies all “class and 
“class nuclei of G. Seaborgs table (Rev. mod. Phys. 16, 1. 1944), 
those contained in the Plutonium project table mod. Phys. 18, 513. 

1946) ** and later discovered or confirmed nuclei. Older references to the 
original publications will be found appended to the tables just quoted, and 
a similar list of more recent publications accompanies the present one. 

This list, however, offers only a selection of the latest articles; it is 
hoped that, by consulting those, the reader will be able to trace any other 
reference he may be interested in. Usually, the articles quoted are those 
from which the data adopted in the table have been taken; whenever the 
quotation refers only to the data of some particular columns of the table, 
these columns are indicated by their ordinal numbers. In some cases, 
however, it has also been thought advisable to quote papers whose results 
show some discrepancy from those adopted; such quotations are preceded 
by the indication “disc". Finally, a number of items in the list are just 
explanatory remarks, indicating e.g. how a particular mass-defect given in 
the table has been computed. It must be noted that new data have been 
incorporated in the table as late as September 1948; this entails, un¬ 
fortunately, some discrepancies of minor importance between the infor¬ 
mation given by the table and that contained either in the text or in the 
diagrams at the end of the book. 

Additional remaiiks 

Mass'^defects of light nuclei (A < 65). The mass-defect determinations 
in this part of the table follow the general lines indicated by Mattauch 
and Flugge; the only modifications of M G F s figures are those rendered 
necessary by the results of recent investigations, as indicated in the list of 
references. 

An independent study of the available evidence for the range 
A = 20... 38 has also been carried out by H. R, Allan, who has very 
kindly put the results of his discussion at our disposal and carefully 

♦ Now at the Instituut voor Kernphysisch Ondetzoek, Oostcr Ringdijk 18, Amsterdam. 

An article by J. SURUGUE (/. Physique 8, 145, 1946) has also been consulted. 
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compared them with the corresponding portion of the present table. This 
comparison reveals a satisfactory agreement up to A = 28, and again in 
the interval A rr 35 ... 38; in almost all cases, the differences between the 
two sets of mass'-defects fall within the limits of the estimated accuracy 
of the determination. In the interval A = 29... 34, however, there is a 
large unexplained discrepancy (of the order of one mMU) between the 
values derived from nuclear reaction data (adopted by Allan) and those 
based on the mass spectograph measurement of 32$ (adopted by M&F 
and in the present table). 

The mass-defects of the nuclei in the interval A = 39 ... 43 can only be 
fixed in relation to each other, but cannot yet be connected to the rest of 
the series; this is indicated, as in M 6 F, by the undetermined correction -fi. 

Mass'^defects of heavier nuclei {A = 65 205), For this group, M 6 F 

give only the mean packing fraction for all stable isotopes of the same 
element, which is of little use. The corrected table M & F gives the 
individual mass-defects only of ^^Tl, and of a few other nuclei which 
have a single stable isotope. In other cases, however, when the mean 
packing fraction is obtained for pairs of isotopes of nearly equal masses, 
this value can be attributed to each of them and the individual mass-defects 
estimated in this way. This has been done, using M6F^*s data, for such 
pairs as ^*Ga, *®*Ru, etc. Moreover, mass spectrographic data 

(quoted in MGF and M6F*) for other groups of isotopes, such as 
78, 82, 84, 86 k;j.^ Were used to estimate the corresponding mass-defects. 

Pairs of neighbouring ^'stable** isobars. The three pairs of isobars 
**|Cd—”JIn, *J5In—‘JJSn and * 2 ,^Sb—'^^Te are given as stable in 
violation of the general stability conditions {3,42), The newly discovered 
isotope ^^La, if stable, would give rise to a double anomaly of the same 
kind, *|*Ba—^|*La—^IJCe. It is probable, however, that in those cases 
one of the partners of each pair is actually unstable, with a very long life¬ 
time, and transforms into the other one, by /?-decay if the isobar of lower 
charge number is the unstable one, and by /f-capture in the opposite case. 
Although all attempts to establish the occurrence of either transmutation 
have hitherto failed in the cases mentioned, the instance of the isobaric 
pair 'JjRe—'JJOs would tend to strengthen the belief in the correctness 
of the above conjecture. While this pair was until quite recently considered 
as another example of the anomaly under discussion (and is still indicated 
as such in fig. 3,42 and in the diagram of stable and unstable nuclei), it 
has now been found that ' 75 RC is /S-active, with a life-time of (4 ±: 1) • 10^2 
years *. 

Mass^defects of the heavy radioactive nuclei. For this class of nuclei, 
the data given by M 6 F^ are erroneous (A. Wapstra, Nature 161 , 
529. 1948). In order to obtain a more consistent set of data, Wapstra 

* S. Naldrett and W. LiBBY, P.R, 73, 487 (Erratum 929). 1948; N. SUQARMAN 
and H. Richter, P,R, 73, 1411. 1948. 
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first determines the differences between the mass-defects of the members 
of each radioactive family and that of its last member (viz. *“Pb 

and **Bi); then, he fixes the relative positions of the different families on 
the energy surface by requiring that all isotopes of any element should 
lie on a set of parallel parabolas (one for each sheet of the energy surface); 
or, at any rate, that they should lie as closely as possible to such a set. 
The parameters of these parabolas can be fixed by using isotopes within 
the same family. The distance between the sheets of the energy surface 
corresponding to even and odd nuclei is found by considering the isobars 
of mass 210; the sheet corresponding to odd mass nuclei is then assumed 
to lie midway between the two others, an assumption supported a 
posteriori by the consistency of the results. In order to check this con¬ 
sistency, it is useful to construct a relief diagram of the type represented 
in fig. 3A1 (at the end of the book). It is interesting to note that the first 
diagram of this kind drawn up by Wapstra on the same assumptions as 
M&F about the decay schemes of the various nuclei exhibited at some 
places a "ruggedness" contrasting with the generally smooth appearance 
of the energy surface. The occurrence of such irregularities may point to 
mistakes in the interpretation of some decay scheme, or to some still 
unknown feature of a decay process. For instance, it was recognized by 
Wapstra that a much better mutual agreement could be achieved by 
assuming that the 0,970 MeV y-ray observed to accompany the /S-decay 
of ^Ac follows the emission of the electron; moreover, the new mass- 
defect obtained for ^^^Ra from an improved determination of the starting 
point for the Np family suggests that the /3-decay of this nucleus is followed 
by the emission of a y-ray (not yet observed) of edx>ut 1 MeV, The 
adjustment finally adopted by Wapstra is estimated by him to be 
accurate to about 0,5 MeV. 

The latest discoveries of new radioactive series in the U, Th and Ac 
families may lead to further minor improvements of the mass-defects listed 
in the table; in particular, the new data might help to fix the position of 
the sheet for odd mass nuclei more definitely. 
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f, Z py®'In N \ HalWlfe 
bol I 


Energy of 
radiation 


w \\m 



ir* MU 10”* MU MeV MeV 


9 



1 

2 .12,1 ±0.5 a 


0,011 ±0,002 170,04 ±0.20 

90,2 

8,39 

2,80 

-1 

1 


169,88 ± 0,20 

82,2 

7,65 

2,55 



5 0,89 ± 0.02 s 

4 very short 


I 249,67 ± 0.66 441,5 41,10 5.18 

: 0,010 78,07 ± 0,39 605,0 56,31 7,039 




149,58 ±0,62 

622,9 

57.98 6.442 

■ i very short 

1 

2a + p 

161,04 ± 0,68 1 

603,3 

56,16 6,240 


2,5. lOfla 

tiaoy) 

0,560 ±0,010 

166,22 ± 1,36 
161,69 ±0,70 

695,7 

692,1 

64,76 6.476 
j 64,43 6.443 

8.8 ± 0.8 s 

|3+ 

3,36 ±0,10 

208,6 ±1,2 

637.1 

59,30 5.930 



7 0,022 ± 0.002 s 

6 


7 

6 9,93 ± 0.03 m /?+(noy) 


12 168 864,7 80,49 6,707 

38,80 ±0,25 985,8 91,76 7.515 


75,61 ±0,43 1038,4 96,66 7,435 

1,21 ± 0,005 99,04 ± 0,44 1006.8 93.72 7,209 



2 

8 5100 ± 200a 

§- (noy) 

0 

7 





10,3 ± 0.3 

110 ±4 

4,3 


3,8 


6,2 ± 0.1 

0,00 

6,7 ±0.3 



2,7 ± 0,4 119 1345 125,2 7.36 

45,0 ±0.6 1410,5 131.30 7.724 

2,1 75,8 1371.6 127,68 7,511 


48,5 ± 1.8 1496,5 139,30 7.739 

0,72 ±0,02 67,0 ± 1,9 1469,8 136,82 7,601 
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4>5±0,3 

93,7 ±3,5 

2.9 ±0,3 

45,4 ±1,2 

2,20 

79,8 

5,0 

65,4 

2,2 

-11,05 ±0,61 


1580,9 H7,16 7,745 

1538,4 143.20 7,537 

1650,3 153,63 7,682 


7,4 ± 1,9 1789.7 166.60 7,933 

35 1754 163,3 7,775 

71 1,30 ±0,03 -14,2 ± 3,0 1900,7 176,93 8,042 

0,575 17,0 ± 3.1 1861,4 173,30 7,877 


il±0,3 16,7 ± 4.8 1959,2 182,53 7,932 

-28,5 ± 2,0 1996,3 185,83 8,080 

2.82 I 12.7 ± 3.9 1947.0 181,24 7.880 


1,390 ±0,005 -19,0 ± 3.2 2076,3 193,32 8,055 

1,380 -78,9 ± 3,1 2128,0 198,09 8,254 




25 11 Na 3 14 58,2 ± 1,3 s 55%fi- 

45%/?-(7?) 

12 Mg 1 13 

13 Al (-1) (12) ::J8s h 


3,7 ±0,3 -22,9 ± 3,7 2169,6 201,96 8,078 

2,7 li 

-62,7 ± 1,8 2201,3 204,91 8,196 


26 12 

Mg 

2 

14 

13 

Al 

0 

13 7,25 ± 0.2 s 
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33 


34 15 P 


-198.6 ±4 3020.2 281,14 8.519 

4,13 ± 0.07 -143.2 ±4 2956.7 275.23 8.340 


4 19 12,40 ± 0.12 s 75%/?- 

25%/?-(y?) 

2 18 / 
0 17 33.2 ± 0.5 m 80%/?+ 

20 %^+(/) 




36 16 S 
17 a 


20 

19 


0.1691 -210,3 ± 2.0 3210.8 298,88 8.539 

-211,6 ± 1.9 3204,0 298,25 8,521 

4,38 ± 0,07 -153,5 ± 2.1 3137.7 292,08 8.345 


-220 3310 308,1 8.559 

0,64 -213.5 ± 3.5 3295.3 306,75 8,521 


|18 A 


37 116 S 


0 j 18 


(5)1 (2i: 


38 17 a 


19 K 

1^77 IT” 


40 18 A 

19 K 

20 Ca 


41 18 A 


(21) 5.04±Q.02m 10 %^ 

90%/?-(yi) 

20 n 

19 |34.1±0,3rf K(nor) 

__ 

” 21 "] 38,5 ± 0,5 m 52 %i?- 

16%i?'(ri) 

32%t{nn) 

20 n 

72 

19 j 7,65 ± 0.1m /?+(yi) 

20 


22 7 

21 2,4 ±1.108 a 30 %i?- 

70%/C(r) 

20 


23 109.4 ±lm 0.7%/?- 

99.3%/?-(n) 


(21) 8.5 ± 0.8 d ! K{f) 

20 0.87 ± 0,03 s i /?+ 


-221,0 ±4.0 13294,7 306,69 8,519 

I 


-177 3356 312,5 8,446 


-223,1 ± 1.0 3394,4 315,97 8.540 


4.99 ± 0,06 -200,3 ± 3.2 3461,0 322.18 8,478 

2,82 
1,15 

2,15 ± 0.05 -253,9 ± 1.3 3506,5 326.41 8,583 

1,65 ± 0,05 

2.53 -191,8 3436.3 319,95 8,420 

1-250 3583,9 333,61 8,554 


1.55 ±0,05 -245,1 ± 1.2 3676,6 342,24 8.556 
1,35 ± 0,05 -244 -s 3667.3 341,38 8,535 


2,55 

1,18 ±0.03 
1.37 ± 0,06 
1,1 ± 0.1 

4,94 ± 0,07 


-249 -s 3672.9 341,98 8.539 


-226.0 3746.9 348,79 8,507 

-252,5 3765,3 350,59 8,551 

-260 -s 3764,3 350,49 8,549 


42 19 K 
20 Ca 


43 1201 Ca 

St 


23 

12,4 ± 0 . 2/1 

70%/J-(no)-) 

30%/!-(y?) 

3,50 ±0.12 
2,04 

-244 -e 3846,6 

358,16 8,528 

22 


7 

1,51 

-283 -s 3877,1 

360,91 8,593 

23 


i 

1,65 

-278 -s 3961.2 

368,83 8,577 

22 

3,92 ± 0 . 02/1 

80%/?+ 

1,13 ±0,05 1 

-255 -e 3930,0 

365.92 8,510 
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Decay 

Energy of 
radiation 

W-A 

|8| 


McV 

10-* MU 

lO^Mul MeV 


45 20 Ca 5 25 152 d 

21 Sc 3 24 

22 Ti 1 23 3,08 ±0,06/1 


25%/?+ 1,33 

75%K{y) 

IT. y 0,268±0,005 


^-(noy) 0,260 ±0,005 -321 ±6 4183,4 389,52 8,656 

-325 ± 6 4179,3 389,04 8,645 

i?+ 1,24 -302,4 ±7 4148,6 386,18 8,582 




1.1 



1.3 -346,9 

14380,1 407,79 8.676 

-.46 



-352,6 ±9,4 

4377,7 407,50 8,670 


Ca 8 28 

Sc 6 27 1,81 ± 0,02 d /?-(y 2 yi) 0.640 ±0,007 

Ti 4 26 yi 1,33 ±0,03 

y2 0,98 ±0,02 

V 2 25 16.0 ± 0,2 d 58%/?+(y2yi) 0,716 ±0,015 

42% A 


Ca 9 29 2,5 ± 0,1/i 

CaC) (9) (29) 30 m 

5c 7 28 57±2m 

Ti 5 27 

V 3 26 600 ±50d 


ny) 

/?-(iioy) 


2,3 ±0,1 

0,8 ±0,1 
1,8 ±0,1 


-332,4 ±5.3 
-351,8 ±5,2 


417,24 8,694 
417,12 8,690 

412.31 8,590 


423,05 8,634 
424.08 8,655 


V* 3 26 33±lm 

Cr 1 25 41,9 ± 0.3 m 


6 28 

4 27 3,7 ± 0,2/i 

2 26 


K{nofi+ noy) 

h 

h(y) 


h 



1,02 

0.237 ± 0,001 
0,330 ±0,001 


-405.3 

-420.9 ±6,9 




445,78 8,741 
446,41 8,753 

445,6 8,737 
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n 0,805 ±0,012 
10%i?+(yi) 0,470 ±0,015 

90%K(y,) 


50%i?-(yi) 0,257 ±0,008 

50%^(y2) 0,460 ±0,007 

n 1,30 ± 0,02 
1,10 ± 0,02 



Energy of 
radiation 


|S| 

|S|M 

MeV 

]Cr* MU 

10" •‘MU MeV 

M«V 



15363,1 1499,2318.607 


5532,9 515.17 8,732 



5.3a r(YiY 2 ) 0.308± 0,008 -471, 

10.7 m 90 %LT. y 0.056 ±0,003 
10%/?-to) 1.25 ±0,06 

n 1,30 ± 0,03 -501, 
y - 1.10 ± 0,02 
ra 1.50 ±0,05 

24,6 ± 0,3 m 5%iJ+ 3.3 1-454 


7 34 1,75 ±0,05/1 (noy) 1,1 -447 

5 33 -460 

3 32 3,4±0.1/i /?+(noy) 1,225 ±0.015 -435 

K{ 


5618.5 523,14 8,719 


5641,0 525,10 8,752 


5584,8 520,0 8,667 


5684 529,2 8,68 

5688,5 529,53 8,681 

5654.9 526.53 8.632 



34 yi 0.960 ± 0,008 I-512,2 ± 6,3 5911,5 550,28 8,735 

Y2 1,89 ±0,06 
y 2.60 ± 0,08 

33 38,3 ± 0,5 m 90%A+(noy) 2.36 ± 0,04 -476,5 ± 6.3 5867.7 546,20 8,670 

7%Mn) 1.40 

3% Mrs) 0,5 


64 28 Ni 




9 37 2,6 ±0,3/1 

7 36 


1.9 

0,280 -532 

0.65 

0,93 


±30 6110 568.8 8.750 


/ 1,14 ±0.02 
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93 136 Kr 21 
137 Rb 19 
I Sr 17 

' y 15 

(Zr) 

41 €b 11 

41 Cb* 11 


52 

52 55±5cf 


42 Mo 9 51 6.70±0,05/i 


94 36 Kr (22) 

37 Rb (20) 

38 Sr (18) 

39 Y (16) 

40 Zr 14 

41 Cb 12 
41 Cb* 12 


>100a 
6,6 m 


42 I Mo 10 


43 Tc* (8) 


95 39 y 17 

40 Zr 15 


41 Cb 13 

41 Cb* 13 

42 Mo 11 


43 Tc 9 


« Tc(*) (9) 


I I 7 


<50m 

50±2m 


I.T. y 

y 

§Hr') 


30%/?+ 

70%if(y/) 

I.T. 


r ~0,05 
1.4 

y' 0,380 ±0,004 
y 0,873 ±0,004 
y 1,48 ±0,01 
y 1,85 ±0,01 
y 2,74 ±0,01 
2,45 ±0,03 i 

y 0,0334 I 


<3Ii 

»- 


65 d 

2%/?- 

1.0 


98 %/?'(/) 

0,394 

36,5 d 

7 

0,73 


/?-(/) 

0,154 

80/i 

IT, y 

0.24 


i 

0,776 


7i 

0,201 ± 0,002 


72 

0,810 ± 0,005 


78 

0,570 ± 0.002 


74 

1,017 ± 0,010 

±0,5 A 

7 

0,95 


1,65 ±0,05 A 


^(/) 

0,8%/?+(nor) 
29%J(:(nor) 
moKtm) 
3i%K(ym) 
3%K{yi) 

/?+ 


8773 816,9 8,599 










6 ! 

7 

« 

9 




96 40 Zr 16 56 |! 

42 Mo 12 54 j| 

43 Tc 10 53 || 4,2 ± 0,1 d 

43 ra*) (10) (53) li 2,7 ±0,4/1 


97 

36 

Kr 

25 

61 

short 

t 




{ 



37 

Rb 

23 

60 

short 

/>- 







38 

Sr 

21 

59 

short 

/»- 







39 

Y 

19 

58 

short 

fi¬ 







40 

Zr 

17 

57 

: 17,0 ± 0,2/i 

ll-ir) 

2,1 


! 




41 

Cb 

15 

56 

, 75±3m 

7 

-0,8 











fi-ir) 

1,4 






42 

Mo 

13 

55 

j 

7 

0,78 

-631 

8965 

834,8 

8,606 







7' 

0,097 






43 

Tc 

11 

54 

j 93±5d 

7 

0i23 










i 

«(7') 







44 

Ru 

9 

53 

i 2.8±0,3cf , 

^(7) 

1 





98 

42 

Mo 

14 

56 1 









43 

Tc 

(12) 

(55) 

; 2.8 ± 0,1 d 

^-(7) 

1.3 ±0,2 






44 

Ru 

10 

54 


7 

0.9 ±0.1 

i 





99 42 Mo 15 57 I: 67±2d 


56 9,4.10»a 

56 !i 6,6 ±0,4/1 


43 Tc 13 

43 Tc* 13 

44 Ru 11 


100 42 Mo 16 
44 Rtt 12 


45 /?/i (10) (55) li 19,4/1 


46 W (8) (54) 4,0d 


90%fi-{aor) 

10%/?-(wi) 

^-(noy) 

72 

IT. 71 


± 31 9140 850,8 8,594 


5%/(+ 

95%if(7) 

^:( 7 ') 
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A 2 Sy®" n N HalWife Decay 

bol 


102 44 Rtt 14 58 

45 Rh 12 57 200±10d /?+(y) 


Energy of w^A 
radiation 


W^A |6| |5:|/A 

lOr* MU 10~*MU McV MeV 


4^ Pd 10 56 


103 44 Ru 15 59 

45 Rh 13 58 

45 Rh* 13 58 

46 Pd 11 57 


53±3m 
17,0 d 


5%/?“ 

95%t{y) 

r 

IT. r' 
K 


104 44 Ru 16 60 

45 Rh 14 59 41,8 ±0.7 5 

45 Rh* 14 59 4,34 ±0,06 m 

46 Pd 12 58 


105 42 Mo 21 

43 Tc 19 

44 Ru 17 

45 Rh 15 

46 Pd 13 


106 44 Ru 18 62 1,0 a 

45 Rh 16 61 I 30 s 

46 Pd 14 60 !| 


8,2 ± 0,2 d 




/J“(noy) ~0,03 
82%/J-(noy) 3,55 ±0,10 

\S%t(f) 2,30±0,10 


2,30 ±0,10 i 

0,51 ±0,02 1-570 ± 32 9678 900,8 8,499 


/ 1,25 ±0.05 

f and r 0,72 ± 0,02 

y 1,06 ±0.03 

y 1,63 ±0,04 


47 

Ag 

12 

59 

47 

Ag{*) 

12 

59 

48 

Cd 

10 

58 


m 

iJ+(noy) 


2,04 ±0,05 
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A 

Z 

Sym- 

n 

N HalWife Decay Energy of 

W-A 

|S| 

161/A 



bol 


radiation 








MeV 

10-* MU 

10"4MU McV 

MeV 


109 45 19 64 <1A 

46 Pd 17 63 13.2 A 

47 Ag 15 62 

47 V 15 62 40,5 ± 0,7 i 


48 Cd 13 61 


fi-(oor) 
IT. r 

V 


-552 ± 20 9919 923,3 8,471 


0,0884 

0.5 



110 46 Pd 18 


47 Ag (16) (63) 225 ±10d 

47 Ag[*) 16 63 24,5 ±0.3 5 

48 Cd 14 62 

49 In 12 61 66 ±5/n 



111 46 Pd 19 65 26m 

^7 Ag 17 64 7.6 d 

48 Cd 15 63 

48 Cd* 15 63 48.7 ± 0.3 m 




112 46 Pd 20 66 21A 

47 Ag 18 65 3.2 A 

48 Cd 16 64 

49 In 14 63 9m 


49 In* 14 63 I 23 m 

50 Sn 12 62 I 


113 48 Cd 17 65 

48 Cd* 17 65 2,3 m 

49 b 15 64 

49 In* 15 64 104 ±2m 

50 Sn 13 63 I05±15d 


r 1,51 ±0,04 -592 

r 0,925 + 0,03 
r 0,650 ±0,02 


±33 10057 936,1 8,511 



fi-iaor) 

f- 


/?+ 1,7 

m 

IT. Y 0.16 ± 0,01 


I.T. Y 

m 





1,98 ±0,03 
0,192 ± 0,001 


1,20 

0,56 

17 

0,65 ±0,02 
0,338 ±0,001 
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A Z Sym’ „ N Half-life 
bol 


116 48 Cd 20 68 

49 In 18 67 13 s 

49 Ini*) 18 67 54,05 ± 0,16 m 

50 Sq 16 66 


Energy of W-^A 
radiation 


16 i |6|/i4 


117 48 Cd 21 69 II 2,72 ± 0.2 h 

49 In 19 68 j| 1,95 ± 0.05/i 

50 So 17 67 |! 

51 Sb (15) (66) |; 2.8 ±0,3 ft 


118 50 Sn 18 68 I' 

51 Sb (16) (67) |i 5.1 ±0.3 ft 

51 Sbi*) 16 67 * 3.5 m 

52 Tc 14 66 I 6.0 d 


119 50 Sn 19 69 ; 

51 Sb 17 68 li 39±lft 


Te 15 67 !i 4,5 d 


Sn 20 70 

Sb 18 69 6.0 d 

Sbi*) 18 69 15 ± 0,8 m 

Te 16 68 


Sn 21 71 I 28ft 

Sb 19 70 I 

Te 17 69 I 17±ld 

Te* 17 69 I 5±2.10-*5 


\Te**\ 17 I 69 143±5d 


iJ-(noy) 

Mr) 


^-(noy) 


\ 0 -* MU l(r*Mu| MeV MtV 


11 12 


2,8 

0.85 ± 0,01 
y 2,32 ± 0.07 

y 1,85 ±0,05 

y 1.35 ± 0,04 

y 1.08 ±0,04 

y 0.57 ± 0.03 j| 

y 0,36 ±0,03 II 

y 0,17 ±0,03 jl 


-15 !| 

1,73 j 



1.5 -620 ±47 


3.1 ± 0.2 


; -625 ± 48 




^-(noy) 

7 

m 

IT, y 
IT, y 



122 50 Sn 22 

51 Sb 20 

51 Sb* 20 

52 Te 18 




+1 

ro 

11049 

1028,5 

8,430 

1,76 ±0,10 





1,19 ±0.05 : 
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124 50 So 24 

51 Sb 22 


51 Sb* 22 

51 Sb** 22 

52 Te 20 


52 Te*\ 20 


54 Xe 16 


72 \\2±iA0-U 
71 4,0 ± 0.3 d 


125 50 Sn (25) (75) 11,8 ± 0,5 m 

51 Sb (23) (74) ;::i2.7a 


52 Te 21 


(19) (72) 


35%^- 

65%/?'(y) 

7 

K{nofino y) 


126 52 Te 22 



54 Xe 18 


127 51 Sb 25 76 

52 Te 23 75 

52 Te* 23 75 

53 I 21 74 

54 Xe (19) (73) 

54 Xe* (19) (73) 


4 



3 

13,3 ± 0.3 d 

?-{r) 



K 

2 





128 52 Te 24 76 


54 Xe 20 


75 24.98 ± 0.02 m 93%^?- 

7%/?-(7i) 


129 51 Sb 27 78 12 h 

52 Te 25 77 72 ±3m 

52 Te* 25 77 32 ±2d 

53 / 23 76 ^108 a 


54 Xe 21 


A-(7) 

/T. y' 


-552 ± 51 11237 1046,0 


2i%/^-(n) 

8%^-(y27i) 

9% ^"(737271) 
44% ^-(7471) 
18%/J-(7) 
/?"(/) 

/.T. 


2,37 

1,62 

1,00 

0,65 

0,42 

3,2 ± 0,2 
0.020 
0,603 
0,714 
0,650 
1,708 
2,062 
0,069 ? 
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A Z Sym- „ iv HalMifc 
bol 


30 52 Te 26 78 

53 / 24 77 12,5 ±0,5/1 


54 Xe 22 76 


55 Cs (20) (75) 30 m 

56 Ba 18 74 


131 52 Te 27 79 25 ±5m 

52 Te* 27 79 29 ±5/i 


8.0 ± 0.2 a 


53 / 25 78 

54 Xe 23 77 


55 Cs 21 76 


56 Ba 19 75 i 11,7 ± 0,3 a 

lir’sr’sb 30 STI 

52 Te 28 80 70/i 

53 / 26 79 2.3/1 


54 Xc 24 78 

55 Cs (22) (77) 7.1 a 

56 Ba 20 76 


133 51 Sh I 31 82 I <10; 

52 Te 29 81 | 60; 

53 / 27 80 I 22/ 

54 Xe 25 79 5.4 ( 

55 Cs 23 78 

56 Ba 21 77 j >20; 

56 Ba* 21 77 I ZUh 


Energy of 
radiation 


60%/?“(:w3) 1.03 ±0,02 
40 %^- 

( 74717273 ) 0.61 ± 0,02 
n 0.537 ±0.005 
yo 0,667 ±0,008 
0.744 ±0.010 
^4 0.417 ±0,005 


IT, y 0.177 

0,595 ±0.010 
n 0.367 ±0,007 

ri 0.080 ± 0,001 
/ 0.145 ± 0.010 

y 0.22 ±0.01 
y 0.500 ±0.015 
7 1.7 ±0.1 


IO-* MU lO-^MU MeV 




/ 0.320 ± 0,010 


K(yy') 

IT, y 
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Decay 

Energy of 
radiation 

W-A 

|S| 


MeV 

icr'MU 

10-<MU MeV 




Sb 

(32) 

(83) 

Te 

(30) 

(82) 

I 

(28) 

(81) 

Xe 

26 

80 

Cs 

24 

79 

Cs* 

24 

79 

Ba 

22 

78 


54 m ^-(y) 

y > 1 

1,7 ±0,1 a 750/o/r(y,y2ory3) 0.645 ±0,02 
250 / 0 ^(^ 47172 ) 

3,0 ±0,3/1 /.r. y 0,16 

/?- 0,8 

yi 0.602 ±0,012 
n 0,794 ±0,015 
U 135 ±0,03 
U 0.568 ±0,015 


135 52 Tc 31 83 

53 / 29 82 

54 Xt 27 81 

54 Xe 27 81 

55 a 25 80 

56 Ba 23 79 


136 54 Xe 28 82 

56 Ba 24 80 

58 Ce 20 78 


137 53 / (31) (84) 

54 Xe (29) (83) 

55 G 27 82 

56 Ba 25 81 

56 Ba* 25 81 


56 Ba 26 82 

57 U 24 81 

58 Ce 22 80 


139 54 Xe 31 85 I 

55 Cs 29 84 

56 Ba 27 83 

57 La 25 82 


< 2 m 
6,6 ± 0,3/1 
9.4/1 

15.6 m 
>2,5,10^a 



7 

^-(r) 

IT. y 


30±6s 

i>- 

- 1 

3,4 m 

II- 

-4 

33 a 

f'in) 

0,550 ± 0,005 


f 

0,88 ±0.1 

158 ±5« 

IT. n 

0.663 ±0,006 

17,5 ± 0,5/i 

m 


17±lm 



32 ± 0.5 m 


2,6 


7 

12 

41 s 

fi¬ 


7 m 

ll- 


85,6 m 

fi-(r) 

2,2 


r 

0,6 


/ 

0,21 

140±ld 








-478 ± 35 12448 8,336 




1,05 ±0,05 
SS0,4 
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A Z Sym- n n Half-Ufe Decay of W-A ISI |S|/A 

bol radiation 


MeV 10-* MU I0-<MU MeV MeV 


57 la 26 83 40,0 ±0,3/i 



58 Ce 24 82 


591 Pf I 22 81 3,4±0.1m 


141 54 Xe 33 87 | 1.7 s 

55 Cs 31 86 short 

56 Ba (29) (85) 18 m 

57 La (27) (84) 3Jh 

58 Cc 25 83 30.6 ± 0.7 d 

59 Pr 23 82 

59 Pr* 23 82 7±2.10“«s 

.60 Nd (21) (81) 1.6 ±0.3/1 






387 ± 30 12958 1206,2 8.262 
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TABLE OF ATOMIC NUCLEI 



71 68 Ee (35) (103) 7.5 A 


69 Tm (33) (102) 500 ± 100 d 

69 rm*(33) (102) 2,5.10“fls 


70 Yb 31 101 


6%fi-(nor) 

1.49 ±0,05 

72%/?-(mi) 

1,05 ±0.03 

22%/J-te) 

0,67 ±0,03 

rs 

0,805 ± 0,025 

r» 

0,305 ± 0,010 

IT. n 

0,113 ±0,005 



70 Yb 36 106 

71 Lu 34 105 2,4.10^^ a 

71 Lu* (34) (105) 3,67 ±0,03/1 

72 H! 32 104 


Yb (37) ( 
Lu 35 
HI 33 


U5±0,10 

0,440 


72 HI 36 108 

73 Ta 34 107 8,2 ± 0,2 h 

73 Ta(*) 34 107 17 m 

74 W 32 106 


81 72 Hf 37 109 55±7d 

73 Ta 35 108 


73 Ta* 35 108 2,2,10-5 5 

74 W (33) (107) 140d 



MeV 


n t 12 



t 0,07 

13 

.35 

i 

1 


i 




60 

-^ 
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TABLE OF ATOMIC NUCLEI 


A Z Sym¬ 
bol 


193 76 Os 
77 Ir 


N HalMlfe 


(41) (117) 16,1 ±0,2d 

39 116 


Decay Energy of |g| \S\IA 

radiation 

McV 10-** MU 10'*MU MeV MeV 


8 9 \ W \ 11 \ 12 


fi'ir) 0,142 + 0,003 

Y 0,039 ± 0,001 249 ±64 16388 1525,5 7,904 


78 Pt 

79 Au 

ml? Ir 

78 Pt 


(37) (115) 4,33 ± 0,02 cf 
(35) I (114) , 15,8 ±0,3 A 

40 117 I 19,0 ±0,2 A 

38 116 


195 78 Pt 39 [ 117 


79 Au 
19678 Pt 

79 Au 
79 i4«(*) 


(37) (116) 195 ±5d 

40 118 

(38) (117) i 13 A 
(38) (117) I 5,55±0,12d 


80 Hg 36 I 116 


197 78 Pt 

78 Pf* 

79 An 


(41) (119) 19±2A 

(41) (119) 3,3 d 

39 118 


79 Au* 39 118 I 7,4 ±0,2, 


80 Hg 
80 Hg* 

iisTs Pt 
79 Au 


37 117 I 64A 

37 117 I 23h 

42 120 I' " 

40 119 2,76 ± 0,02 d 


80% fi- 
20%/J- (7172) 

71 

72 

2,07 .± 0,03 

0,38 

1,65 

239 ± 80 

16479 

1534,0 

7,907 

y 

0,17 

273 ± 78 

16535 

1539,2 

7,893 

r 

1,7 





m 






7 ' 

0.139 

235 ± 80 

16662 

1551,0 

7,913 

7 ' 

0,358 





t 






6%iJ-(7i) 

0.43 





24%/!-(72) 

0,27 





70% m 






71 

0,173 





72 

I 0,334 






0,68 





t(y) 






74 

0,127 

400 ±40 

16579 

1543,3 

7,834 

76 

0.159 





2-2'.(7i) 7l 

0,38 





f-2'.(72 73) 72 

0,25 





73 

0,077 

1 





K{yz) 
If (74 75) 


317 ± 80 16759 1560,0 7,879 


38 118 


85%/1-(7i) 0,970 ±0,005 

15%^'( 727371 ) 0,605 

V, 0.4112 
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80 Hg (43) (123) 51,5 d 

81 T1 41 122 

82 Pb (39) (121) 52 ±0,5h 

82 PW*) (39) (121) 10,25 m 


80 Hg 44 124 

81 Tl (42) (123) 3,5 a 

82 Pb 40 122 

82 Pb* 40 122 68 ±2m 

83 Bi 38 121 12 h 


205 80 Hg 45 125 5,5 m 

81 Tl 43 124 


206 81 Tl 44 125 4,23 ± 0,03 m 

82 Pb 42 124 

83 Bi 40 123 6,4 d 


184 Po (38) (I22)i! 9d 


0,46 

0,11 

0,270 438 

0,470 


^-(aor) 


207 81 Tl I 45 126 4,76 ± 0,02 m 99,5 %j8- 

I 0.5%^-ir) 

82 Pb 43 125 7 

84 Po (39) (123) 5.7 h 99.99%K{r') 


7/46 127 


Pb 44 126 


3,1m io%fi-(nn) 

72%li-(nn). 
ri 
72 


17061 1588,1 7,823 



17148 1596,2 7,825 





17229 imS 7.823 


17305.9 1611.35 7.322 RaE 
17316.1 1612.30 7.827 RaG 


17378,1 

1618,07 7,817 

AcC'‘ 

17385.8 1618.79 7.820 

AcD 


17420.4 1622,01 7.798 r/iC" 


17466.1 1626.27 7,819 ThD 


Bi (42) (125) long 

Po(40)(124) ;:^3a 


Tl 47 128 <\h 

Pb 45 127 3.30 ±0,03/1 

Bi 43 126 


5.24 


210 81 Tl 48 129 

82 Pb 46 128 

83 Bi 44 127 


84 Po 42 126 




562,1 

0.03 

521,3 


514,0 

m 

625.5 

35 

553.6 

12 

2 

553.1 

03 

539,9 


17422 1622.2 7.799 


17473.6 1626.97 7.785 

17506.3 1630,01 7.7991 

17505.4 1629.93 7.799 


17500.6 1629.48 7.759 RaC 
17563,4 1635.33 7.787 RaD 
17555.8 1634.62 7.784 RaE 


17560.9! 1635.0917.786 II RaF 
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A 2 Sym- „ N Half-life 
bol 


211 82 Pb M 129 36,1 ±0,2m 80%/»- 

20%/>-(n) 

83 Bl 45 128 2,16 m j 

' 0,32%^-W 

99,68% a 

84 Po 43 127 5.10-^a a 

85 At 41 126 7,5ft 40%K 


212 82 Pb 48 130 10,6 ft 

83 Bl 46 129 60,5 m 




84 Po 44 128 3.10-’s 


213 83 Bl 47 130 


84 Po 45 129 i; 4,4.10-«s 

!l 


214 82 Pb 50 132 j 26.8 m 

83 Bi 48 131 I 19.7 m 


84 Po 46 130 1.5,10-*^s 



fi’in) 

n 

99.96o/o/?-W 

0,04% a 



Po 60 134 3.05 m 

Em 46 132 0,019 ± 0.002 s 


Em 47 133 I 3.92 s 
Fr 46 132 ^10‘U 



17601.5 1638,87 7.767 AcB 
17608.4 1639,52 7.770 AcC 

17607.2 1639,40 7,769 AcC- 


17658,4 1644,17 7,756 

\ThB 

17656,7 1644,01 7,755 

ThC 

17672,8 1645,51 7,762 

ThC' 


17712.4 1649,20 7.743 
17717.8 1649,70 7.745 


17748.1 1652,52 7,722 RaB 
17749.9 1652.69 7,723 RaC 

17782.1 1655,69 7,737 RaC' 

ii 


17823,6 1659.55 7,718 AcA 
17823,5 1659,56 7,719 


17887,4 1665,49 7,711 PThA 

17874,2 1664,26 7,705|! 


17938,3 1670,23 7,697 


17985,2 1674,60 7,6821 RaA 
18007,0 1676,63 7.691 j 


18051,7 1680,79 7.675 An 
18046,5 1680,31 7.673 


18121,1 1687,25 7.669 Tn 
18103,6 1685,64 7,662 


6,43 

888,3 

5,5887 

929.9 

6,63 

903,1 

1,20 

952,3 

5,823 

939.1 

6,76 

947,5 
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A Z Sym- „ n Half-Uf* 
bol 


224 88 Ra 48 136 3.64 d 

89 Ac 46 135 ^2,5h 



50 138 1590a 

46 136 30.9 m 


227 89 Ac 49 138 13.5 a 

90 Th 47 137 18.9 d 

91 Pa 45 136 38 m 


Energy of 
radiation 


5.7858 I 958.8 
6,28 I 975.5 



|6| 

|8|/A 

10-^ MU 

10’-*MU McV 

MeV 

9 

10 11 

J2 


0.22 11046,5 

5.10 I 

6,159 i; 1045.0 

6,58 j| 1056,0 


18361,6 1709,65 7,632 TnX 
18338.8 1707,55 7.623 


(i-irn 

^o.os 

998,7 

18411,3 1714,27 7.619 

a 

5,906 

994,2 

18407,6 1713.93 7,617) 


18478,3 1720,51 7,613 |Ra 
18472.5 1719.97 7,610 | 


18534,2 1725,72 7,602 \Ac 

18528.5 1725,19 7.600 RdAc 

18508.5 1723,35 7,592; 


28 88 Ra 52 140 

89 Ac 50 139 

90 Th 46 138 




91 Pa 46 137 



229 90 Th 49 139 
91 Pa (47) (138) 


0.053 ! 1084,7 

1,55 11084,0 

0,970 11056.9 

5.517 I 

6.20 i 1079.0 


4,94 li 1094,1 


18593,6 1731,25 7,593 IjMiThi 

18586.1 173a55 7(590 IMsThs 

18605.1 1732,32 7,598 RdTh 

18575.0 1729.54 7.586 


18657,3 1737,18 7,585 li 


230 90 Th 50 140 8,3.104a 

91 Pa 48 139 17 d 

92 U 46 138 20,8 d 



232 90 Th 62 142 1.39.101®a 

^1 Pa *50 141 1,33 d 

92 U 48 140 30 a 



4,76 1110.9 

5,96 1113,4 


iO.2 I 
5.142 ! 


4,28 11169,4 

5,41 1153,6 


0,23 

0,084 11185,6 

0,298 

0,338 

0,310 

4,915 


18729,9 1743,94 7,582 i|lo 

i! 

18711,2 1742;20 7,567 li 


18780,0 1748,60 7,570 MY 
18780,8 1748,68 7,570 jpa 


18850,4 1755,16 7,565 Th 
18849,8 1755,10 7,565 


18907,3 1760,46 7,556 i 
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A Z Svm- 
bol 


234 90 Th 
91 Pa 


N HalMife 


Energy of W—A 
radiation 


54 144 

52 143 


91 Pa* 52 143 1.14 r 


50 142 li 2,30. lOBa 


10%^“(y') 12 

90%t(Y'Yl 0.45 ±0,03 

0.15 %/.r. Y 0,394 ±0.005 
98%/J- 2.32 

l%t(Yi) 1.54 

l%t{Y2) 1.50 

0.2%/?“(y3) 

y'^y" 0.80 ±0,05 
Yi 0.782 

Y2 0.822 

78 1.5 

a 4.79 i 


93 Np 

SFw "V" 

93 Np 

2S~¥"n7 

94 Pu 


37 92 U 

93 Np 


238 92 U 

93 Np 

94 Pu 


51 143 I 7.07.108a 

49 142 I 240d 

50 143 1 m 

48 142 


53 145 !| 7.0 ± 0,2 d 

51 144 i 2,25.10«a 

49 143 ! 


54 146 4,51.10» a 

52 145 jj 2.0 d 

50 144 60 a 


5,85 ,i 1255,3 



4,21 11313.5 

1,35 I 

0.1 ! 1300,4 

0.25 ! 

1.3 i 

5.590 ± 0.005 j 


1,12 1359,3 

0,073 1346.3 

1.179 
0,676 
0,403 
0,288 

0,275 1333,6 

0,227 
0,206 
0,067 
0,061 


0,057 

5.227 ± 0.005 


6,36 


|8| \m 

lCr*Mu| MeV MeV _ 


\ 10 \ tl \ 12 13 


18969,2 1766,22 7.548 UXi 
18968,6 1766,16 7,548 UZ 

18964,4 1765,77 7,546 UX 2 


18981,2 1767,34 7.553 U II 


19033,4 1772,20 7,541 AcU 


19089.7 1777,44 7,531 



19226,7 1790.20 7,522 Ul 
19223,5 1789,90 7,521 


19270.4 1794,26 7,507 
19275,2 1794.71 7,509 


19279.8 1795,14 7,511 


5,56 


6.1 

1403,5 
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